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Abstract
This paper studies how well we can infer the geometry of a (smooth or not) convex shape X from
the convex hull Yh of its Gauss digitization with a given gridstep h. Without smoothness constraint
on X, we first present results concerning the proximity of facet normal vectors to the shape normal
vectors, as well as a relation between the number of lattice points just above a facet and its area.
Then, further results can be obtained when X is smooth, that are valid in arbitrary dimension d.
More precisely, we show that the boundary of Yh is Hausdorff-close to the boundary of X with
distance less than

√
dh, and that the vertices of Yh are even much closer (some O(h

2d
d+1 )). Our main

result states that the geometric normal vectors to the facets of Yh tend to the smooth shape normals
with a speed O(h

1
2 ), and the bound is tight. Finally we compare experimentally the performances

of several normal estimators built upon the normal vectors to the facets of Yh with state-of-the-art
estimators. We also perform statistical analyses over the facets of digitized convex hulls, like their
area, diameter or width as a function of the digitization gridstep. Both our new theoretical properties
and our numerical experiments confirm that the convex hull of a digitized shape provide relevant
information on the geometry of the underlying Euclidean convex shape, and can be used to construct
fast and accurate geometric estimators.

Keywords: Geometric inference, Gauss digitization, Convex hull geometry, Digital normal estimation,
Digital geometry

1 Introduction
Many works aim at inferring a shape geometry
from sampled data. We study here the Gauss
digitization: given a gridstep h > 0, the Gauss
digitization of some X ⊂ Rd is the set of lattice
points hZd ∩X. Following this model, inferring a
global or local geometrical property on X from its
digitization boils down to the study of the con-
vergence of some discrete estimated values, to the
expected quantities defined on X, as h tends to

zero. For instance, in 2D, when h is sufficiently
small, the digitized boundary is shown to have the
same topology as the input shape boundary when
it is sufficiently smooth [1, 2]. Classical results
from Huxley [3] relate the area of a smooth strictly
convex shape to the number of lattice points of
its digitization. Klette and Žunić [4] extend these
convergence results to moments estimation. For
results valid in arbitrary dimension d, we can men-
tion that the boundary of a smooth shape and its
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digitized boundary are at a Hausdorff distance no
greater then

√
d
2 h [5].

For local geometry, understanding the discrete
affine geometry of digitized shapes, i.e. its tan-
gential structure, has been a widespread approach
[6, 7]. Hence recognizing pieces of digital straight
lines or planes is a common way to determine the
local tangential geometry of digitized shapes, with
however few theoretical results on geometric con-
vergence (see related works below). Straightness
is also related to convexity: it is used to define
convexity [8], has very nice arithmetic and combi-
natorics properties [9], while its characteristics are
related to the local tangent plane. Recent plane-
probing algorithms [10, 11] analyze the local affine
geometry of digitized boundaries using separation
properties.

The common feature between all these discrete
methods is that their holy grail is to recover the
geometry of the convex hull when the shape is
(at least locally) digitally convex, while hopefully
keeping an interesting behavior in non-convex
parts. The objective of this paper is precisely to
determine if the convex hull of the digitization of
a convex shape is an accurate local approxima-
tion of the geometry of the convex shape. This
work provides bounds on the Hausdorff distance
between the convex hull of the digitized set and
the smooth shape boundary, tight bounds between
the two normal vector fields. This work thus indi-
cates the best results you can expect when only
using linear geometry to analyze digitized convex
shapes.

2 Related works
Affine geometry.
The local affine geometry of the digitized bound-
ary is clearly related to the shape tangential char-
acteristics. If most methods ignore the specificities
of lattice data and rely on regression, smooth
approximations or kernel convolutions and offer
a priori no convergence results, several methods
do take into account those specificities. We recall
that an estimator has order β > 0 whenever its
estimation presents an error bounded by some
O(hβ), and hence the error tends to 0 with finer
sampling. In 2D, binomial derivatives achieve con-
vergence with order 2

3 [12]. Using Taylor-Lagrange

inequality and a roughness criterion gives deriva-
tive estimates with order 1

2 [13]. Both methods
require a user given scale parameter. The maximal
digital straight segment (MDSS) approach [14] is
a parameter-free 2D method with a convergence
order of 1

3 worst case and 2
3 on average. In 3D, on-

surface convolutions [15] are more effective than
digital straightness methods [16, 17], but with no
theoretical guarantees. The only methods achiev-
ing proven normal convergence in 3D for smooth
enough shapes are a discretization of Voronoi
covariance measure [18] with order 1

8 [19] and dig-
ital integral invariants [20] with the better order
2
3 [21]: both methods require an optimal scale
parameter and behave quite similarly in practice
(meaning on shapes coming from real-world 3D
images).

Convexity and Digital Convexity.
In 2D, classical results from Huxley [3] relate the
area of a smooth strictly convex shape to the
number of lattice points of its digitization. Klette
and Žunić [4] extend these convergence results
to moments estimation. Convergence of perime-
ter estimators for digitized convex shapes are
reported in [22]. Convexity is also exploited in [23]
to relate convex polygon edges to digital straight
segments of its digitization, leading to the MDSS
tangent convergence result [14]. The literature on
point counting within lattice polytopes is consid-
erable, since it is related to many enumeration and
optimization problems (see, for instance, [24, 25]).
Another classical topic is determining the geomet-
ric accuracy of the best possible polytope with n
facets approximating a smooth convex shape [26],
but this requires knowing the input shape.

Outline and contributions.
After recalling some essential notions in Section 3,
Section 4 studies the general case of digitizing an
arbitrary compact convex shape and of inferring
its affine geometry from the convex hull of the
sampled points. Lemma 2 links the facet normal
vectors to the shape normal vectors. Theorem 4
relates the number of lattice points just above
a facet and the facet area: if the facet area is
greater than some bound, then there is at least
one exterior lattice point just above this facet,
and Lemma 2 holds there. Section 5 studies the
case of smooth convex shapes, which happens to
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be more fruitful. We can then sandwich the orig-
inal shape between the digitized convex hull and
its dilation by a ball of radius

√
dh (Theorem 6).

Vertices of the convex hull are shown asymptoti-
cally much closer to the smooth shape boundary
than expected (Theorem 8). This explains a pos-
teriori why the convex hull is an aestetically
pleasing approximation of the underlying smooth
convex shape (see Figure 3). Our main result is
Theorem 9, which shows the convergence of the
normal vectors to the facets of the convex hull
toward the normal vectors of the input smooth
convex shape, with a tight order 1

2 . The result
is valid in arbitrary dimension and the constant
is explicitly related to the reach of the shape. In
Section 6, we propose several new normal vec-
tor estimators for digitized convex shapes, which
exploit the normal vectors to the convex hull
facets, and we compare them experimentally with
several classical normal estimators of the litera-
ture. Section 7 checks the asymptotic behavior
of several geometric features along digitized con-
vex hulls (facet area, width, diameter, distance to
smooth shape). Finally Section 8 concludes and
gives some perspectives. This paper is an exten-
sion of the conference paper [27], where Section 6
and Section 7 constitute the additional contents.

