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Abstract Access to the shape by its exterior is solved using convex hull. Many algorithms
have been proposed in that way. This contribution addressesthe open problem
of the access of the shape by its interior also called convex skull. More precisely,
we present approaches in discrete case. Furthermore, a simple algorithm to ap-
proximate the maximum convex subset of star-shaped polygons is described.
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Introduction

In digital image processing we are often concerned with developing spe-
cialized algorithms that are dealing with the manipulationof shapes. A very
classical and widely studied approach is the computation ofthe convex hull of
an object. However, most of these studies focus only on exterior approaches
for the computation of convexity, i.e., they are looking forthe smallest convex
set of points including a given shape. This contribution addresses the problem
of the access of the shape by its interior. The computation ofthe best shape
according to a criterion included in a given one has been studied in many few
occasions in the continuous case involving convex skull andpotato peeling.

In this article, we present successive configurations of fast approximation
of the maximal convex subset of a polygon. First a discrete approach will
illustrate an iterative process based on shrinking and convex hull. Second a
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region based approach will be proposed in specific case wherethe criterion
is maximal horizontal-vertical convexity. Third study will be focused to the
family of star-shaped polygonsP . A simple algorithm extracts the maximal
convex subset inO(k · n) in the worst case ifn is the size ofP and k its
number of reflex points.

In section 1, we list classical problems of shape approximation. In section
2, we present the discrete approach followed by h-v convexity in section 3. In
section 4, we introduce the Chang and Yap’s optimal solutiondefinitions that
will be used in the rest of the presentation. In section 5, we present the pro-
posed algorithm based on classical and simple geometric tools for star-shaped
polygons. Finally, experiments are given.

1. Shape approximations

In this paper shapes are delimited by polygonal boundary. Wesuppose that
polygons are simple in the sense that they are self-avoiding. Polygon inclu-
sion problems are defined as follows: given a non-convex polygon, how to
extract the maximum area subset included in that polygon ? In[7], Goodman
calls this problem thepotato-peeling problem. More generally, Chang and Yap
[3] define the polygoninclusionproblem classInc(P,Q, µ): given a general
polygonP ∈ P, find theµ-largestQ ∈ Q contained inP , whereP is a family
of polygons,Q the set of solutions andµ a real function onQ elements such
that

∀Q′ ∈ Q, Q′ ⊆ Q⇒ µ(Q′) ≤ µ(Q). (1)

The maximum area convex subset is an inclusion problem whereQ is the
family of convex sets andµ gives the area of a solutionQ in Q. The inclusion
problem arises in many applications where a quick internal approximation of
the shape is needed [2, 5].

In a dual concept, we can mention enclosure problem presented as fol-
lows: given a non-convex polygon, how to extract the minimumarea subset
including that polygon ? We can define the polygonenclosureproblem class
Enc(P,Q, µ): given a general polygonP ∈ P, find theµ-smallestQ ∈ Q
containingP , whereP is a family of polygons,Q the set of solutions andµ a
real function onQ elements such that

∀Q′ ∈ Q, Q′ ⊇ Q⇒ µ(Q′) ≥ µ(Q). (2)

1.1 Examples

The following list corresponds to examples of various situations depending
on specifications of theP family, theQ family and theµ measure.

Example 1. P is a family of simple polygons,
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Q is the family of convex polygons,
µ is the area measure,
Enc(P,Q, µ) is the problem of convex hull

Example 2. P is a family of simple polygons,
Q is the family of convex polygons,
µ is the area measure,
Inc(P,Q, µ) is the problem of potatoe pealing [7, 3]

Example 3. P is a family of n-sided convex polygons,
Q is the family of triangles,
µ is the area measure,
Inc(P,Q, µ) has a solution with complexity in O(n)

Example 4. [9] P is a family of n-sided simple polygons,
Q is the family of triangles,
µ is the area measure,
Enc(P,Q, µ) has a solution with complexity in O(nlog2n) O(nlog2n)

Example 5. [8] P is a family of n-sided simple polygons,
Q is the family of rectangles,
µ is the area measure,
Enc(P,Q, µ) has a solution with complexity in O(n) in 2D, O(n3) in 3D.

Example 6. P is a family of n-sided orthogonal polygons,
Q is the family of convex orthogonal polygons,
µ is the area measure,
Inc(P,Q, µ) has a solution with complexity inO(n2) [12].
In the following we will focus on the problem 2.

