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We assume A, B and C are of size m X m. We need to show that all (s — 1) X s rectangular submatrices T of K ©) anchored on the first row
are rank-deficient of at most 1 (i.e., corank(S) < 1), given that this property # holds for K(!) and K?). We also require a property Q on C: all
submatrices T of C obtained by removing 1 < ¢t < m consecutive columns and the last ¢ rows has corank(T) < 1.

1 Property Q

A A+B

0 C . Indeed, A has full rank, so removing any row and column of A does not

It is easy to see that if Q holds for C, it also holds for [

A A+B
0 C

The base case of this induction is guaranteed by numerical evaluation: property Q is numerically verified for the initial e X e block C by
checking ranks.

change the rank of [

2 Property P

The base case of the induction for property # is obtained by numerically evaluating ranks on up to 4e X 4e matrices (submatrices of the initial
4e x 4e matrix K(¥)). We show that if the property ? holds for K*) and K®, it also necessarily holds for K*), and thus, for any number of
iterations of the procedure.

The idea is to perform linear combinations of rows and/or columns on matrices to exhibit a block-triangular structure, where diagonal
blocks are either full rank, or, for at most one block, satisfy property # or Q by hypothesis, which allows to conclude that the corank is at
most 1.

Note that matrices that need to be tested can have any size and are of shape (w — 1) X w: these matrices are anchored on the top of matrix
K® | and will, in general, contain partial blocks that require particular attention. They may also overlap more blocks horizontally than
vertically (e.g., if they slightly overlap block horizontally), which also requires particular attention when considering permutations of rows.

We exhaustively detail below all cases, depending on the size of the tested matrix, and where it is located on the top row.
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1 <w < m:testing P on all 1x2 blocks and 1x1 blocks

Trivial, by hypothesis

2.2

2.3

m < w < 2m: testing  on all 2x2 blocks (left to right):
. 13 cl™ directly by hypothesis
. B A+B — directly by hypothesis
lc ¢
. A Z B 1;1 ] — directly by hypothesis
m < w < 2mand 2m < w < 3m: testing P on all 3x3 blocks (left to right):
A B A+B
e | 0 C C — directly by hypothesis
[0 0 A
[ B A+B A
o | C C 0 — directly by hypothesis
|0 A  A+B
[ A+B A B
. C 0 C
A A+B A

When the size of the considered submatrices m < w < 2m, we rely on the following transformation

+
Yo N\ ¢ 2 2
A+HB A B B A B B A B
T=x { = corank(T) <1
m-+ke-1
. lar with
C —\\:‘I)ﬁ— C C 0 C C C Htl)anrlggrgrdvi\ggonal
T T B satisfying Q

Linear combination of columns  Shifting of blue columns to the right

This results in a block triangular matrix with a diagonal block A and another diagonal block c consisting of top-leftmost and
top-rightmost rows of C. A is invertible by hypothesis, and corank(C) < 1 by hypothesis Q.
When 2m < w < 3m, we rely on the following transformation

2R
L N T 2 - Yy
AB| A | B 206 | A | B 0i| o | i 0l o0 | ¢
T4 ] ; P ; 71 = corank(T) <1
Tl C 0 C i0:| O c: 05| A B 00 A | B A ) )
t ] . | 1 triangular with
H{ T ' o S non-zero diagonal
A ALD A R.: ..A+B.....A: R'. - As=B-- A . . ﬂsatiSfyingsf’
[N S 1 01 Y . AT ARE TR [a el e ¥ et A+B-1---A
w W w W
\m_J uu K
Linear combination of columns Permutation of rows Shifting of blue columns to the right
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This results in a block triangular matrix with one triangular block which determinant is non-zero, as diagonal elements are non-zero,
and one block consisting of a small first-row anchored submatrix of B. Matrix B has property #. The corank of matrix T is thus that of
this small submatrix of B [Meyer 1973], which concludes the proof for this case.
A B A+B
° 0 C C

A+B A A+B
When the size of the considered submatrices m < w < 2m, T only involves the first two (block) rows. They appear in the initial
hypotheses, and so P is satisfied by hypothesis.
When 2m < w < 3m, we rely on the following transformation

