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Standard geometry processing

Uncertainty-aware geometry processing

Fig. 1. Starting from a LiDAR simulation producing samples with uncertainty values (left, RIEGL-VZ400 TLS model from helios++ [Winiwarter et al. 2022]),
instead of performing downstream geometry processing tasks (e.g., geodesic computation) on a (Poisson) reconstructed surface and projecting back the results
to the point cloud (top row), we first express uncertainty through a simple Gaussian Process Implicit Surface (GPIS) model, which can be efficiently evaluated
pointwise. From this GPIS model, we consider its surface density 𝜇 and define uncertainty-aware differential operators (bottom row). Where the confidence
is high (e.g., on the car doors), our operators (illustrated here with the geodesic distance) behave as in the standard calculus on the mean surface (which
coincides with the PSR output). Where confidence is low, e.g., where data is missing, the distribution of plausible geometries is more diffuse, which results in a
transition toward a volumetric representation of the shape (PDE solutions are volumetric but plotted on the mean surface and the input for the sake of clarity).

We present a framework for uncertainty-aware geometry processing on
Gaussian Process Implicit Surfaces (GPIS), enabling computations directly on
such probabilistic representations of shapes. In contrast to classical geometry
processing pipelines that assume deterministic surface meshes or point
clouds, our approach considers uncertainty in the input data and defines
analogs of fundamental differential operators–gradient, divergence, and
Laplacian– that account for the distribution of plausible geometries encoded
by the GPIS. Leveraging the Kac-Rice formula, we embed computations
from random surfaces into a volumetric Cartesian domain, enabling efficient
evaluation of expected integrals and differential operators. The proposed
approach bridges classical surface PDE-based geometry processing and
volumetric representations, enabling a principled handling of noise and
ambiguity for various downstream geometry processing tasks.

CCS Concepts: • Computing methodologies→ Shape modeling.

Authors’ Contact Information: Baptiste Genest, Université Lyon 1, CNRS, INSA Lyon,
France, baptiste.genest@liris.cnrs.fr; David Coeurjolly, CNRS, Université Lyon 1, INSA
Lyon, France, david.coeurjolly@cnrs.fr.

This work is licensed under a Creative Commons Attribution 4.0 International License.
© 2026 Copyright held by the owner/author(s).
ACM 1557-7368/2026/7-ART
https://doi.org/10.1145/3811280

ACM Reference Format:
Baptiste Genest and David Coeurjolly. 2026. Uncertainty-aware geometry
processing on Gaussian Process Implicit Surfaces. ACM Trans. Graph. 45, 4
(July 2026), 14 pages. https://doi.org/10.1145/3811280

1 Introduction
When processing data from complex simulations or captured mea-
surements, uncertainty in the quality of the data can critically im-
pact the reliability of downstream applications. Modeling input
uncertainty and propagating it through processing pipelines are key
challenges for ensuring computational reliability. In the context of
geometry processing, our goal is to compute geometric quantities
or solve numerical partial differential equations on the probability
distribution of the possible geometries of a (partially known) shape.

In particular, Gaussian processes (GPs) provide a simple yet pow-
erful framework to model uncertainty. In short, a Gaussian process
is a continuous collection of random variables (i.e., a random field),
where any finite subset of these variables follows a multivariate
Gaussian distribution. Combined with the theory of implicit sur-
faces, GPs have also been used recently to directly encode a shape.
Gaussian Process Implicit Surfaces (GPIS) enrich the usual implicit
description of surfaces by providing a principled way to quantify
the likelihood that a point belongs to the shape (i.e., an iso-surface
of the field) or the distribution of its tangent planes at each point.
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2 • Baptiste Genest and David Coeurjolly

This probabilistic representation of surfaces raises novel chal-
lenges for geometry processing. Rather than reconstructing a deter-
ministic surface mesh and applying classical processing pipelines,
we aim to perform processing directly on the distribution of shapes,
preserving the influence of uncertainty throughout the pipeline.