2. Discrete approach

Let us consider a discrete shape defined as a connected set of pixels. The
objective is to find a maximal convex set included in that discrete shape [4] .

The proposed algorithm is iterative, starting from the initial shape. Each
iteration is composed of a shrinking and computation of the convex hull of
the shrinked shape. If the convex hull is not included in the initial shape,
we reiterate the shrinking process. Else we detect the side of the convex hull
which contains concavity vertex of the initial connected component. We cut
the initial component along this side and restart the algorithm with this new
shape for initialization. The algorithm stops when the modified initial shape is
convex. Figure 1 illustrates the different steps of this algorithm.

Figure 2 illustrates the result of this algorithm on variousexamples.
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( a ) ( b ) ( c )
( d ) ( e ) ( f )

Figure 1. Iterative process by shrinking and convex hull computation: (a) initial shape, (b)
successive shrinking, (c) the convex hull of the shrinked object is included in the initial shape,
(d) cut of the initial shape for a second pass, (e) the convex hull of the shrinked object is included
in the initial shape, (f) maximal solution.

Figure 2. Illustration on different shapes: initial shape and resultare superimposed.

In that case theµ measure is not the area but the Min-max distance between
the boundaries of the initial shape and the solution. This corresponds to the
Hausdorff distance between the two shapes P and Q.

µ(P,Q) = −max(supM∈P infN∈Q d(M,N), supM∈Q infN∈P d(M,N))
where d is the digital distance based on 4 or 8 connectivity.
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3. Limitation to h-v convexity

In that section we limit our study to the particular case of horizontal-vertical
convexity noted by h-v convexity and illustrated on figure 3.

The search of the maximum ortho-convex polygon included into a simple
orthogonal polygon has been solved in the continuous case byWood and Yap
with complexity inO(n2) [12].

p q

p

q

Figure 3. h-v convexity: In left the shape is h-v convex, in right the shape is not h-v convex..

We will briefly present a method in the discrete case. This work is issued
from an Erasmus project and a detailed version is in the students’ report (see
http://www.suerge.de/s/about/shape/shape.ps.gz).

Let us consider a given shape as a set of 4-connected component . The
principle of this method is to assign a weight to all the pixels in the shape and
then to partition the shape into h-v convex regions according to these weights.

Basically, the entire process consists of four steps which are: - Horizon-
tal/Vertical Sweeping for weight assignementand -Labeling of the shape into
regionsand -Construction of Adjacency and Incompatibility graphs between
the labeled regionsand -Finding the solution(s).

Illustration of these steps is given on the following example.
The weight being attached to each shape pixel indicates the number of sec-

tions (h-section and v-section) that include this pixel. The minimum weight of
any shape pixel is equal to two. Figure 4 illustrates the weights assignation.

0  0  0  0  0  0  1  1  1
0  0  1  1  1  1  1  1  1
0  1  1  1  1  1  1  1  1 
1  1  1  1  0  0  0  0  0
0  1  1  1  0  0  0  0  0
0  0  1  1  1  1  1  1  0
0  0  1  1  0  0  1  1  0

0  0  2  2  3  3  3  3  0
0  2  2  2  0  0  0  0  0 

0  2  2  2  3  3  3  3  2
2  2  2  2  0  0  0  0  0

0  0  3  3  0  0  4  4  0

0  0  2  2  3  3  3  3  2
0  0  0  0  0  0  3  3  2

0  0  2  2  0  0  2  2  0
0  0  1  1  1  1  1  1  0
0  1  1  1  0  0  0  0  0 
1  1  1  1  0  0  0  0  0
0  1  1  1  1  1  1  1  1 
0  0  1  1  1  1  1  1  1
0  0  0  0  0  0  1  1  1

0  0  1  1  2  2  2  2  1
0  1  1  1  2  2  2  2  1

0  0  0  0  0  0  2  2  1

1  1  1  1  0  0  0  0  0 
0  1  1  1  0  0  0  0  0 
0  0  1  1  2  2  2  2  0
0  0  1  1  0  0  2  2  0

sweeping

sweeping

horizontal

vertical

Weight Table after Horizontal Sweep

Weight Table After Vertical SweepOriginal Binary Image

Summation Result

Figure 4. Examples that simulate how the weights are being assigned.
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A region is a maximal connected set of pixels having the same weight. The
labeling process provides a different label to each region.It needs two steps:

1. Extract all the pixels with a same weight and generate a weighted image.
2. Perform labeling on this weighted image.
These two steps will be performed iteratively until all the different weights

have been labeled (figure 5).