+
TN .
kK £k 2 ,L_g\ m h
A | B | Al |i0i] B | AB| jioil B | Al| |ioi| ¢ | o o o0 | c
— (- H i A = corankn) <
Tslo [ c | d||ioi|l ¢ | ¢ QLEOE c | oi| |i0# B | A 0 A | B corank() <1
o H o H E ] : 4 triangulardwith |
o : A : B : N : non-zero diagona
{ AB—A—AtB loadg| | W88 L-A-t-Bi | | A8B{--A--LB --'-3--k-5---/-\----/ I satisfying
w W w W
Linear combination of columns Linear combination of columns Permutation of rows  Shifting blue column to the left

This results in a block triangular matrix with one triangular block which determinant is non-zero, as diagonal elements are non-zero,
and one block consisting of a small first-row anchored submatrix of A. Matrix A has property #. The corank of matrix T is thus that of
this small submatrix of A [Meyer 1973], which concludes the proof for this case.

B A+B A
o | C C 0
A A+B 0

When the size of the considered submatrices w < 2m, T only involves the first two (block) rows. They appear in the initial hypotheses,
and so P is satisfied by hypothesis.
When 2m < w < 3m, we rely on the following transformation

+
2N
kK 2 ke k8 h
B |AB | Al | »ioi A+B| Al tof| c | o | |iol 0 | ¢
c; 5 : T : : ] = corank(T) <1
T=lc | ¢ | of [Moi| c | o 0 A+B| A | |iol A | A+B
H] [ : : triangular with
H{ B T 74 non-zero diagonal
A A0 | | T ALB--0; PO S s BY 0.8 pypi| Bsstishings
w w w w
w u U '
Linear combination of columns Permutation of rows Shifting blue column to the left

This results in a block triangular matrix with one triangular block which determinant is non-zero as diagonal elements are non-zero,
and one block consisting of a small first-row anchored submatrix of B. Matrix B has property #. The corank of matrix T is thus that of
this small submatrix of B [Meyer 1973], which concludes the proof for this case.

A+B A B
. C 0 C
A+B 0 0

When m < w < 2m, T only involves the two first (block) rows. We have already encountered this case for these two rows and provided
A+B A B
a proof (see above for matrix c 0 C .
A A+B A
When 2m < w < 3m, we rely on the following transformation
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+
Y NN
k 2 Kt F_\
A+B | A | B| | »o0is| A | B foicl o | | il o |
( 71 = corank(T) <1
T= C 0 @ k 0:C 0 C 0:5 A B of A . triangular with
{ - v non-zero diagonal
k-1 1 i A+BlO* P
O . —— AtB |--0----0 AtB -0 -0 =g.0..4 +Bl03 B satisfying ¢
w w w w
Linear combination of columns Permutation of rows Shifting blue column to the right

This results in a block triangular matrix with one triangular block which determinant is non-zero as diagonal elements are non-zero,
and one block consisting of a small first-row anchored submatrix of A + B. Matrix A + B has property . The corank of matrix T is thus
that of this small submatrix of A + B [Meyer 1973], which concludes the proof for this case.

24 2m <w<3mand3m < w < 4m: testing P on all 4x4 blocks (left to right):

From now on, all our transformations only involve simple (block) column-wise operations. When the size of the considered submatrices
2m < w < 3m, T only involves the first three blocks of rows. We apply the same column transformations as for the case 3m < w < 4m, and
conclude similarly.

A B A+B A
0 C C 0 . .
*lo o A A+B |~ directly by hypothesis
o 0 0 c
B A+B A B
. C C 0 C
0 A A+B A
Lo o c o]
When the size of the considered submatrices 3m < w < 4m, we rely on the following transformation
+ + o+
N
K+ /+ me £ k+£ m-¢ L k+£ m-¢
B A+B A B 0 B A 0 0 0 B A
T= , .
triangular with
0 A A+B A B B A+B | A+B B |A+Bj B A+B non-zero diagonal
B satisfying g0
k—1{ k-1{ k—1(
s 0 - € € S - - € €
W
Linear combinations of columns Shifting blue column to the left

This results in a block triangular matrix with a diagonal block [ g 1;1 ] highlighted in bold orange that has a non-zero determinant,

B A+B
C C
which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.

and another diagonal block consisting of a top-anchored rectangular submatrix of

] highlighted in bold magenta, for
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A+B A B A+B