To address these challenges, our contributions are threefold. First,
we avoid the computational burden of Gaussian process regression
by introducing a closed-form GPIS model that can be evaluated
very efficiently by simply modeling how the uncertainty, induced
by noise, on the input is transferred to the output reconstructed
field. Secondly, we leverage tools from stochastic geometric mea-
sure theory to derive probabilistic analogs of fundamental differen-
tial operators such as gradient, divergence, and Laplacian on such
probabilistic surfaces. Finally, we demonstrate that the proposed
differential operators enable the extension of many classic geometry
processing tools to GPIS, explicitly accounting for shape uncertainty.

2 Related works
We review previous works that address uncertainty in surface repre-
sentation and computation, with applications in computer graphics
and applied mathematics. For each section, we specify whether the
inputs and outputs are deterministic or stochastic.

Probabilistic surface representation (deterministic input, stochastic
output). From a set of points, Pauly et al. [2004] explore the distri-
bution of shapes that passes through them. While this approach is
purely surface-based, alternative approaches focus on implicit repre-
sentation, assuming that the shape is the iso-surface of a scalar field.
Williams and Fitzgibbon [2006] use Gaussian process (GP for short)
regression to build an implicit surface by inferring the indicatrix
of the shape from a set of samples, labeled as inside or outside of
the shape. This representation has been widely used in the robotics
community [Dragiev et al. 2011; Wu et al. 2024]. Sellán and Jacobson
[2022] interpret the classic Poisson surface reconstruction algorithm
of Kazhdan et al. [2006] as a GP regression process, which augments
the PSR reconstruction with a Gaussian distribution over the output,
at the cost of having to solve many large linear systems to obtain
the variance. Follow-up work by Holalkere et al. [2025] proposes
a way to significantly speed-up the regression process by using
recent tools from the Gaussian process community by replacing
the multiple linear solves by a single one. Pujol and Chica [2025]
use a Bayesian approach to build a Gaussian representation of a
shape from a noisy point cloud by first estimating normals using
Bayesian PCA and then formulating a reconstruction scheme that is
able to propagate uncertainty to the output. This work also requires
solving large linear systems.

While the term "Gaussian Process Implicit Surface" tends to refer
to the techniques that use Gaussian process regression directly to
obtain the scalar field inducing the iso-surface, we use it to designate
any iso-surface of a Gaussian random field i , e.g., at each point of
the domain 
, the field value follows a Gaussian distribution:

∀G ∈ 
� i (G) ∼ N (W (G)� f (G)) � (1)

for some real valued mean function W (G) and variance f (G) we
clarify later. The differential operators we propose can be built
independently of how the field is obtained.

Probabilistic numerics and computing (stochastic input, stochastic
output). The field of probabilistic numerics aims to quantify how
the uncertainty in the data defining a PDE (e.g., coefficients or initial
value) transfers to the solution [Cockayne et al. 2017; Wang et al.
2021]; see Hennig et al. [2022] for an overview. In contrast, our
approach defines deterministic operators constructed on stochastic
input geometry.

PDE on unknown manifolds (deterministic input, stochastic output).
Closer to our work, several papers show how to derive computations
when the geometry of the domain is only known at a few locations.
Computations can be performed either on the input points directly
by inferring tangent spaces [Li et al. 2025], or through parameter-
ization using a Riemannian metric [Niu et al. 2023; Peoples and
Harlim 2024; Tosi et al. 2014]. Our approach works differently, as
we consider the complete implicit field.

Noise-aware geometry processing (deterministic input, deterministic
output). Several works in geometry processing do not operate on
uncertain data directly but consider the hypothetical impact of
randomness (typically noise) in their derivations, making algorithms
more robust for surface reconstruction [Pöthkow et al. 2011], or
mesh simplification [Trettner and Kobbelt 2020]. Our approach is
similar in the sense that the output of the algorithm is deterministic
and is governed by a probabilistic approach. In contrast, we consider
the probability distribution itself as the input.

Embedding methods (deterministic input, deterministic output). As
we carry out computation on the Euclidean domain surrounding
the shapes, our method can be seen as related to embedding methods.
For example, the Closest Point Method [Ruuth and Merriman 2008]
solve PDEs on surfaces by alternating between computation in
the ambient space and a re-projection step on the surface. For a
comprehensive review of such techniques in computer graphics and
in applied mathematics (for deterministic surfaces), we refer to King
et al. [2024]. However, a a key distinction is that the operators we
propose are fundamentally volumetric, while embedding methods
use the 3D space to solve PDEs on 2D surfaces.