3 Preliminaries
In the following, we only consider compact convex
sets of the Euclidean space with non-empty inte-
rior. Hence compact or bounded is implicit in all
statements. The topological boundary of a com-
pact set S is denoted ∂S, its interior S̊ := S \ ∂S.
The d-dimensional volume of S is written Vold (S)
(here taking the Lebesgue or the Hausdorff mea-
sure is equivalent in our context). The scalar
product of two vectors u,v of Rd is denoted by
u·v and the Euclidean norm of u is ∥u∥ :=

√
u · u.

The Euclidean distance between a point x and the
set S is dE(x, S) := mins∈S ∥s− x∥.

Support function, normal cone and vector.
Given a convex set S, we denote by ϕS its support
function, such that ϕS : w ∈ Rd 7→ maxx∈S w·x ∈
R. We recall the main property of the support
function [28, §1.7.1] (see Figure 1):

w

S

ϕS(w)

T

w

S

ϕS(w) ϕT (w)

Fig. 1 Illustration of the support function definition and
Theorem 1 in dimension 2.

Theorem 1. For S ⊂ T two convex sets of Rd,
∀w ∈ Rd, ϕS(w) ⩽ ϕT (w).

For a given unit vector w ∈ Rd, if the point
p ∈ S satisfies p · w = ϕS(w), then p ∈ ∂S and
we say that w is a normal vector to S at p. For
any p ∈ ∂S, the normal cone to S at p is the
set of normal vectors to S at p, and is denoted
by NS(p). Note that the normal cone is reduced
to one vector when ∂S is twice differentiable at p
and we speak of the normal vector to S at p.

Gauss digitization, digitized boundary,
digitized convex hull.
The gridstep is a real positive number denoted by
h. The Gauss digitization at gridstep h of some
compact X ∈ Rd is the finite set Dh (X) := hZd ∩
X.

Let Hh be the hypercube h[− 1
2 ,

1
2 ]

d. For any
digital set Z ⊂ hZd, the voxel representation of Z
is QhZ := Z ⊕Hh (and is a union of axis-aligned
cubes with edge length h centered on each digital
point of Z). The (digitized) h-boundary of a subset
S ⊂ Rd is ∂hS := ∂QhDh (S) (e.g., see [5]). Let
(ei)i=1,...,d be the canonical orthonormal basis of
Zd. For any z ∈ Z, and if z′ := z±hei is not in Z,
we call the pair (z, z′) a surfel of Z. Clearly, the
segment [z, z′] crosses ∂hZ at exactly one point,
which is the center of the face of z ⊕Hh common
with z′ ⊕Hh.

Finally, the digital set Dh (X) is written Xh

to shorten notations. The digitized convex hull Yh

of X is Yh := CvxH (Xh) (where CvxH (·) stands
for the convex hull). The objective of the paper is
to show how we can infer the geometry of X from
the geometry of Yh. We refer to Fig. 2 and 3 for
2D and 3D illustrations.
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∂X

X

Xh

∂hX

Yh

Yh ⊕Hh

Yh ⊕Hh

⊕B√
d

2 h

∂X

Fig. 2 2D illustration of the main notations: the convex shape X, its Gauss digitization Xh, the convex hull of the
digitization Yh and convex sets used in Theorem 6, Section 5 (Yh ⊕Hh, and Yh ⊕Hh ⊕B√

d
2

h
).

input shape X Xh seen as voxels digitized convex ∂hX with facet
(i.e. ∂hX) hull Yh normals

Fig. 3 3D illustration of notations and concepts, from left to right: input convex shape X, its digitization Xh := X ∩ hZd

seen as a collection of cubes (visually equivalent to the h-boundary ∂hX), its digitized convex hull Yh := CvxH (Xh), the
h-boundary ∂hX with the normals of the closest facet on Yh. The three left images are rendered with material “normal”,
i.e. the displayed color corresponds to the normal vector direction.

4 Properties for digitized
general convex shapes

This section focuses on the geometric properties
of digitized convex shape, without strong specific
assumptions on the input convex shape. We will
see that only partial results can be achieved in
this context. For instance, accurate normal esti-
mations are achieved around the inscribed circle
center of facets (Lemma 2). Theorem 4 together
with Corollary 3 allow to translate the previous
result onto digitized convex hulls, in places where
facets have a non negligible area. This motivates
the study of input convex shapes with smoothness
property in the next section, for which we will
achieve much stronger approximation results.

Let X be a compact convex shape of Rd

(smooth or not). The next lemma states that if
the shape boundary ∂X is close to a facet of a
(convex) polytope inscribed in X, then the normal
of this facet and the normal of a nearby point x
of ∂X are close to each other, and, the closer the
points, the closer the normals. Besides, the fur-
ther the projection of x is from the boundary of
the facet, the closer are the normals (see Figure 4
for an illustration). Note that if x projects onto
the intersection of two facets, then this Lemma
does not entail any particular proximity between
the facet normal and the shape normal.

Lemma 2. Let Y ⊂ X be a convex polytope (i.e.,
Y = CvxH (V ), where V is a finite subset of X).
Let x be an arbitrary point of ∂X, and n ∈ NX(x).
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•
y

ϵ

r

nσn

∂X

•
x

Fig. 4 Illustration of Lemma 2. Point x is any point on
the convex shape boundary ∂X and y is its closest point on
the polytope Y . The angle deviation between the normal
to ∂Y at y and the normal to ∂X at x depends on both
the distance ϵ := ∥x − y∥ and the distance r of y to the
boundary of its containing facet σ.

Let y be the closest point of x on ∂Y (which is
unique). Assume y is contained in only one facet
(say σ) of Y , with unit normal vector nσ. Then
the normal vector nσ to Y and the normal vector
n to X are related as:

n · nσ ⩾ 0,

sin2 ∠(n,nσ) ⩽ ϵ2

ϵ2+r2 ,
with

{
ϵ := ∥x− y∥,
r := dE(y, ∂σ).