. C 0 C C
A A+B A A+B
0 C 0 C
When the size of the considered submatrices 3m < w < 4m, we rely on the following transformation
+ + o+
EVavas
k+€ me £ k+8 m-¢ k+8 m-g
A+B| A B A+B 0 A B 0 0|0 A B
C 0 C C 0 0 C 0 0|0 0 C | = corank(T) <1
T T triangular with
A |A+B | A | A+B A+B | A+B | A | A AB|A fAsB| A non-zero diagonal
B satisfying ¢
k-]{ k—l{ k- 'I{
- € © < —€ € © - G € 68—

(a[
({

Linear combinations of columns Shifting blue column to the left

0 g ] highlighted in bold orange that has non-zero determinant,

This results in a block triangular matrix with a diagonal block [

4 Z, B 13 ] highlighted in bold magenta, for
which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.
A B A+B A
0 C C 0
A+B A A+B 0
C 0 C 0
When the size of the considered submatrices 3m < w < 4m, we rely on the following transformation

and another diagonal block consisting of a top-anchored rectangular submatrix of [

+ + o+
+
ke /F h ’ }-e 2 k+2 me £ k+ m-¢
A B A+B | A 0 B A 0 0 |0 B A
Tl 0 C C 0 0 C 0 0 0 [0 C 0 = corank(T) < 1
\+B | A |A+B | O A|A|B|B A[B]A | B NaSkre chagonal
satisfyin
m{ M{ H{ B satisfying
E 0 S — 10 S — - 0 €
W W w
- [S—— [
Linear combinations of columns Shifting blue column to the left

A ] highlighted in bold orange that has a non-zero determinant,

This results in a block triangular matrix with a diagonal block [ c o

and another diagonal block consisting of a top-anchored rectangular submatrix of [ 13‘ g ] highlighted in bold magenta, for which

% holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.
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B A+B A B
. C C 0o C
A A+B 0 0
0 C 0 0
When the size of the considered submatrices 3m < w < 4m, we rely on the following transformation
+ + o+
+
k+€ /'— -2 P k+2 me £ k+£ m-2
B A+B| A B 0 B A 0 0 (0 B A
C C 0 @ 0 C 0 0 0 |0 C 0 | = corank(T) <1
TS triangular with
A |A+B| 0 | O B |A+B| 0 |A+B B |A+BJA+B | © non-Zero diagonal
B satisfying o
k—1{ k-1{ k,1{
0 € 0 o <€ € 6 < G € 68—
U W [W

|
C

Linear combinations of columns Shifting blue column to the left

This results in a block triangular matrix with a diagonal block [ g 13 ] highlighted in bold orange that has non-zero determinant,
B A+B
C C

which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.

and another diagonal block consisting of a top-anchored rectangular submatrix of [ ] highlighted in bold magenta, for

25 3m<w<4mand4m < w < 5m: testing P on all 5x5 blocks (left to right):

Similarly, all our transformations only involve simple (block) column-wise operations. When the size of the considered submatrices 3m <
w < 4m, T only involves the first four blocks of rows. We apply the same column transformations as for the case 4m < w < 5m, and conclude
similarly.

A B A+B A B
0o C Cc 0 C
e[ 0 O A A+B A
0 0 0 C 0
0 0 0 0 A

When the size of the considered submatrices 4m < w < 5m, we rely on the following transformation

7 T

——k—L _mt ¢ ,_ka m-¢ __k_+L _me
A B |A+B | A B 0 0 B A 0 0 |o 0 B A
0 C C 0 @ 0 0 C 0 0 0 |o 0 C 0
= corank(T) <1
T=1]o0 0 A |A+B| A A B B | A+B | A+B A |B A+Bf B |A+B
triangular with
non-zero diagonal
0 0| o0 | cC 0 0 c|lc | c C 0 [c |c | c | c |Bstshingp
o ] 7S P R PO I O I D P A e ) PR o——o
\\ w w
L | — L

Linear combination of columns Shifting blue column to the left
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This results in a block triangular matrix with a diagonal block of the form [ g

1(‘)& ] highlighted in bold orange that has a non-zero

A B A+B
determinant, and another diagonal block consisting of a top-anchored rectangular submatrix of | 0

0

C
0

C highlighted in bold
A

magenta, for which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.