Stochastic geometry in rendering and visualization (stochastic in-
put, deterministic output). The field of uncertainty visualization also
processes random fields and the geometry of their level-sets (see
Brodlie et al. [2012] for a review). For example, Pfaffelmoser et al.
[2011] use the level-set crossing probability to visualize the likeli-
hood that a random surface reaches a region of space. In rendering,
random geometry has been widely used to emulate the behavior
of light on highly detailed surfaces, for example on the micro-facet
model. Recently, Miller et al. [2024] and Seyb et al. [2024] propose
unified models for light scattering for the rendering of stochastic
volumes and surfaces, mostly defined by Gaussian processes. Seyb
et al. [2024] extend light transport to GPIS by considering averages
over realizations of the entire Gaussian field, while we only consider
realizations of the level sets. In a follow-up work, Xu et al. [2025],
synthesize GPIS for stochastic geometries in a fashion similar to Per-
lin noise. They achieve constant time evaluation by using compact
support kernels from Gaussians defined on a (multiscale) grid. Such
an approach is not applicable for surface reconstruction, since the
kernels we consider typically require very long-range interactions
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Uncertainty-aware geometry processing on Gaussian Process Implicit Surfacesˆ 3

(e.g.;the PSR kernel decreases quadratically with the distance) from
unstructured data points. Furthermore, this approach still requires
solving, possibly large, sparse linear systems to condition the GPIS
to �t to a given geometry, something that we avoid completely.

3 Background

3.1 Gaussian variables and Gaussian processes
First, a3 dimensional Gaussian vector- = ¹- 1• ” ” ” • -3º follows a
multivariate normal distribution characterized by its mean vector
E »- ¼2 R3 and covariance matrix� - 2 R3� 3 :

- � N ¹E »- ¼•� - º ” (2)

A Gaussian Process (GP)i over a domain
 is a random �eld such
that, for any �nite set of points fG8g 2 
 , ¹i ¹G1º• ” ” ” • i¹G=ºº is
a Gaussian vector. We recall two properties of Gaussian vectors
that will be used later (see Seeger [2004] for further results). First,
Gaussian vectors are stable by a�ne maps, given� 2 R30� 3•1 2
R30

:

�- ¸ 1 � N
�
� E »- ¼̧ 1• � � - � > �

” (3)

Then, given two Gaussian vectors- and. such that the pair¹-• . º
is Gaussian, the conditioning of- under the event that. takes the
values2 is also Gaussian and expressed as:

- j. = 2 � N
�
E »- ¼̧ � - •. � � 1

. •. ¹2 � E ». ¼º•

� - •- � � - •. � � 1
. •. � . •-

�
• (4)

where� - •. is the matrix of cross-covariances¹Cov¹G8•~9ºº8•9.

3.2 Gaussian Process regression
Gaussian processes are widely used in Machine Learning, as the
closed form conditioning of Gaussian variables can be used to per-
form regression. Given a set of= observationsf~8g at locations
x := fG8g 2 
 , and an explicit covariance function: ¹�•�º (for exam-
ple, a kernel: ¹D• Eº = 4� ^ kD� Ek2

for somê ¡ 0), we aim to infer
the value~� at an unknown locationG� , assuming that the data is
generated from a Gaussian processi , i.e.. = ¹i ¹G1º• ” ” ” • i¹G=ºº:

�
.
. �

�
� N

� �
5¹xº
5¹G� º

�
•
�

  �
 >

� : ¹G� • G� º

� �
•

where ¹ º8•9= : ¹G8• G9º 2 R=� =, ¹ � º8 = : ¹G8• G� º 2 R=� 1, and
5 is a prior function, usually set to 0. Using Eq. 4, the Gaussian
distribution of the prediction is given by:

. � j. 1 = ~1• ” ” ” • .= = ~=”

In practice, the conditioning requires computing the inverse of the
matrix  (� � 1

. •. term in Eq. 4), which is often dense. This leads to an

$ ¹=3º complexity for pre-computation and a linear complexity at
inference at a given pointG� for computing � . This process can be
made more scalable using stochastic gradient descent as discussed
by Lin et al. [2023]).