Proof Since y ∈ Y ⊂ X and using the support func-
tion of X, we have immediately (see Theorem 1):
y · n ⩽ ϕY (n) ⩽ ϕX(n) = x · n. Since the projec-
tion onto a (compact) convex set follows the normal
direction, we set x = y + ϵnσ. Substituting above
gives

y · n ⩽ (y + ϵnσ) · n, therefore, 0 ⩽ ϵnσ · n.
Either ϵ > 0 and we conclude for the relation n ·nσ ⩾
0, or ϵ = 0 and x = y which implies σ ⊂ ∂X and
NX(x) = NY (x) = {nσ}, hence nσ = n and we also
conclude.

For the second relation, let us project n onto the
plane containing σ. This gives the vector n′ := n −
(n · nσ)nσ. If n′ = 0 then n = nσ and the relation is
obvious. Otherwise, by the compactness of σ, the ray
from point y in direction n′ hits the boundary of σ at
one point a. We can write a = y + s n′

∥n′∥ with s the
(positive) distance from y to a ∈ ∂σ. Note that s ⩾ r
by hypothesis.

Since a ∈ σ ⊂ Y ⊂ X, we have a ∈ X and using
the support function of X, we get: a · n ⩽ supp∈X p ·
n = ϕX(n) = x · n. It implies (x− a) · n ⩾ 0. We can
decompose x − a = x − y + y − a = ϵnσ − s n′

∥n′∥ . It
follows that

−s
n′ · n
∥n′∥ + ϵnσ · n = (x− a) · n ⩾ 0 ,

Fig. 5 Digitizations of arbitrary convex shapes: ∂X (in
red) can be very far away from ∂Yh (in black, top); how-
ever there are exterior points close to long enough edges,
depending on the x- (bottom left, in green) or y-component
(bottom right, in blue) of the edge vector, so ∂X is at a
distance less than h near these points.

and,

−s
√

1− (nσ · n)2 + ϵnσ · n ⩾ 0,

since simple calculations give n′ ·n = n′ ·n′ = 1−(nσ ·
n)2 (both n and nσ are unit vectors). Posing c = nσ ·n
and recalling that the first relation implies that c ⩾ 0,
we derive

ϵc ⩾ s
√

1− c2 ,

leading to

c2 ⩾
s2

s2 + ϵ2

and

1− c2 ⩽
ϵ2

s2 + ϵ2
.

Now sin∠(nσ,n) =
∥n′∥
∥n∥ =

√
1− c2. The result

follows since r ⩽ s. □

In the following corollary (proof is in
Appendix A), we consider as convex polytope Y
the convex hull Yh of Xh := Dh (X). If we define
for each surfel its normal estimation as the nor-
mal vector to the closest facet on Yh, then this
corollary states a kind of multigrid convergence
theorem for this normal estimator. However the
convergence is influenced by the size of facets and
by the relative position of surfels with respect to
facet centers.

Corollary 3. Let (z, z′) be a surfel of Xh. Let y
be the nearest point on ∂Yh to z′ and let σ be a
facet of Yh containing y, with normal vector nσ

(see Figure 6). We have:
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σ
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x

nσn
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r

Fig. 6 Illustration of Corollary 3. We keep mostly the
notations of Figure 4 for the boundary ∂X in black (inside
is grey) and convex hull Yh in red. Given a surfel (z, z′)
(so z ∈ Xh as a black filled disk and z′ ̸∈ Xh as a black
circle), the point y is the closest point to z′ on ∂Yh and it
is contained in the facet σ (thicker red straight segment).
If x is the point of ∂X lying on [x, z′[, then the normal
vector n to ∂X at x is close to the facet normal vector nσ .

• there exists x ∈ ∂X∩[y, z′[, that is at a distance
less than h from y,

• for any n ∈ NX(x), sin2 ∠(n,nσ) ⩽ 1
1+(r/h)2 , if

r := dE(y, ∂σ).

The previous corollary states a convergence of
normal vectors of Yh towards normal vectors of
X. It means that the point where the best esti-
mation will be obtained is around the center of
the inscribed circle/sphere of the facet. However
it leaves unclear where the exterior lattice points
of boundary surfels are projected onto their near-
est facet: perhaps no such point exists above this
center, especially if the facet is small or elongated.
The following theorem shows that there are indeed
exterior lattice points just above the interior of
facets of Yh, for long enough edges in 2D or wide
enough triangles in 3D.

We say that a d-simplex σ of vertices
(p1, . . . , pd) in hZd is primitive if CvxH (σ)∩hZd =
{p1, . . . , pd}. The d − 1-dimensional measure of
the projection of σ onto a plane orthogonal to the
axis i ∈ {1, . . . , d} is denoted by Ai(σ) (informally
the length or the area of the projected simplex).
See Figure 5 for a 2D illustration of where lie the
lattice points that are not in X but close to Yh.

Theorem 4. For d ∈ {2, 3}, let σ be a primitive
edge (d = 2) or a primitive triangle (d = 3) of
∂Yh. Then, there are (at least) k lattice points of
hZd not in X at a distance strictly less than h
from σ, where k follows:

• d = 2: then k = maxi∈{1,2}(Ai(σ)/h)− 1,
• d = 3: then k = maxi∈{1,2,3}(Ai(σ)/h

2)− 1
2 .

Otherwise said, if a segment of ∂Yh has one com-
ponent strictly greater than h, and a triangle has
one projected area strictly greater than 1

2h
2, then

there exists at least one close exterior lattice point
not in X that projects in σ̊ along some ±ei.

Proof Let us start with the case d = 2. Let σ = (p, q)
be a primitive edge of ∂Yh. Let t = ±hei, i ∈ {1, 2}
be an axis lattice vector such that p′ := p+t ̸∈ X and
q′ := q + t ̸∈ X. Indeed, the half plane going through
(p, q) includes Yh on one side, and the interior of the
other side is empty of points of X ∩ hZd (otherwise
σ cannot be an edge of the convex hull). At least two
vectors in {±hei}i∈{1,2} point outside this half plane.
Hence picking one of them as t gives p′ := p+ t ̸∈ X
and q′ := q + t ̸∈ X. Let P be the parallelogram
CvxH

(
{p, q, p′, q′}

)
and we denote by k the number of

lattice points in the interior of P . Following standard
notations, the number of lattice points hitting a set X
of Rd is written Lh(X) := # (Dh (X)). We use Pick’s
theorem to bound k from below:

Vol2
(
1

h
P

)
= Lh(P̊ ) +

1

2
Lh(∂P )− 1 (Pick’s thm)

= k + 1. (since ∂P hits 4 points exactly)

These k interior points are necessarily outside X, oth-
erwise they would be in Yh and (p, q) would not be an
edge of ∂Yh. Noticing that Vol2

(
1
hP

)
= 1

h2 |det(q −
p, t)| = 1

h |(q − p)i| = Ai(σ)/h and using both direc-
tions i ∈ {1, 2}, we have found k lattice points not in
X but strictly inside a parallelogram touching Yh with
width at most h. This concludes.