0  0  2  2  3  3  3  3  0
0  2  2  2  0  0  0  0  0 

0  2  2  2  3  3  3  3  2
2  2  2  2  0  0  0  0  0

0  0  3  3  0  0  4  4  0

0  0  2  2  3  3  3  3  2
0  0  0  0  0  0  3  3  2 2

2
22  2

2  2
2  2  2

2  2  2  2
2  2  2

2

2
22  2

2  2
2  2  2

2  2  2  2
2  2  2

0   0   0   0   0   0   1   1   2
0   0   3   3   1   1   1   1   2
0   3   3   3   1   1   1   1   2
3   3   3   3   0   0   0   0   0
0   3   3   3   0   0   0   0   0
0   0   3   3   4   4   4   4   0
0   0   5   5   0   0   6   6   0

C

D

A B

FE

labelingextracting

weight

Weight Table

repeat iteratively

Figure 5. An example that illustrates the labeling process.

Next step will illustrate relationships between regions interm of coexistence
in a hv-convex set. Two graphs are introduce in which regionsare vertices:
Adjacency Graph and Incompatibility Graph.

The Adjacency Graph defines the connectivity between the different re-
gions. It indicates that they can be merged to find the biggesthv-convex set.
Two regions are adjacent to each other and their respective nodes will be linked
if there is at least one pixel of each region neighbouring each other (figure 6).

The Incompatibility Graph defines the confliction between different regions.
It indicates that they cannot be combined at the same time to find the biggest
hv-convex set. Two regions are conflicting with each other and their respective
nodes will be linked if there is at least one pixel of each region separated from
each other by a h-section (or v-section) of background pixels (figure 6).

Before starting the graphs analysis we have to realise that every region is
a solution, since every region is hv-convex itself and is included in the shape.
However finding just a solution is not sufficient, since we areinterested in the
maximum or even optimal solution. A maximum solution is a solution in which
no other region can be added without violating the hv-convexity constraint.
The optimum solution is the best possible maximum solution.It does not have
to be unique. To find the best solution we have to determine allthe maximum
solutions issued from the following steps.
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0   0   0   0   0   0   1   1   2
0   0   3   3   1   1   1   1   2
0   3   3   3   1   1   1   1   2
3   3   3   3   0   0   0   0   0
0   3   3   3   0   0   0   0   0
0   0   3   3   4   4   4   4   0
0   0   5   5   0   0   6   6   0

C

D

A A BB

C C
D

D

E EF F

A B

FE

Figure 6. Adjacency (middle) and Incompatibility (right) graphs from the labeled shape (left).

1. Pick a region and put this in an initially empty set (let us call this set A).
2. Construct two lists, one called the adjacency list and theother one called

the incompatibility list. These lists contain the labels ofthe regions which are
respectively adjacent and conflicting with the regions in set A. If there is a
region, which is in the adjacency list (and not in the incompatibility list), then
add this to set A and update both lists. When this cannot be done anymore, we
have found a maximum solution, since we do not have anymore candidates on
the adjacency list.

3. Backtrack is needed to solve the problem of choice in the adjacency list.
A region, which has not been picked before, should be placed into set A.

4. At the moment that all possibilities have been tried, we can change the
initial region with which we started the search and go back tostep 2 until every
region has been the initial region of the set A.

If at every step the current solution is compared with the best solution so far,
then at the end of the algorithm one of the optimal solutions is found.

The illustration in figure 7 shows the construction of maximal solutions by
traversing the graphs of adjacency an incompatibility.

4. Preliminaries and Exact Polynomial Solution

For the rest of the presentation, we consider a polygonP = (v0, v1, . . . , vn−1)
with n vertices. We denote byR = (r0, r1, . . . , rk−1) thek reflex vertices (or
concave vertices) ofP (maybe empty). The potato-peeling problem can be
expressed as follows,

Problem 1 Find the maximum area convex subset (MACS for short)Q con-
tained inP .