B A+B A B A+B
C C 0 C C
e | 0 A A+B A A+B
0 0 Cc 0 C
0 0 0 A B

When the size of the considered submatrices 4m < w < 5m, we rely on the following transformation

k+2 me f k+@ me f k+2 m-¢
B A+B A B A+B 0 0 A B 0 0 0 0 A B
C C 0 C C 0 0 0 C 0 0 0 0 0 C
= corank(T) <1
T= 0 A A+B A | A+B B A+B | A+B A A B| A+B| A} A+B| A triangular with
non-zero diagonal
B satisfying o
0 0 C 0 C C C C 0 0 C C 0 C 0
(et ol o | ol s Mol Al ol o tan| I lal o ud o | &
w w —
— [—— W [
m m

This results in a block triangular matrix with a diagonal block of the form

Linear combination of columns

Shifting blue column to the left

c

B ] highlighted in bold orange that has a non-zero

B A+B A
determinant, and another diagonal block consisting of a top-anchored rectangular submatrix of | C

0

C
A

0 highlighted in
A+B

bold magenta, for which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes the proof for this case.

A+B A B A+B A

C 0 C C 0

. A A+B A A+B 0
0 C 0 C 0

0 0 A B B

When the size of the considered submatrices 4m < w < 5m, we rely on the following transformation
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k+2 \ m-¢ k+2 me £ k+2 m-t
A+B A B | A+B A 0 0 B A 0 0 0 0 B A
C 0 C C 0 0 0 C 0 0 0 0 0 C 0
= <
THA [A+B| A | A+B| © hiB| A | A | B | B A8 A | B] A | B corank(T) <1
triangular with
non-zero diagonal
0 C 0 C 0 C 0 0 C C C 0 C 0 C B satisfying g
Moot atsta || ataetatneta | "1 Lalaelad o las
w w [—
[ [ w [ —
Linear combination of columns Shifting blue column to the left

This results in a block triangular matrix with a diagonal block of the form [ g 1(4)\ ] highlighted in bold orange that has a non-zero

A+B A B

determinant, and another diagonal block consisting of a top-anchored rectangular submatrix of C 0 C | highlighted in
A A+B A

bold magenta, for which we demonstrated above that # holds, and has thus a corank lower or equal to 1. This concludes the proof for

this case.
A B A+B A B
0 C C 0 C
A+B A A+B 0 0
C 0 C 0 0
0 A B B A+B

When the size of the considered submatrices 4m < w < 5m, we rely on the following transformation

AN Y 2R

k+e me § k+ me f k+e _me
A B A+B| A B 0 B A 0 0 0| O 0 B A
0 C C 0 C 0 C 0 0 0 0| O 0 C 0
= corank(T) <1
T=h+B| A | A+B| © 0 A A | B B | A+B Al B |A+H A | B _ _
triangular with
non-zero diagonal
c|lof| c|lofo 0o | o|c|c]| c ol c | cf o c | Bsatishingp
o | P R A W N | P P PP U ) PO . I
W w
[ [ W [—
Linear combination of columns Shifting blue column to the left
B A
This results in a block triangular matrix with a diagonal block of the form c o ] highlighted in bold orange that has a non-zero

A+B A B
determinant, and another diagonal block consisting of a top-anchored rectangular submatrix of C 0 C | highlighted in
A A+B A
bold magenta, for which we demonstrated above that # holds, and has thus a corank lower or equal to 1. This concludes the proof for
this case.
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When the size of the considered submatrices 3m < w < 4m, T only involves the first four rows. The same transformation can be
applied and results A block triangular matrix involving the same non-zero determinant block, and a top-anchored square submatrix of

A+B A B .
C 0 C ] for which # holds.

2.6 4m <w <5mand5m < w < 6m: testing P on all 6x6 blocks (left to right):

Similarly, all our transformations only involve simple (block) column-wise operations. When the size of the considered submatrices 4m <
w < 5m, T only involves the first five blocks of rows. We apply the same column transformations as for the case 5m < w < 6m, and conclude

similarly.
A B A+B A B A+B
0 C C 0 C C
0 0 A A+B A A+B
0 0 0 C 0 C
0 0 0 0 A B
0 0 0 0 0 C

When the size of the considered submatrices 5m < w < 6m, we rely on the following transformation