4 A linearized perturbation GPIS reconstruction model
Whereas Gaussian processregressionis computationally expensive,
we propose a simple and e�cient way to de�ne a Gaussian process
implicit surface (GPIS). Instead of regression, our approach focuses
on expressing how the uncertainty on the input data impacts the
output of a surface reconstruction scheme (see App. A for further
discussion on the di�erence of interpretation with previous GPIS
models). Given pairsf¹ ?8• l 8ºgof positions and (weighted) normal
vectors inR3 , pointwise implicit surface reconstruction schemes
(e.g.;[Guennebaud and Gross 2007]) can be generically expressed
as:

W¹Gº = _¹G•f ¹?8• l 8ºgº”

for some real-valued function_. Let us consider random centered
Gaussian perturbations of the position and normals

n0
8

n8

i � 1¹Dº

of each data point,i.e. with n8 �
N ¹ 0•� n8º andn0

8 � N ¹ 0•� n0
8
º:

~W¹Gº := _¹G•f
�
?8 ¸ n8• l 8 ¸ n0

8
�
gº”

The output distribution of~Wis not Gauss-
ian in general. To obtain a Gaussian out-
put, the expression must be a�ne with
respect ton andn0 [Nabeya and Kariya
1986]. Hence, we linearize the perturba-
tion with respect to the input (positions
and normals):

i ¹Gº := W¹Gº ¸
=Õ

8=1

r ?8_¹G•f ¹?8• l 8ºgº �n8¸ r l 8_¹G•f ¹?8• l 8ºgº �n0
8 ”

(5)
We thus retrieve a pointwise view of a Gaussian process, instead of
a regression one (see Xu et al. [2025] for a discussion between these
representations). While this linearization process from Gaussian
noise on the input is a standard trick to study the robustness of an
estimation algorithm [Lachaud et al. 2023], to the best of our knowl-
edge, no prior work uses it to de�ne probabilistic surface models. In
the speci�c case of triangle soups, we use a simple geometric model
to de�ne bothn8 andn0

8 values from a single parameterf to easily
control the variance of the GPIS (see App. B).

We further assume that the reconstruction scheme is derived
from a potentiald:

_¹G•f ¹?8• l 8ºgº =
=Õ

8=1

r d¹G� ?8º � l 8”

In dimension 3, it is motivated by the regularized winding number,
introduced by Chen et al. [2024] as a closed-form solution to the
Poisson surface reconstruction, with:

d¹Gº =
erfB¹kGkº

kGk
• (6)

whereerfB is the CDF of a centered Gaussian variable of standard
deviationB(whereBintuitively controls the level of smoothness of
the reconstruction).

Our closed form estimate (Eq. 5) provides direct access to the joint
distribution of the �eld valuesand its gradients by decomposing

ACM Trans. Graph., Vol. 45, No. 4, Article . Publication date: July 2026.



4 ˆ Baptiste Genest and David Coeurjolly

� i

”””

i � 1¹Dº E
h̄

i � 1¹Dº � ¹G•k¹Gºº3f
i

Fig. 2. The (generalized) Kac-Rice formula allows to compute the expected
value of the integral of an ambient field� , over the random iso-surfaces
i � 1¹Dº of a Gaussian processi . The expected integral weights� ¹Gº by
the likelihood that thei � 1¹Dºpass throughG. (Eq. (9)). Here,� does not
depend on the random fieldk for the right figure.

the contribution of each random vector:
�

i ¹Gº
r i ¹Gº

�
=

�
W¹Gº
r W¹Gº

�
¸

=Õ

8=1

�
¹� 2d¹G� ?8ºl 8º>

� 3d¹G� ?8º : l 8

�
n8̧

�
r d¹G� ?8º>

� 2d¹G� ?8º

�
n0
8

(7)
where� 2d• � 3d are respectively the Hessian and the third-order
di�erential tensor of d, and\ : " is tensor contraction. Then, the joint
distribution can be computed using Eq. 3 as everything is expressed
as sums of4� 3matrix-(Gaussian) vector products. Finally, the main
advantage of using such a pointwise scheme is to enable the use
of accelerating schemesà-la Barnes and Hut [1986] to bring the
evaluation of Eq. 7 from$ ¹=º down to$ ¹log¹=ºº time (see Sec. 9.1).