The case d = 3 is harder as there are lattice
polyhedra with infinite volume that hits a few lattice
points1. Let σ = (p, q, r) be a primitive triangle of
∂Yh. Let t = ±hei, i ∈ {1, 2, 3} be an axis lattice
vector such that p′ := p + t ̸∈ X, q′ := q + t ̸∈ X
and r′ := r + t ̸∈ X (at least one exists for the rea-
son mentioned above). Let P be the triangular prism
CvxH

(
{p, q, r, p′, q′, r′}

)
and we denote by k the num-

ber of lattice points in the interior of P . We exploit

1The tetrahedron {(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, j)}, for
instance, hits exactly 4 lattice points whatever the value j ∈ Z.
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here Reeve’s result [29, Theorem I], valid for any inte-
ger n ⩾ 1 and full-dimensional lattice convex polytope
P :

2(n3 − n)Vol3
(
1

h
P

)
=

2
(
L h

n
(P )− nLh(P )

)
−

(
L h

n
(∂P )− nLh(∂P )

)
(1)

Note that we have L h
n
(P ) = Lh(nP ) (where nP

stands for homothety of P centered at the origin by the
factor n). We use the relations above with the dilation
factor n = 2.

Lh(P ) = 6 + k and Lh(∂P ) = 6 are obvious from
the fact that the triangular face is primitive and k is
the number of interior lattice points. Dilating by two
the lattice prism creates 4 similar triangles at the base,
with exactly 6 lattice points on its boundary since the
triangle is primitive. Then, the vector t being a trivial
axis vector, the dilated prism is composed of 3 layers
of these 4 triangles, hence 18 lattice points in total
and we have Lh

2
(∂P ) = Lh(∂2P ) = 18.

Finally the prism P is assumed to contain k lat-
tice points in its interior. The prism 2P is the disjoint
union of 8 copies of P (translated or rotated) with dis-
joint interiors. So the interior of 2P contains 8k lattice
points. It follows that Lh

2
(P ) = Lh(2P ) ⩽ 18 + 8k.

Inserting these values into (1) leads to:

12Vol3
(
1

h
P

)
= 2 (18 + 8k − 2(6 + k))− (18− 12)

= 6 + 12k.

A short computation gives k = Vol3
(
1
hP

)
− 1

2 .
We notice again that Vol3

(
1
hP

)
= 1

2h3 |det(q −
p, r − p, t)| = 1

h2Ai(σ) to conclude the argument. □

The results in this section show that there are
points on Yh where the normal vector of the under-
lying shape can be well estimated. Furthermore,
we know that the best estimations are obtained
for points above large enough facets and near
their inscribed sphere center. However we have no
control on the radius of the inscribed sphere. Fur-
thermore, Figure 5 shows that there are points
of ∂X that can be very far away from ∂Yh. All
these elements indicate that we must require more
constraints on the input shape in order to get
better geometric estimates. By assuming smooth-
ness on the shape boundary, the next section will
show that we can get better estimates for X from
its digitization Yh, both in position and normal
vector field estimation.

5 Properties for digitized
smooth convex shapes

If we assume smoothness of the convex shape X,
we can use the previous result to show the conver-
gence of normal vectors in 2D around most edges
of Yh.

Theorem 5. For a small enough gridstep h, if
X is a convex shape of R2 with C3-smooth bound-
ary and positive curvature, then any edge σ of
∂Yh having at least the average length of edges of
∂Yh has a normal nσ close to the normal n of
the closest point of ∂X to the edge center, and
more precisely ∠(n,nσ) ⩽ ch

1
3 , for some positive

constant c.

Proof [30, Theorem 2] tells that the number of ver-
tices N(Yh) of ∂Yh is some Θ(h−

2
3 ). So the average

length L(Yh) of the edges of Yh is the perimeter of
∂Yh divided by N(Yh). It is well known that the
perimeter of Yh approximates the perimeter of X to
an order O(h): one way to see it is to use Theorem 6
together with the result that, for A ⊂ B compact
convex shapes, the perimeter of A is no greater than
the perimeter of B. So L(Yh) = Θ(h

2
3 ). According to

Theorem 4 in the case d = 2, there are almost as many
exterior lattice points as the discrete length of the
nearby edge. Except for a constant number of edges
(maximum 8, the ones having directions (1, 0) and
(1, 1) and their 4 rotations), all the other edges have
an exterior lattice point close to the center of the edge:
Indeed, according to Theorem 4, the number of exte-
rior lattice points near the edge is the greatest compo-
nent of the edge vector minus 1. So there is an exterior
lattice point at distance h from the edge center. For an
edge σ with approximately the average length L(Yh),
the estimation error between nσ and the closest point
on ∂X is (Corollary 3): sin2 ∠(n,nσ) ⩽ 1

1+(L(Yh)/2h)2
,

the right term being equal to 1
1+Θ(h−2/3)

= Θ(h
2
3 ).

Therefore, we have sin2 ∠(n,nσ) = O(h
2
3 ), which

implies sin∠(n,nσ) = O(h
1
3 ) and by Taylor expan-

sion, ∠(n,nσ) = O(h
1
3 ). □

Unfortunately, this result cannot be easily
extended to higher dimensions, since there exist
small or elongated facets starting from 3D. In
fact, by using a completely different approach, we
achieve below a much stronger result on normal
convergence.
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Before that, let us try to better understand
how the geometry of Yh and the geometry of X
exhibit more relations in the case where X has a
smooth boundary. The reach of S ⊂ Rd, denoted
reach(S), is the infimum of the distance of the set
S to its medial axis [31] (the medial axis gathers
points that have at least two nearest neighbors
on S). From now on, we change the smoothness
condition on X and we assume that reach(∂X) is
greater than some ρ > 0. In our context, it means
that ∂X has its principal curvatures between 0
(included) and 1/ρ (excluded).

We start by sandwiching X between Yh and
Yh⊕Hh⊕B√

d
2 h

, where Br is the ball centered on 0

and of radius r. Note that it is not true in general
that X ⊂ Yh ⊕Hh, as illustrated by Figure 2.

Theorem 6. Assume X ⊂ Rd, compact, convex
with reach(∂X) > ρ. For all gridsteps h, 0 < h <
2ρ√
d
, we have Yh ⊂ X ⊂ Yh⊕Hh⊕B√

d
2 h

. It follows
that the convex boundary ∂X lies in the strip Yh⊕
Hh ⊕ B√

d
2 h

\ Int(Yh). Furthermore dH(X,Yh) =

dH(∂Yh, ∂X) ⩽
√
dh.