In [7], Goodman proves thatQ is a convex polygon.
He presents explicit solutions forn ≤ 5 and leaves the problem unsolved in

the general case.
In [3], Chang and Yap prove that the potato-peeling problem can be solved in

polynomial time in the general case. More precisely, they detail anO(n7) time
algorithm to extractQ from P . Since this algorithm uses complex geometric
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C

C

C

C

C

C

A

A

A

A

A

A

B

B

B

D

D

D

D

D

D

E

E

E

E

E

F

F

F

F

F

F

E

. . . . . .. .

Maximum Solution

Maximum Solution

Maximum Solution

Maximum Solution

Maximum Solution

Maximum Solution

Adjecency ListPossible Solutions Incompatibility List

Figure 7. Table showing how to traverse the graphs of adjacency and incompatibility to get
maximal solutions. ABCE is the optimal solution.

concepts and dynamic programming in several key steps, it isnot tractable in
practical applications.

Let us present some elements of the Chang and Yap’s algorithm. First of all,
we define achordof P by a maximal segment fully contained inP . A chord
is said to beextremalif it contains two or more vertices ofP . In particular,
an edge ofP is always enclosed in an extremal chord. LetC1, C2, . . . , Cm

be chords ofP with m ≤ k such that eachCi passing through reflex vertices
of P . We first consider the chords going through a unique reflex point. Let
us associate to each such a chordCi passing throughu in R, the closed half-
planeC+

i defined byCi and such that at least one or two adjacent vertices to
u does not belong toC+

i . If Ci passes through more than one reflex vertex,
the choice of the half-plane can be made in similar ways (see figure 8). They
prove that the maximum area convex polygonQ is given by the intersection of
P and a set of half-planes defined by a set of so-called optimal chords (see [3]).
Hence, to solve the potato-peeling problem, we have to find the appropriate set
of optimal chords associated to the reflex vertices.

If P has only one reflex vertexu, the optimal chordCu that leads to the
MACS Q can be easily found. First of all, Chang and Yap [3] define abutterfly
as a sequence of points[b′, a, u, b, a′] such thata, u andb are consecutive ver-
tices inP with a andb adjacent vertices ofu in P , and such that both[a, u, a′]
and[b, u, b′] are extremal chords (see figure 9). Furthermore, the chord[c, u, c′]
is said to bebalancedif we have|cu| = |uc′| (c andc′ belonging toP ). Based
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vn�1

v2v3
r3

r1 r2
C2

C1
C+2

v1 = r0C+1

Figure 8. Notations and illustrations of chords and half-planes generated by these chords.

 0
u

u

O
a

O

a

a0
a0

b
b0

b0
b

Figure 9. One reflex vertex case: an A-butterfly (left) and a V-butterfly(right). According to
lemma 2, the optimal chord of each polygon is one of the gray segments.

on these definitions, two kinds of butterflies exist according to the position of
the intersectionO between the straight lines(b′a) and(ba′), and the polygon.
More precisely, aA-butterflyis such that the pointsb′, a andO (or O, b anda′)
appear in this order (see figure 9-(left)) in the straight line (ab) (resp. (a′b′)).
Otherwise, it is called aV-butterfly (see figure 9-(right)). In this one reflex
corner case, Chang and Yap prove the following lemma:

Lemma 2 (Butterfly lemma [3]) Given a butterflyB and its optimal
chord Cu, if B is a V-butterfly thenCu is an extremal chord. IfB is a A-
butterfly,Cu is either extremal or balanced.

We notice that in case of V-butterfly we have two possible chords, in case
of A-butterfly, three choices are possible. This lemma leadsto a linear in time
solution to the potato-peeling problem ifk = 1.

In a general case, Chang and Yap [3] define other geometric objects such
as series of A- and V-butterflies. Based on these definitions,they present an
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A-lemma and a V-lemma, similar to lemma 2, that state that theoptimal chords
for a set of butterflies are extremal chords or a set of balanced chords. In the
general case, the definition of a balanced chain for a butterfly sequence is more
complex than in the previous case (see figure 10-(a)). Hence, the computation
of such a chain uses dynamic programming and complex geometric concepts.
Furthermore this step is the bottleneck of the algorithm andmakes expensive
theO(n7) global time complexity.

(a) (b)

Figure 10. Examples of balanced chains of A-butterflies series: (a) a balanced chain given
by single-pivot chords and (b) given by both single- and double-pivot chords.