5 The Kac-Rice formula
From this point on, our formulation applies to any GPIS model,
whether constructed as in Sec. 4 or following prior work of Sellán
and Jacobson [2022] (see App. F for discussion). We consider random
�elds de�ned over 
 , a compact domain inR3 .

Our core contributions rely on a speci�c variant of the Kac-Rice
formula. For a comprehensive review of the related �eld and its
standard usage, we refer to Azäis and Wschebor [2009]. In geometric
measure theory, the co-area formula states that the integral over
the level sets of a smooth �eldWof a function� 2 ! 1¹
 º can be
expressed as an integral over the domain:

¹ 1

�1

¹

W� 1¹Dº
� ¹Gº3� 3� 1¹Gº3D=

¹



� ¹Gºkr W¹Gºk3G • (8)

where3� 3� 1 is the ¹3 � 1º-Hausdor� measure on the iso-surface
W� 1¹Dº. Intuitively, the integral of a �eld restricted to a level-set must
be weighted by the norm of the gradient of the �eld to compensate
the speed at which the left-hand side integral will sweep over each
level-set.

The Kac-Rice theory extends this formula to the stochastic case:
given a Gaussian random �eldi , i � 1¹Dº is a random surface (Fig.2-
third column), and the integral over such random level-set is also a
random variable. We aim to compute the expected value:

E
� ¹

i � 1¹Dº\ 

� ¹Gºf D¹i•3Gº

�
•

wheref D is a generalization of the Hausdor� measure to a random
level-set [Azäis and Wschebor 2009], simply denoted3� hereafter.

Under mild regularity conditions oni and with the integrand�
that might depend on another (possibly vector valued) random �eld
k such that¹i ¹Gº•k¹Gºº is Gaussian for allG 2 
 , the Kac-Rice
formula (in the scalar-�eld case) provides a closed-form expression
for the expected value:

E
� ¹

i � 1¹Dº\ 

� ¹G•k¹Gºº3�

�
=

¹



?i ¹Gº ¹DºE »kr i ¹Gºk� ¹G•k¹Gººji ¹Gº = D¼3G • (9)

where?i ¹Gº is the probability density function (PDF) of the 1D
Gaussian variablei ¹Gº.

While this formula is more involved than its deterministic coun-
terpart, its intuition remains clear: sincei is a random Gaussian
�eld, the level-seti � 1¹Dº has a non-zero probability of passing
through any pointG2 
 . The expectation therefore aggregates con-
tributions of the co-area formula applied to all possible realizations
of the level-seti � 1¹Dº conditioned to run through each pointGof
the domain, weighted by the likelihood?i ¹Gº ¹Dº of this event.

The Kac-Rice formula variants have been used in pure mathemat-
ics to estimate geometric and topological features the level sets of
simple random models (for example the expected Euler characteris-
tic). We refer to Berzin et al. [2022] for a review of some applications.
To the best of our knowledge, the Kac-Rice formula has not been
used to embed computations and di�erential operators from random
surfaces to the surrounding Euclidean domain
 (see Sec. 7).

6 A geometrically coherent notion of surface density for
GPIS

Previous works on GPIS [Pujol and Chica 2025; Sellán and Jacobson
2022; Williams and Fitzgibbon 2006] de�ne the likelihood that point
Gbelongs to the iso-surfaceM = i � 1¹Dº as being proportional to
the likelihood that the �eld atGequalsD, i.e.:

Pr¹G2 Mº / ?i ¹Gº ¹Dº ”

While this de�nition is intuitive in the context of Gaussian �elds,
as it mimics a Dirac delta distribution over the shape, the Kac-Rice
formula hints at a slight modi�cation to enrich it with a meaningful
notion of mass. Considering the expected uniform sampling (non-
normalized) distribution (� ¹G•~º = 1 in Eq. 9) over the random
iso-surfaces yields:

E
� ¹

i � 1¹Dº
13�

�
=

¹



?i ¹Gº ¹DºEi =D »kr i ¹Gºk¼3G •

with the notation Ei =D »- ¼:= E »- ji ¹Gº = D¼. Hence, we consider:

Pr¹G2 Mº / ` ¹Gº • (10)

with ` as a surface density for the levet-setD:

` ¹Gº : ?i ¹Gº ¹DºEi =D »kr i ¹Gºk¼” (11)

One can check that the total mass of` recovers the mean area of
the GPIS: ¹



` ¹Gº3G= E

�
Area¹i � 1¹Dºº

�
•

which ensures that it de�nes a coherent integration measure.
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Input E »i ¼= W ` )

Fig. 3. From the input geometry on the le�, we first build a Gaussian field
i such that its mean coincides with the scalar field obtained by the surface
reconstruction scheme, here the regularized winding number [Chen et al.
2024] (center le�). Our calculus framework relies mostly on the iso-surface
density ` (center right) and the tangent plane distribution tensor field)
(right). Where data is missing, here around the hole, both objects capture
that the distribution of plausible geometries is more spread out than near
data points.

Finally, one can check that̀ is invariant to any transformation
6 2 C1¹Rº of the �eld i that preserves the level-set,i.e.,6� 1¹Dº =
fDg. While6 � i is not Gaussian in general, it guarantees that this
de�nition is intrinsic to the distribution of the random surfaces
themselves and not attached to a given representation.

7 Probabilistic calculus over GPIS
In this section, we use the Kac-Rice formula to transfer the expected
values of standard integrals on random surfaces (inner products of
functions, Dirichlet energy,...) to the volumetric Cartesian domain

 , to de�ne di�erential operators over general GPIS.

7.1 Functional spaces and inner products
As we integrate functions both on
 and their restriction to level sets,
we �rst characterize the integrands such that all integrals are well de-
�ned. By considering �elds in� 1

0 ¹
 •3Gº = fD 2 ! 2¹
 •3Gº s.t.r D 2
! 2¹
 •3Gº•Djm
 = 0g, the Trace theorem [Evans 2022] ensures
that such functions restricted to smooth level setsi � 1¹Dº are in
! 2¹i � 1¹Dº•3� º.

In this space, we can use the Kac-Rice formula (with� ¹G•~º =
5¹Gº6¹Gº, for 5 •62 � 1

0 ¹
 º) to express how the expected! 2 inner
product between functions on the random manifold is transferred
on 
 :

E
h
h5 •6i ! 2¹i � 1¹Dº•3� º

i
=

¹



5¹Gº6¹Gº3` ¹Gº” (12)

Hence, the expected! 2 inner product oni � 1¹Dº induces integration
with respect to the surface density measure` we introduced in Eq. 11.
The inner producth�•�i ! 2¹
 •` º is then the natural inner product of
interest, since it captures information at a pointGproportionally to
the likelihood of the presence of the surface atG(Sec. 6).

7.2 The Kac-Rice Laplace-Beltrami operator

On a manifold implicitly expressed asM = i � 1¹Dº, the Dirichlet
energy of a scalar �eld de�ned in the ambient space restricted to
M can be written as:

� � ¹5º =
¹

i � 1¹Dº
k� r i ? r 5k23�• (13)

5

r i
i � 1¹Dº r 5

) r 5� r i ? r 5

E

Fig. 4. At each pointG 2 
 , the expected Dirichlet energy of an ambient
scalar field5 over a GPIS isosurfacei � 1¹Dº, captures the tangential varia-
tions of 5, i.e.� r i ? r 5, along the distribution of possible tangent planes,
conditioned under the event that the surface runs throughG. This distri-
bution of tangent planes is encoded in the tensor field) that averages the
orthogonal projectors weighted by the likelihood that the shape lies inG,
i.e. k r i k?i ¹Gº ¹Dº. On the figure on the right, the field̀ 5 is plo�ed to
illustrate what part of 5 is actually captured by the Dirichlet energy.

wherer is the gradient operator onR3 and� r i ? is the orthogonal
projector onto the tangent plane ofi � 1¹Dº. Now, over random
surfaces, for a �xed scalar �eld5, we consider its expected value:

E »� � ¹5º¼= E
� ¹

i � 1¹Dº
k� r i ? r 5k23�

�
”