Proof We have Xh ⊂ X so Yh = CvxH (Xh) ⊂
CvxH (X) = X and the first inclusion follows. By def-
inition, the h-boundary ∂hX of X is the topological
boundary of Xh ⊕ Hh, i.e. ∂hX = ∂(Xh ⊕ Hh). It
implies

CvxH (∂hX) = CvxH (∂(Xh ⊕Hh))

= CvxH (Xh ⊕Hh) = Yh ⊕Hh, (2)

using the commutativity of ⊕ and CvxH (·). According
to [5, Theorem 1], dH(∂hX, ∂X) ⩽

√
d
2 h for h < 2ρ√

d
.

Hence

∂X ⊂ ∂hX ⊕B√
d

2 h
(3)

and

CvxH (∂X) ⊂ CvxH

(
∂hX ⊕B√

d
2 h

)
(using (3))

= CvxH (∂hX)⊕B√
d

2 h
.

Finally, we get

CvxH (∂X) ⊂ Yh ⊕Hh ⊕B√
d

2 h
. (using (2))

It remains to establish the Hausdorff distance between
∂X and ∂Yh. Since Yh, X and Yh ⊕ Hh ⊕ B√

d
2 h

are
all convex, we have these relations for their support
functions, for any w ∈ Rd:

ϕYh
(w) ⩽ ϕX(w) ⩽ ϕYh⊕Hh⊕B√

d
2

h
(w). (4)

A classical result is that ϕA⊕B = ϕA+ϕB for compact
convex sets A,B [28, Theorem 1.7.5a], so it holds:

ϕYh⊕Hh⊕B√
d

2
h
(w) = ϕYh

(w) + ϕHh
(w) + ϕB√

d
2

h
(w).

Inserting this equality in (4), and subtracting ϕYh
(w)

to the three terms give:

0 ⩽ ϕX(w)− ϕYh
(w) ⩽ ϕHh

(w) + ϕB√
d

2
h
(w).

Assuming now that w is a unit vector, we get

0 ⩽ ϕX(w)− ϕYh
(w) ⩽

√
d

2
h+

√
d

2
h.

It follows that supw∈S ∥ϕX(w)− ϕYh
(w)∥ ⩽

√
dh for

S the unit sphere of Rd, which implies dH(X,Yh) ⩽√
dh.

We finally use [32, Theorem 20], which states that
“If A and B are non-empty, closed, bounded con-
vex sets, dH(A,B) = dH(∂A, ∂B)”, to conclude that
dH(∂X, ∂Yh) ⩽

√
dh. □

Corollary 7. For all gridsteps h, 0 < h < 2ρ√
d
,

for y ∈ ∂Yh and any normal vector w ∈ NYh
(y),

define P as the plane orthogonal to w and con-
taining y. Then for any point y′ ∈ P , we have
that y′ + tw is outside X for t >

√
dh.

Proof Proof is in appendix. □

We now show that vertices of ∂Yh are
much closer to ∂X than the upper bound on
dH(∂X, ∂Yh) suggests, ie. some Θ(h

3
2 ) instead of√

3h in 3D. This result is not really new. Most of
the proof relies on the so called Macbeath region
of a point x ∈ X, that is MX(x) := X ∩ (2x −
X) (intersection of X with its central symme-
try around x). Macbeath [33] introduced them to
count lattice points in-between two convex bod-
ies. Similar arguments can be found in the proof
of the upper bound of [30, Theorem II], or from
[34, Theorem 4.3 and discussion]. Our proof below
has the advantage of making explicit the constant
in the upper-bound with respect to the reach.

Theorem 8. Assume the convex set X ⊂ Rd has
reach(∂X) > ρ. Let y be a vertex of Yh. It holds
that, for gridsteps h, 0 < h ⩽ ρ, dE(y, ∂X) <

αdρ
− d−1

d+1 h
2d

d+1 , where the constant αd depends on
the dimension. If h is sufficiently small, we have

α2 ≈
(

3
2
√
2

) 2
3

and α3 ≈ 2√
π
.
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Proof Any vertex y of Yh is at a distance less than
h from ∂X (one of y ± hei, i ∈ {1, . . . , d}, must be
outside X). So dE(y, ∂X) ⩽ h and y is within the
reach of ∂X by hypothesis. Let x be the projection on
∂X of y and n := x−y

∥x−y∥ the unit outward normal to
X at x. The open ball B of center x− ρn and radius
ρ is contained in X. Furthermore, y belongs to the
straight segment [x− ρn,x].

Let SX := MX(y) = X ∩ (2y − X) and SB :=
MB(y) = B ∩ (2y − B) (see Figure 7). Since B ⊂ X
we have SB ⊂ SX , hence Vold (SB) ⩽ Vold (SX). We
explicit Vold (SB) as a function of δ := ∥x − y∥ =
dE(y, ∂X).

It is clear that SB is the union of two caps of
a d-ball of radius ρ. Each slice of each cap is itself
a d − 1-ball of radius s, denoted by Bd−1(s), where
s depends on the distance t to x. It is also known
that Vold−1

(
Bd−1

)
(s) = π(d−1)/2

Γ((d+1)/2)
sd−1. Further-

more Pythagoras theorem indicates ρ2 = (ρ− t)2+s2,
so s =

√
2ρt− t2. We compute:

Vold (SB) = 2

∫ δ

0
Vold−1

(
Bd−1(

√
2ρt− t2)

)
dt

= 2

∫ δ

0

π
d−1
2

Γ
(
d+1
2

) (√
2ρt− t2

)d−1
dt.

Standard integral computations gives:

• for d = 2, we have Γ( 32 ) = 1
2

√
π, and

Vol2 (SB) =
8
√
2ρ
3 δ

3
2 +O

(
δ

5
2√
ρ

)
,

• for d = 3, Γ(2) = 1, and Vol3 (SB) = 2πρδ2 −
2
3πδ

3,
• for d = 4, Γ( 52 ) = 3

4

√
π, and Vol4 (SB) =

32π
√
2ρ

3
2

15 δ
5
2 +O

(
δ

7
2
√
ρ
)
.

For a generic bound in d, it is enough in our con-
text —and simpler— to compute the volume of the
bi-cone within SB , hence:

Vold (SB) ⩾ 2

∫ δ

0
Vold−1

(
Bd−1(

t

δ

√
2ρδ − δ2)

)
dt

= 2

∫ δ

0

π
d−1
2

Γ
(
d+1
2

) (
t

δ

√
2ρδ − δ2

)d−1

dt

= Θ
(
ρ

d−1
2 δ

d+1
2

)
.