To end with definitions, Chang and Yap divide the set of balanced chords
into two classes: a balanced chord is calledsingle-pivotif it contains only one
reflex vertex (chordC1 in figure 8) anddouble-pivotif it contains two distinct
reflex points (chordC2 in figure 8). Finally, the optimal set of chords that
defines the MACS ofP contains extremal, balanced single-pivot and balanced
double-pivot chords. In figure 10-(a), the solution is composed by only single-
pivot chords, in figure 10-(b) both single- and double-pivot chords. Note that
for a reflex vertexri, from the set of extremal chords associated tori, we just
have to consider the two extremal chords induced by the two adjacent edges to
ri. In the following, we restrict the definition of an extremal chord to a chord
that contains an edge ofP incident to a reflex vertex.

Our contribution starts here. In the next section, we present a fast algorithm
to approximate the maximum area convex subset star-shaped polygons that
uses Chang and Yap’s analysis.

5. Fast approximation algorithm

5.1 Kernel dilatation based heuristic

In this section, we assume thatP is a star-shaped polygon. First of all, we
remind basic definitions of such a polygon.P is astar-shaped polygonif there
exist a pointq in P such that ¯qvi lies insideP for all verticesvi of P . The set
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of pointsq satisfying this property is called thekernelof P [11]. Using our
definitions and [11], we have:

Proposition 3 The kernel ofP is given by the intersection betweenP and
the half-planesC+

i defined by all extremal chordsCi associated to all reflex
vertices.

Figure 11. Illustration of the kernel computation of the example in figure 10-(a).

Figure 11 is an illustration of such proposition. We have thetheorem.

Theorem 4 Let P be a star-shaped polygon, then its kernel is a subset of
the maximum area convex subset ofP .

PROOF. Let Ci be the optimal chord associated to a reflex pointri of P . We
consider the closed spaceK defined by the intersection betweenP and
the two extremal chords ofri. If Ci is an extremal chord, it is clear that
K ⊆ (C+

i ∩ P ). If Ci is a single or double-pivot balanced chord, the
slope ofCi is strictly bounded by the slopes of the two extremal chords.
Furthermore, since all the half-planes have the same orientation accord-
ing to P andri, we also haveK ⊆ (C+

i ∩ P ) (see figure 9-(left) for
example). Finally, since the maximum area convex polygon isthe inter-
section betweenP and the set of half-planes defined by optimal chords,
and since the two extremal chords always define a subset to theassoci-
ated optimal chord, the intersection of all extremal chordsis a subset of
the MACS ofP . With proposition 3, the kernel ofP is a convex subset
of the MACS. �

In other words, there exists a continuous deformation that transforms the
kernel to the MACS. In the following, the strategy we choose to approximate
the MACS is to consider the deformation as an Euclidean dilatation of the
kernel. Based on this heuristic, several observations can be made: the reflex
vertices must be taken into account in the order in which theyare reached
by the dilatation wavefront. More formally, we consider thelist O of reflex
vertices such that the points are sorted according to their minimum distance
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to the kernel polygon. When a reflex vertex is analyzed, we fix the possible
chords and introduce new definitions of chords as follows:

the chord may be an extremal one as defined by Chang and Yap;

the chord may be a single-pivot chord such that its slope is tangent to the
wavefront (this point will be detailed in the next section);

the chord may be a double-pivot chord. In that case, the second reflex
vertex that belongs to the chord is necessary. It must correspond to the
next reflex point in the orderO.

Furthermore, when a reflex vertex is analyzed, we choose the chord from
this list that maximizes the area of the resulting polygon. If we denote byP ′

the polygon given by the intersection betweenP and the half-plane associated
to the chosen chord, the chord must maximize the area ofP ′. In the algo-
rithm, it is equivalent to minimize the area of the removed parts P/P ′. Using
these heuristics, the approximated MACS algorithm can be easily designed in
a greedy process:

1: Compute the kernel ofP
2: Compute the ordered listO of reflex vertices
3: Extract the first pointr1 in O
4: while O is not emptydo
5: Extract the first pointr2 in O
6: Choose the best chord that maximizes the resulting polygon area with

the chords(r1, r2)
7: Modify the polygonP accordingly
8: Update the listO removing reflex points excluded by the chord
9: r1 ← r2

10: end while

5.2 Algorithms and complexity analysis

In this section, we detail the algorithms and their computational costs. Keep
in mind thatn denotes the number of vertices ofP andk the number of reflex
vertices.