Our key idea is to use the Kac-Rice formula to incorporate the
distribution of the gradients into the orthogonal projectors onto
the tangent planes. By setting� ¹G•~º = k� ~? r 5¹Gºk2 andk ¹Gº =
r i ¹Gº in Eq. 9,the expected Dirichlet energy becomes:

E »� � ¹5º¼=
¹



Ei =D

�
k� r i ? r 5k2kr i ¹Gºk

�
?i ¹Gº ¹Dº3G ” (14)

From this expression, we de�ne theKac-Rice Laplace-Beltrami
operator� i as the gradient of the above energy with respect to5,
and the! 2¹
 • `º inner product, i.e.:

� i 5¹Gº :
1

` ¹Gº
r � ¹) ¹Gºr 5¹Gºº • (15)

with
) ¹Gº : ?i ¹Gº ¹DºEi =D

�
kr i k� r i ?

�
” (16)

(see App. C for details). The matrix �eld) is critical in the following
derivations, as it encodes the distribution of the tangent planes
everywhere in space (see Fig. 4). One can check that� i is the
quadratic form associated with the expected Dirichlet energy, i.e.:
h5 •� i 5i ! 2¹
 •` º = E »� � ¹5º¼.

This di�erential operator, de�ned on the ambient space, can be
seen as a probabilistic generalization of the Laplacian on implicit
surfaces de�ned by Bertalmio et al. [2001], which reads, oni � 1¹Dº:

1
kr i k

r � ¹kr i k� r i ? r 5º ” (17)

As this operator is derived as the gradient of the Dirichlet energy in
the deterministic case Eq. 13, we recover this operator (in the weak
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6 ˆ Baptiste Genest and David Coeurjolly

sense) when the variancef tends to zero. We provide the derivation
of � i and its weak convergence to Eq. 17 in App. C.

Interpretation.The Laplacian� i can be interpreted as a stan-
dard anisotropic di�usion operator inR3 that allows heat (and
more generally, information) to spread in the directions given by
the matrix ) , as illustrated in Fig. 3 . We recall that) is given
by) ¹Gº = ?i ¹GºEi =D

�
kr i k� r i ?

�
” Hence, when the variance is

small, it boils down to a projection onto the tangent plane of the
mean surface, with the consequence that heat spreads only tan-
gentially. When the variance is high, the di�usion becomes more
uniform in space. The speed at which the scalar �eld spreads is
roughly proportional to` itself: the less likely the shape lies inG,
the slower information spreads.

7.3 First order operators
First, the divergence of a vector �eld+ is de�ned as the variation of
the volume of an object when advected in�nitesimally by+ , i.e., as
the Lie derivative of the volume form [Bogdanskii and Shram 2022]:

div¹+ º = L + ¹volº”

With our non-uniform volume form,vol = 3` = ` dx, the divergence
operator is given by (see App. D):

divi ¹+ º¹Gº :
1

` ¹Gº
r � ¹ ` ¹Gº+ ¹Gºº ” (18)

As a consistency check, we verify in App. D that if a set� C is
advected by a vector �eld+ , then3` ¹� Cº is preserved if and only if
divi ¹+ º = 0.

Since (scalar) Laplacians are formally de�ned as� = div � grad,
Eq. 15 and Eq. 18 lead to:

� i 5¹Gº =
1

` ¹Gº
r � ¹) ¹Gºr 5¹Gºº =

1
` ¹Gº

r �
�
` ¹Gº

) ¹Gº
` ¹Gº

r 5¹Gº
�

”

By identi�cation, we de�ne

gradi 5¹Gº :
) ¹Gº
` ¹Gº

r 5¹Gº ” (19)

In App. E we show thatgradi and divi operators are dual with
respect to an inner product that converges weakly to the metric of
the mean surface when the variance tends to 0.

Interpretation.From Eq. 11 and the de�nition of) ¹Gº, the scaling
by ?i ¹Gº ¹Dº cancels out in the gradient operator expression, leading
to:

gradi 5¹Gº =
) ¹Gº
` ¹Gº

r 5¹Gº =
Ei =D

�
kr i k� r i ?

�

Ei =D »kr i k¼
r 5¹Gº ”

Hence, the linear operator applied to the ambient gradient is a
weighted average of the orthogonal projectors over the distribution
of tangent planes. The strength of the projection is reduced with un-
certainty and we recover the projected gradient in the deterministic
case.