We may now use Minkowski’s theorem [35] on SX .
The volume of SX cannot exceed (2h)d. Indeed, if this
is the case, then SX must contain at least two other
lattice points z and z′ symmetric around y (y − z =
z′ − y) (Figure 7). But both z, z′ ∈ X, so z and z′

belong to Xh and thus Yh. Yet y is a vertex of the

B
X

2y −X

2y
−
B

y

x

δ

c

ρ

Fig. 7 Illustration for the proof of Theorem 8.

convex polytope Yh and cannot be in the middle of
two other points of Yh. It follows that

(2h)d > Vold (SX) ⩾ Vold (SB) ⩾ Θ
(
ρ

d−1
2 δ

d+1
2

)
.

We achieve this upper bound for vertex distance δ <

αdh
2d

d+1 /ρ
d−1
d+1 . Constants α2 and α3 are derived from

the more precise formula above. □

One can check in practice that these theoreti-
cal bounds are indeed reached in 2D and 3D, on
digitizations of ellipses for instance, and that the
constants are quite tight (see Figure 18, page 17).

Theorem 9 below is our main result: it shows
that the normal vectors to the facets of the dig-
itized convex hull converge towards the normal
vectors of the smooth convex shape, for small
enough gridstep h, and that the speed of conver-
gence is proportional to

√
h/ρ.

Theorem 9. Assume the convex set X ⊂ Rd has
reach(∂X) > ρ. Let y be any point on the bound-
ary ∂Yh. The point x := π∂X(y) is its closest point
on ∂X, and it is well known that the outer normal
n to X at x is aligned with x−y. Let w ∈ NYh

(y)
be any normal vector to Yh at y. Let δ := ∥x−y∥.
Then for gridsteps h, 0 < h < ρ√

d
, it holds that

0 ⩽ δ <
√
dh and:

n ·w ⩾
1−

√
dh
ρ

1− δ
ρ

⩾ 1−
√
d
h

ρ
> 0

i.e. ∠(n,w) ⩽ O
(√

h/ρ
)
.
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X

y
x

n

δ

w

P

c

ρ

B

c′
p

p′

Fig. 8 Illustration for the proof of Theorem 9.

Proof See Figure 8 for an illustration. Let B be the
ball centered on c := x − ρn and of radius ρ. Since
∂X has positive reach ρ, B lies inside X. Let P be
the plane containing y and orthogonal to w and let
c′ := πP (c) = c− ((c−y) ·w)w, i.e. the projection of
c onto P . Letting δ := ∥x−y∥, we have ∥c−y∥ = ρ−δ
since c,y,x are aligned.

(c′ − c) ·w = (c− ((c− y) ·w)w − c) ·w
= (y − c) ·w = (ρ− δ)n ·w. (5)

On one side, we know that p := c+ ρw belongs to B
hence also to X. On the other side, Corollary 7 entails
that p′ := c′+

√
dhw does not belong to X and, more

precisely, that ϕX(w) < p′ ·w. We have

p ·w = (c+ ρw) ·w ⩽ ϕX(w)

< p′ ·w = (c′ +
√
dhw) ·w.

Using w ·w = 1 and (5), it follows:

ρ−
√
dh < (c′ − c) ·w = (ρ− δ)n ·w. (6)

Corollary 7 also implies that δ <
√
dh (otherwise x

would be outside X). Since h < ρ/
√
d by hypothesis,

we have δ < ρ and
√
dh < ρ, so the left-hand side of

(6) is positive, and so is its right hand. This entails
n ·w > 0. Moreover

n ·w >
ρ−

√
dh

ρ− δ
=

1−
√
dh/ρ

1− δ/ρ
⩾ 1−

√
d
h

ρ
. (7)

Let α := ∠(n,w). So cosα > 1−
√
dh
ρ . From the above

expression, it can be seen that α tends to zero as h
tends to zero. Taylor expansion of arccos(1 −

√
dh
ρ )

around h = 0 gives α <
√

2
√
d

ρ h + O(h
3
2 ), which

concludes. □

The result is tight in convergence order, and we
can exhibit a simple example where the constant

is almost reached (gap is less than 21/4 ≈ 20%):
just consider a disk X of radius ρ = h(k+1−ϵ), k a
positive integer, ϵ an arbitrary small positive real
number. The convex hull Yh has a vertical edge
symmetric about the x-axis going through the lat-
tice point (hk, 0). Due to Pythagoras theorem, its
two vertices are close to ±(hk, h

√
2k) (up to neg-

ligible terms). Let x be the closest point on ∂X

to the upper vertex, its normal is n ≈ (k,
√
2k)√

k2+2k
.

The normal to edge is w = (1, 0). We get n ·w =
1√

1+2/k
, thus ∠(n,w) ≈

√
2
k ≈

√
2h
ρ , to compare

with
√

2
√
2h
ρ of Theorem 9.

6 Normal estimation on
digitized convex shapes

Theorem 9 (and to a lesser extent Corollary 3 and
Theorem 5) indicates that the normal vector to
facets of the digitized convex hull could be used
as a discrete normal estimator on digitized convex
shapes. It is quite natural to interpolate normal
estimations between facets in order to smooth
the result. We can also test if using a smooth-
ing convolution kernel can enhance the result. We
therefore numerically test these methods for nor-
mal estimations on digitized convex shapes, and
we compare them to classical methods for normal
estimation.

Figures 9, 10 and 11 illustrate qualitatively the
normal estimations on two different 3D shapes:
ellipsoid with equation 3x2 + 2y2 + z2 = 90,
and slanted ellipsoid of equation 3x2 + 5y2 +
7z2 + 5xy − 4xz = 100. As one can observe,
estimations converge toward ground truth for all
estimators, while interpolation and convolution
improve results.

More precisely, we compare numerically the
accuracy of the following normal estimators at a
surfel (z, z′) of ∂hX, with ż = (z + z′)/2 and σ
the closest facet of Yh to ż:

CVXH The normal vector at ż is estimated with
nσ, the normal vector to the facet σ on Yh. If there
are several facets closest to ż, we take the average
of their normal vectors.
I-CVXH The normal vector at ż is estimated
through linear interpolation of CVXH estimator:
first an estimated normal vector ni at each vertex
vi of Yh is defined as the linear combination of

10



ellipsoid shape: 3x2 + 2y2 + z2 = 90
Trivial Yh CVXH I-CVXH CI-CVXH True

h
=

1
h
=

0.
5

h
=

0.
2
5

h
=

0.
12
5

Fig. 9 Qualitative illustration of normal estimations for estimators specialized to digitized convex shapes (CVXH, I-CVXH,
CI-CVXH), for finer and finer digitization of shape ellipsoid. Normal vectors are displayed with the normal map colormap.

the normal vector to each facet incident to vi,
weighted by the inverse distance of vi to the facet
centroid. Secondly the normal vector at ż is then
the linear combination of the normal vectors (nj)
of the vertices (vj) of the facet σ, weighted by the
inverse distance of πσ(ż) to each vertex vj .
II The digital Integral Invariant normal estima-
tor [20, 36] is the (reoriented) smallest eigenvector
of the covariance matrix of Br(ż) ∩ Dh (X): for
r = Θ(h

1
3 ) it is proven convergent in [21] with

ℓ∞-error in Θ(h
2
3 ).