Distance-to-kernel computation. First of all, the kernel of a polygon can
be constructed inO(n) time using the Preparata and Shamos’s algorithm [11].
Note that the number of edges of the kernel isO(k) (intersection of2k half-
planes). The problem is now to compute the distances betweenthe reflex ver-
tices and the kernel ofP denotedKern(P ). A first solution is given by the
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Edelsbrunner’s algorithm that computes the extreme distances between two
convex polygons [6].

However, we use another geometrical tool that will be reusedin the next
section. Let us consider the generalized Voronoi diagram ofKern(P ) [11,
1]. More precisely, we are interested in the exterior part toKern(P ) of the
diagram (see figure 12). AsKern(P ) is convex, such a diagram is defined
by exterior angular bisectors{bi}i=1..5 of the kernel vertices. For example in
figure 12, all exterior points toKern(P ) located between the angular bisectors
b0 andb1, are closer to the edgee (extremities are included) than to all other
edges ofKern(P ). Hence, the minimum distance between such a point and
Kern(P ) is equal to the distance between the point and the edgee.

b3

b0 b1

b4
Kern(P )P
e

b2
B0 B1

B2B3
B4

Figure 12. Euclidean growth of a convex polygon.

To efficiently compute the distance between all reflex vertices to the kernel,
we first detail some notations. LetBm be the open space defined byKern(P )
and the exterior angular bisectorsbm andbm+1 (if m+1 is equal to|Kern(P )|
thenb0 is considered). Hence, the distance to kernel computation step can be
viewed as a labelling of vertices ofP according to the cellBm they belong to.
To solve this labelling problem, we have the following proposition.

Proposition 5 The vertices ofP that belong to the cellBm form only one
connected piece ofP .

PROOF. Let us consider an half-line starting at a point ofKern(P ). By
definition ofKern(P ), the intersection between such an half-line andP
is either a point or an edge ofP . The special case when the intersection
is an edge ofP only occurs when the starting point belongs to an edge
of Kern(P ) and when the half-line is parallel to this edge (and thus
parallel to an extremal chord of a reflex vertex ofP ). Hence, using
the definition of the exterior angular bisectors and given a cell Bm, the
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half-line bm (resp. bm+1) crossesP at a pointpm (resp. pm+1) of P .
Furthermore, each vertex ofP betweenpm andpm+1 belongs toBm,
otherwise the number of intersections betweenP andbm or bm+1 should
be greater than one. Finally, only one connected piece ofP belongs to
Bm. �

Then the proposition implies the corollary:

Corollary 6 The order of theP vertex labels is given by the edges of
Kern(P ).

Hence, we can scan both the vertices ofP and the edges ofKern(P ) to
compute the distance-to-kernel. We obtain the following simple algorithm1:

1: Find the closest edgeej of Kern(P ) to the pointv0 ∈ P
2: for i from 1 to n do
3: while d(vi, ej) > d(vi, ej+1 (mod |Kern(P )|)) do
4: j:=j + 1 (mod |Kern(P )|)
5: end while
6: Store the distanced(vi, ej) to vi

7: end for

To detail the computational costs, the step 1 of this algorithm is done in
O(k) and the cost of theFor loop isO(n). As the matter of fact, using Prop. 5
and excepted for the first edgeej ∈ Kern(P ) of step 1, when we go from an
edgeej′ to next one, the piece ofP associated to the cellBm defined byej′ is
completely computed. Hence, each edge ofKern(P ) is visited once during all
the process. Note that the first edgeej of step 1 may be used twice to complete
the scan ofP .

Finally, the minimum distances between the vertices ofP andKern(P ) are
computed inO(n). Note that since we are only interested in labelling reflex
vertices, the above algorithm can transformed to have aO(k) computational
cost. However, aO(n) scanning ofP is still needed to identify reflex points.
Furthermore, the sorted listO of reflex points according to such distance is
computed inO(k · log k).

Single-pivot chords computation. Given a reflex pointri of P , we have
listed three possible classes of chord: extremal, single-pivot and double-pivot
chords. The figure 13 reminds the possibles chords. The extremal and double-
pivot chord computation is direct. However, we have to detail the single-pivot
chord extraction. According to our heuristic, the single-pivot chord associated
to ri must be tangent to the wavefront propagation of the kernel dilatation.