7.4 Domain restriction and boundary conditions
Since` decreases exponentially with the distance to the mean sur-
face, we restrict computations to a narrow band to avoid condition-
ing problems for� i :


 i•[ : 
 \ ` � 1 ¹»[• ¸1º º ”

Over
 i•[ , various homogeneous boundary conditions could be con-
sidered. When solving Poisson like problems, we choose to impose
homogeneous Dirichlet conditions:

(
� i D¹Gº = 5¹Gº• G2 
 i•[

D¹Gº = 0• G2 m
 i•[ ”
(20)

From a theoretical point of view, restriction to a compact domain
is necessary, since, withf ¡ 0, one can bound the eigenvalues
of ) uniformly from above and below. In other words, there exist
<• " ¡ 0, such that

8G2 
 i•n •< � _G
min � _G

max � " • (21)

where_G
min• _G

max are the smallest and largest eigenvalues of) ¹Gº
respectively. This condition, from the standard elliptic PDE theory
[Evans 2022], ensures the existence and smoothness of the solutions
of Eq. 20. From this perspective,� i is a regularized version of the
Laplacian on implicit surfaces Eq. 17: as the latter involves� r i ?

which is always rank de�cient, Eq. 17 does not satisfy the ellipticity
condition Eq. 21.

8 Discretization
Our di�erential operators rely on standard gradient and divergence
operators of
 � R3 . Among alternative discretization schemes, for
the sake of simplicity, we use �nite di�erences on a regular grid
with spacing� :


 �
i•[ = � Z3 \ 
 i•[ ”

We denote# = j
 �
i•[ j the number of variables in the domain. The

divergence and gradient operators are then discretized as:

� i : " � 1
i � > �

" i 
 �3
�

� i : BlockDiag
�
) ¹G8º
` ¹G8º

�
� (22)

where" i : Diag¹` ¹G8ºº, for G8 2 
 �
i•[ , 
 is the Kronecker prod-

uct, and� 2 R3# � # is the standard forward �nite di�erences
scheme for the gradient.

8.1 Adaptive stencil finite di�erence operator

) ¹Gº

e8

While directly composing� i � i provides a valid
discretization of� i , in the sense that it converges
when grid resolution increases, its accuracy suf-
fers when the anisotropy of) ¹Gº is high. Dedi-
cated �nite di�erence schemes exist for such highly
anisotropic di�usion operators. In particular, we use
the adaptive stencil scheme developed by Fehren-
bach and Mirebeau [2014]. This scheme uses tools
from discrete geometry that give an analog of the
eigen decomposition of a symmetric matrix where the "eigenvectors"
are constrained to have integer coordinates only (see inset). Any
SPD matrix) , can be decomposed in the following way: there exists

ACM Trans. Graph., Vol. 45, No. 4, Article . Publication date: July 2026.




	Abstract
	1 Introduction
	2 Related works
	3 Background
	3.1 Gaussian variables and Gaussian processes
	3.2 Gaussian Process regression

	4 A linearized perturbation GPIS reconstruction model
	5 The Kac-Rice formula
	6 A geometrically coherent notion of surface density for GPIS
	7 Probabilistic calculus over GPIS
	7.1 Functional spaces and inner products
	7.2 The Kac-Rice Laplace-Beltrami operator
	7.3 First order operators
	7.4 Domain restriction and boundary conditions

	8 Discretization
	8.1 Adaptive stencil finite difference operator
	8.2 Adaptive resolution and efficient narrow band computation
	8.3 Expectations of non-linear functions of Gaussian variables

	9 Numerics & Implementation details
	9.1 Accelerating scheme
	9.2 Numerical analysis

	10 Geometry processing on GPIS
	10.1 Spectral analysis
	10.2 Geodesic distance
	10.3 Hodge decomposition
	10.4 Smoothed distance to a GPIS

	11 Conclusion
	Acknowledgments
	References
	A Difference of interpretation with regression based GPIS
	B Geometric noise model from triangle soups
	C Derivation of the  operator and weak convergence
	D Derivations of the divergence operator
	E Structure of the first order operators
	F Behavior of the operators on regression based GPIS