VCM The digital Voronoi Covariance Measure
[18] is the (reoriented) highest eigenvector of the
covariance matrix of the projection vectors of
BR(ż) ∩ Zd onto ∂hX, restricted to projections
within Br(ż): for R = Θ(h

1
4 ) and r = Θ(h

1
4 ) it is

proven convergent in [19] with ℓ∞-error in Θ(h
1
8 ).

COV The covariance estimator estimates for any
point ż the best planar fit to the surfel centroids
of ∂hX in the ball of radius r centered on ż. It
builds the covariance matrix of these points as

a 3D data set, and extracts the eigenvector cor-
responding to the lowest eigenvalue. Although it
has been widely used in data science, we mention
here the work of Mitra and Nguyen [37], which
has provided theoretical bounds for such normal
estimates in case of point cloud data. For an opti-
mal radius of r = Θ(h

2
3 ), the angle error is lower

than Θ(h
2
3 ) with high probablity.

C-Trivial The estimated normal is the convolu-
tion by the kernel χr(x) := e

− 1
1+∥x∥2/r2 of the

trivial normal vectors to the surfels within the ball
of radius r centered on ż, for r = Θ(h

1
2 ). This

method is a variant of [38], but with a weighted
kernel of radius adapted to the gridstep. It is also
akin to the diffusion method of [15]. No theoretical
convergence result is proven in the literature.
CI-CVXH The estimated normal is the convo-
lution by the same kernel χr(x) of the I-CVXH
normal vectors to surfels within the ball of radius
r centered on ż, for r = Θ(h

1
2 ).
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All experiments have been conducted on Mac-
Book Pro, Apple M2 Max chip with 64 Gb of
RAM (LPDDR5) using only sequential imple-
mentations of estimators from the DGtal library
[39].

In Figure 12 we further compare the estima-
tors using quantitative measures (normal angle
errors in degrees). Both root mean square errors
(L2-error) and maximum error (L∞-error) are dis-
played. We also display on Figure 13 the timings
for each estimator on these two shapes, under
several forms: as a function of the gridstep and
as a function of the number of surfels. Finally,
Figure 14 shows for each estimator the normal
angle errors as a function of the computation time,
which is indicative of a good trade-off between
accuracy and computational cost.

Multigrid convergence is observed for all esti-
mators, in L2 or L∞ error norm. II works for arbi-
trary (not necessarily convex) digitized boundary
and gives very accurate results with the best
proven L∞-convergence; however it becomes very
slow to compute for small gridsteps because its
window of computations increase faster than the
other estimators. VCM is also generic and has a
proven convergence (but a quite slow theoretical
convergence speed), its practical accuracy is about
3-5 times less good compared with II. It remains
quite slow to compute without multi-threading,
since it requires some volumetric computations.
The elementary C-Trivial is also generic, much
faster to compute and is almost as accurate as
II (depending on the norm), unfortunately with
no proven properties. Last, the COV estimator
is generally as accurate in L2-norm as VCM,
less accurate in L∞-norm, while being faster to
compute.

Turning now to normal estimators devoted to
digitized convex shapes, CVXH is the fastest to
compute, has proven convergence (Theorem 9)
but is the less accurate in practice. I-CVXH
has proven convergence (Theorem 9 also since
it is a linear convex combination of convergent
estimates), and is more precise than VCM, com-
petitive with COV and not far from II and
C-Trivial, while being almost as fast as CVXH
to compute. Finally CI-CVXH is almost as fast
as C-Trivial to compute, while being at least as
precise as II or C-Trivial, and is also proven con-
vergent by the same theorem. Table 1 sums up
these properties.

Computation times are given here only exper-
imentally. However, we could theoretically estab-
lish that CVXH and I-CVXH have a smaller
complexity than the other methods, since their
complexity is dominated by the computation of
the convex hull (hence some Θ(n log n) for n the
number of lattice points). All the other estimators
have a complexity at least in O(n(r/h)), where
the radius r/h grows to infinity as h tends to zero.

7 Geometric statistics of
digitized convex hulls

Starting from 3D, you may have small or elon-
gated facets in digitized convex hulls. This hap-
pens for instance for the two shapes studied in
the previous section, ellipsoid and slanted
ellipsoid. As shown on Figure 15, the aver-
age facet area is some Θ(h

3
2 ) (since the average

discrete area follows Θ(h− 1
2 ). The average facet

width (smallest side) follows Θ(h
3
4 ) (Figure 16)

while the average facet diameter (longest side) fol-
lows also Θ(h

3
4 ) (Figure 17). It can be seen that

both small facets (with bounded lattice area) and
elongated facets (with bounded lattice widths)
exist.

These results are in accordance with Bárány
and Larman combinatorial results [40] (see
also [41]) which state that, letting PN =
CvxH

(
Zd ∩NBd

)
(for Bd the d-dimensional

unit ball) and fk(PN ) be the number of k-
dimensional faces of the lattice polytope PN , we
have fk(PN ) = Θ(Nd d−1

d+1 ). Let the sequence (Ai)
be the area of each facet of PN , Ā, the average
area of the facets and A, the area of the unit ball
Bd. We have:

Ā :=
1

fd−1(PN )

fd−1(PN )∑
i=1

Ai

≈ 1

fd−1(PN )
A = Θ

(
1

fd−1(PN )

)
.

In 3D, the number of facets follows fd−1(PN ) =

Θ(h− 3
2 ), so the average area follows Ā = Θ(h

3
2 ),

both in accordance with experiments.
Finally, as shown in Theorem 8, we can check

on Figure 18 that the distance of the vertices of
the digitized convex hull are very close to the
smooth input shape boundary (a sphere of radius
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slanted ellipsoid shape: 3x2 + 5y2 + 7z2 + 5xy − 4xz = 100
Trivial Yh CVXH I-CVXH CI-CVXH True

h
=

1
h
=

0.
5

h
=

0.
2
5

h
=

0
.1
2
5

Fig. 10 Qualitative illustration of normal estimations for estimators specialized to digitized convex shapes (CVXH, I-
CVXH, CI-CVXH), for finer and finer digitization of shape slanted ellipsoid. Normal vectors are displayed with the
normal map colormap.