Using the exterior angular bisector structure we have introduced above, we
can efficiently compute the slopes of such chords. In figure 14-(a), let e1 and
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r1 r1 r1 r1r2r2 r2r2

Figure 13. All possible chords that can be associated to the reflex pointr1 (the two extremal
chords, a single-pivot balanced chord and the double-pivotchord).

e2 be two adjacent edges ofKern(P ) (e1 ande2 are incident to the vertexv).
Let p (resp. q) be a point in the plane that belongs to the cell generated by
e1 (resp. e2). We can distinguish two cases:p is closer toe1 than to one of
its extremities andq is closer tov than toe2 (without the extremities). Hence
the straight line going throughp and tangent to the wave-front propagation is
parallel toe1. In the second case, the tangent to wavefront straight line going
throughq is tangent to the circle of centerv and radius‖ ~vq‖ (see figure 14).
Moreover, two particular cases can be identified (see figure 14-(b)): the first
one occurs when the distance betweenv andq is null, in that case the slope of
the chord is the mean of the slopes of edgese1 ande2. The second case occurs
when the single-pivot chord does not fulfill the maximal chord definition (see
the right figure in 14-(b)). In that case, we do not consider this single-pivot
chord in the optimal chord choice of line6 in the main algorithm. Note that
this last particular case can also occur with double-pivot chords. In such cases,
the chord is not considered too.

e1

qp

v e2

(a) (b)

Figure 14. Computing a chord parallel to the kernel dilatation wavefront: (a) slope compu-
tation in the general case,(b) illustration of the two particular cases: the distance between the
reflex point and the kernel is null and the single-pivot chordis not a maximal chord.

Finally, if each reflex pointri of P is labelled according to the closest edge
ei of Kern(P ) (extremities included), we can directly compute the single-
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pivot chord: ifri is closer toej than one of its extremities, the chord is parallel
to ej , otherwise, the chord is tangent to a given circle.

Note that this labelling can be obtained using the previous distance-to-kernel
algorithm. Finally, the computation of thek single-pivot chords is done in
O(k).

Polygon cut and area evaluation. Given a reflex pointri and a chordCi

either extremal, single-pivot of double-pivot, we have to compute the resulting
polygon of the intersection betweenP andC+

i . We suppose that the vertices
of P are stored as a doubly-connected list.

The cutting algorithm is simple: starting fromri, the vertices ofP are
scanned in the two directions until they belong toC+

i (see figure 15).

rj v00jv0j C+j

Figure 15. Illustration of the vertex scan to compute the(P ∩ C
+

i ) polygon.

During the process, letm be the number of removed vertices. Hence, the
polygon cut according toCi is done inO(m). Furthermore, the resulting poly-
gon has gotn −m vertices. Hence, givenk reflex vertices andk chords, the
resulting polygon is computed inO(n): each vertex is visited a constant num-
ber of times.

Furthermore, the area of the removed parts can be computed without chang-
ing the computational cost. Indeed, letp be a point in the plane, the area of a
polygonP is given by

A(P ) =
1

2

n−1∑

i=0

A(p, vi, vi+1 (mod n)) , (3)

whereA(p, vi, vj) denotes the signed area of the triangle(p, vi, vj) [10]. Hence,
the area can be computed in a greedy process during the vertexremoval pro-
cess.

5.3 Overall computational analysis

Based on the previous analyses, we can detail the computational cost of the
global algorithm presented in the section 5.1. First of all,step1 (kernel deter-
mination) requiresO(n) computation using [11]. Then, we have presented a
simpleO(n) algorithm to compute the distance-to-kernel of reflex vertices and
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thus the cost of step2 (reflex vertices sorting) isO(n + k · log k). The Step3
and the step5 in thewhile loop on reflex vertices requiresO(1) computations.

Given the two reflex pointsr1 andr2 of step6, we have to decide which
chord should be associated tor1. We have two extremal chords, a single-
pivot chord whose slope is computed inO(1) and a double-pivot chord going
throughr2. Using our heuristics, we choose the chord that minimizes the re-
moved part ofP . Hence, we compare the removed part area using the double
chord and the 9 area measures of the3 × 3 other possible choices forr1 and
r2. Hence, at each step of thewhile loop, we compute 10 polygon cuts and we
choose, for ther1 chord, the chord that maximizes the resulting polygon area.
Note that steps7 and8 are computed during the polygon cutting steps and do
not change the computational cost.

In the worst case, each polygon cut step is done inO(n). Hence, the overall
complexity of thewhile loop isO(k · n). Finally, the cost of the approximated
MACS extraction algorithm isO(k ·n) in the worst case. LetN be the number
of removed vertices while evaluating the optimal chord atr1 in step6. If we
suppose that the reflex vertices ofP are uniformly distributedin the sense
that each other tested chord only visits the same amountO(N) of vertices.
Then, at each step,O(N) vertices are visited and the modified polygon has got
O(n − N) vertices. Hence, thewhile loop complexity becomesO(n). This
leads to a global cost for the approximated MACS extraction inO(n+k·log k).
In practice, suchuniformityhas been observed in our examples.

To speed up the algorithm, several optimizations can be donewithout chang-
ing the worst case complexity. For example, when chords going throughr2 are
tested, the obtained polygons are propagated to the next step of the while loop
in order to reduce the number of polygon cut steps. Furthermore, since the
area of the removed parts is computed during the vertex scan,the process can
be stopped if the area is greater than the current minimum area already com-
puted with other chords.

5.4 Experiments

In this section, we present some results of the proposed algorithm. First of
all, the figure 16 compares the results between the optimal Chang and Yap’s
algorithm [3] and the approximated MACS extraction process. In practical
experiments, the optimalO(n7) algorithm do not lead to a direct implemen-
tation. Indeed, many complex geometrical concepts are usedand the overall
algorithm is not really tractable. Hence, we use a doubly-exponential process
to extract the optimal MACS. The main drawback of this implementation is
that we cannot extract the optimal MACS if the number of the polygon points
is important. In figure 16, the first column presents the polygon, its kernel
and the distance labelling of all vertices, the second row contains the optimal
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MACS and the third one the approximated MACS. Note that the results of the
last row are identical.

If we compute the area error between the optimal and the approximated
MACS on these examples, the error is less than one percent.

.75e3

.20e4 .12e4

.16e4
.13e4

0.

.86e3

.14e4
20.

.75e3

.13e4

.10e4

.81e3

.50e3

0.

0.

.60e3.61e3

.80e3

0.

.17e4

.12e4

.96e3
.12e4

.19e4.14e4

0.

.56e3

.14e4

.12e4

.20e4

Figure 16. Comparisons between the optimal MACS and the proposed algorithm: the first
column presents the input polygons, their kernels and the distance labelling, the second column
shows the results of the Chang and Yap’s algorithm. The last row present the result of the
proposed algorithm.
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Figure 17. Some intermediate steps of the approximated MACS algorithm.

The figure 17 illustrates the intermediate steps of the approximated MACS
algorithm and the figure 18 presents the result of the proposed algorithm on
different shapes.
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Figure 18. Results of the proposed approximated MACS algorithm on various shapes. The
first row illustrates the shapes, their kernels and the distance labelling, the second row presents
the obtained solutions.

6. Conclusion

In this article, we have proposed different approaches to extract a maximum
convex subset of a polygon. In discrete representation space, we extract the
maximum convex subset using the Hausdorff distance. A second illustration
in discrete case was for finding the maximum h-v convex subset. In continous
representation mode, for a star-shaped polygon, we proposea fast algorithm to
extract an approximation of the maximum convex subset. The maximality has
to be understand with the area measure. To do that, we have defined a kernel
dilatation based heuristic that use classical tools in computational geometry.
The computational worst case cost of the algorithm isO(k · n) wheren is the
number of points of the polygon andk is the number of reflex vertices. How-
ever, under some hypotheses on the reflex vertex distribution, the complexity
can be bounded byO(n + k · log k). In our experiments, the computational
behavior of the algorithm is closer to the second complexitybound than to the
first one.

In future works, a first task consists in a formal comparison between the
proposed approximated solution and the optimal one, detailed by Chang and
Yap [3]. However, heuristics choices make this comparison non-trivial. More
generally, an optimization of the Chang and Yap’s optimal algorithm is still
an open problem. However, efforts should be made to extend this heuristic to
general polygons.

Notes

1. d(vi, ej) denotes the Euclidean distance between the pointvi and the segmentej
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