Table 1 Comparison between discrete normal estimators according to genericity, accuracy and computational cost
(where n is the number of surfels of ∂hX).

method genericity parameters L∞th./exp. accuracy L2th./exp. accuracy comp. cost
CVXH convex none Θ(h

1
2 ) / + Θ(h

1
2 ) / + O(n logn)

I-CVXH convex none Θ(h
1
2 ) / ++ Θ(h

1
2 ) / ++ O(n log n)

CI-CVXH convex r = Θ(h
1
2 ) Θ(h

1
2 ) / +++ Θ(h

1
2 ) / +++ ≈ O(n

3
2 )

II any r = Θ(h
1
3 ) Θ(h

2
3 ) / +++ Θ(h

2
3 ) / +++ ≈ O(n

5
3 )

VCM any R, r = Θ(h
1
2 ) Θ(h

1
8 ) / ++ Θ(h

1
8 ) / ++ ≈ O(n

3
2 )

COV any r = Θ(h
2
3 ) ? / ++ Θ(h

2
3 ) / ++ ≈ O(n

4
3 )

C-Trivial any r = Θ(h
1
2 ) ? / +++ ? / +++ ≈ O(n

3
2 )

9 and equation x2 + y2 + z2 = 92). Indeed dis-
tances do not exceed O(h

3
2 ), instead of O(h) for

points of the digitized convex hull in general.

8 Conclusion
In this paper, we have explored links between geo-
metrical quantities estimated on the boundary of
a convex set X ⊂ Rd and similar quantities on the
boundary of the convex hull of the digitization of
X. We have shown the proximity of the digitized
convex hull to X in terms of Hausdorff distance

and highlighted that convex hull vertices are much
closer to ∂X than their incident faces, explain-
ing the visual quality of convex hulls. Our main
result is that the normal vector to each facet of
the digital convex hull converges towards the nor-
mal vectors of the convex shape, for small enough
gridstep h, with explicit convergence speed (pro-
portional to

√
h/ρ for smooth convex shapes).

This result indicates that the normal vector to
facets of the digitized convex hull could be used
as a discrete normal estimator on digitized convex

13



CVXH I-CVXH CI-CVXH

Fig. 11 For a fixed grid step (h = 0.125), we show normal estimation errors (in degrees) for CVXH, I-CVXH and CI-
CVXH estimators on shapes ellipsoid (top row) and slanted ellipsoid (bottom row). For all methods, a fixed colormap
has been used ([0, 0.244] for ellipsoid and [0, 0.31378] for slanted ellipsoid).
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Fig. 12 Normal angle L2-errors (L∞-errors are drawn thinner and dashed) for different normal estimators on ellipsoid
(left) and slanted ellipsoid (right) as a function of the digitization gridstep h (plots must be read from right to left as
finer digitizations are to the left). See text for the definition of the normal estimators.

shapes, and more generally in convex or concave
parts of digitized shapes.

This result is related to the properties of the
projection function πK onto the nearest point on
a compact set K, where the difference between
πK and πK′ is shown proportional to the square
root of their Hausdorff distance [18, 42]. Even
if we have shown that vertices are closer than
O(h), this is not the case elsewhere on the shape.
Our achieved result is then tight, with a constant

much better than the one of Voronoi Covari-
ance Measure [18, 43], which also requires kernel
integration.

Experimental evaluation of normal estimators
on digitized convex shapes shows that it is much
more advantageous to interpolate facet normals
(I-CVXH). It then becomes a practically compet-
itive normal estimator, fast and accurate, while
staying parameter-free. Adding convolution makes
it one of the most accurate estimators, yet with a
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Fig. 13 Computation times (in ms) of the different normal estimators on shape ellipsoid: (left) as a function of the
gridstep h, (right) as a function of the number of surfels n. The mirror aspect of the two diagrams is expected since
n = Θ(h−2) on a digitized boundary surface.
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Fig. 14 Normal angle estimation error (in degrees) as a function of the computation time (in ms): (left) L2-error, (right)
L∞-error. A good estimator can achieve low error with as little computation effort as possible, hence its plot should be
decreasing as fast as possible in the bottom left corner.

slightly slower convergence speed than II estima-
tor for very fine gridsteps. Finally the C-Trivial
estimator appears as a surprisingly simple and
accurate estimator, and proving its multigrid con-
vergence is one line of work we wish to pursue in
the future.
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A Proofs of some properties
Recall of Corollary 3. Let (z, z′) be a surfel of
Xh. Let y be the nearest point on ∂Yh to z′ and
let σ be a facet of Yh containing y, with normal
vector nσ. We have:

• there exists x ∈ ∂X ∩ [y, z′[, that is at distance
less than h from y,

• for any n ∈ NX(x), sin2 ∠(n,nσ) ⩽ 1
1+(r/h)2 , if

r := dE(y, ∂σ).

Proof We have ∥y − z′∥ ⩽ ∥z − z′∥ = h since y is
the closest point of Yh to z′ and z belongs also to Yh.
Since y ∈ Yh = CvxH (Xh) ⊂ CvxH (X) = X and
z′ ̸∈ Xh so z′ ̸∈ X, there must be a point x on the
boundary of X on the straight segment joining y to
z′. It follows that ∥y − x∥ < ∥y − z′∥ ⩽ h, the strict
relation coming from x ̸= z′. The relation between
normal vectors follows from Lemma 2, replacing ϵ with
the distance h, if y lies in the interior of the facet σ.
However if y ∈ ∂σ, then r := dE(y, ∂σ) = 0, and the
angle relation reduces to sin2 ∠(n,nσ) ⩽ 1, which is
always true. □

Recall of Corollary 7. For all gridsteps h, 0 <
h < 2ρ√

d
, for y ∈ ∂Yh and any normal vector w ∈

NYh
(y), define P as the plane orthogonal to w and

containing y. then for any point y′ ∈ P , we have
that y′ + tw is outside X for t >

√
dh.

Proof Indeed w ∈ NYh
(y) implies by definition that

ϕYh
(w) = y · w. The Hausdorff distance between Yh

and X is less than
√
dh (Theorem 6), so

ϕX(w) ≤ ϕYh
(w) +

√
dh. (8)

Let y′′ := y′+ tw, for t >
√
dh. Observe that y′ ·w =

y · w since y′ belongs to P . It follows that y′′ · w =
y′ · w + tw · w = y · w + t ⩾ ϕYh

(w) +
√
dh. Using

(8), we get y′′ ·w > ϕX(w) and y′ ̸∈ X by definition
of the support function. □
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