N Y T

D g e e g it me

A B A+B A B | A+H 0 B A A+B| B 0 B A A+B| B 0|0

0 C C 0 C C 0 C 0 C C 0 C 0 C C 0|0

0 0 A A+B| A | A+H 0 0 0 B A 0 0 0 B A 0 0
T+ = corank(T) <1

0| o 0 c| of c 0| o 0 c| of o 0 0 c|l oflofo el

B satisfying g

0 0 0 0 A B A 0 A A A B 0 A A A A | B
k \{ “{ “{

(0] 0 Q 0 0 C (4] Q Q Q Q C Q Q Q Q 0 C

—_— = —— —
w m w m w m
Linear combination of columns Shifting red column to the right

This results in a block triangular matrix with one block-triangular block that has two diagonal blocks of the form [ g 1(;\ ] highlighted
in bold orange that have non-zero determinants, and another block on the diagonal consisting of a top-anchored rectangular submatrix

of [ A g } highlighted in bold magenta, for which # holds by hypothesis, and has thus a corank lower or equal to 1. This concludes

0
the proof for this case.
B A+B A B A+B A
C C 0 C C 0
0 A A+B A A+B 0
0 0 C 0 C 0
0 0 0 A B B
0 0 0 0 C 0

When the size of the considered submatrices 5m < w < 6m, we rely on the following transformation
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B A+B A B |A+B A 0 B A 0 0 0 B A 0 0 0|0
C C 0 C C 0 0 C 0 0 0 0 C 0 0 0 0|0
0 A A+B| A |[A+B 0 0 B A+B| A B 0 B A+B A B 0|0
T+ = corank(T) <1
0 0 C 0 C 0 0 C C 0 C 0 C C 0 C 0|0 triangular with
non-zero diagonal
B satisfying g
0 0 0 A B B B 0 0 | A+B| B | A+B 0 0 A+B| B B |A+B
k|( k‘{ k‘{
0 Q Q 0 C C C 0 0 C C C 0 Q C C (e
Linear combination of columns Shifting red column to the right
This results in a block triangular matrix with one block-triangular block that has two diagonal blocks of the form c o (up
to permutation) highlighted in bold orange that have non-zero determinants, and another block on the diagonal consisting of a

B A+B

C C

corank lower or equal to 1. This concludes the proof for this case.
A+B A B A+B A B

top-anchored rectangular submatrix of [ ] highlighted in bold magenta, for which # holds by hypothesis, and has thus a

C 0 C C 0 C
A A+B A A+B 0 0
0 C 0 C 0 0
0 0 A B B A+B
0 0 0 C 0 C

When the size of the considered submatrices 5m < w < 6m, we rely on the following transformation

X %/ ) :V.&

|

me @ k+e m-e
A+B A B | A+B A B 0 A B 0 0 0 A B 0 0 0|0
C 0 C C 0 C 0 0 C 0 0 0 0 C 0 0 0|0
= corank(T) <1
A A+B| A | A+B 0 0 0 |A+B A A B 0 A+B | A A B 0|0 triangular with
T+ non-zero diagonal
ol clolc|ofo o c|lof|oflc]|o c|of o clofo]f |Betshiee
0 0 A B B | A+H A+B | O A | A+B| A A 0 A A+B| A JA+B| A
k 1{ k ‘{ « ‘{
0 0 0 C C C (C 0 0 C 0 0 0 Q C 0 LC.lO
— w T w m w '“rnf—J
Linear combination of columns Shifting red column to the right

This results in a block triangular matrix with one block-triangular block that has two diagonal blocks of the form [ Ig g ] highlighted

in bold orange that have non-zero determinants, and another block on the diagonal consisting of a top-anchored rectangular submatrix
of [ A Z, B 13 ] highlighted in bold magenta, for which # holds by hypothesis, and has thus a corank lower or equal to 1. This

concludes the proof for this case.
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2.7 5m<w<6mand6m<w < 7m:testing P on all 7x7 blocks (left to right):

Similarly, all our transformations only involve simple (block) column-wise operations. When the size of the considered submatrices 5m <
w < 6m, T only involves the first six blocks of rows. We apply the same column transformations as for the case 6m < w < 7m, and conclude
similarly.

A B A+B A B A+B A
0 C ¢ 0o C C o

0 0 A A+B A A+B 0

e[ 0 0 0 c o C o
0 0 0 0 A B B

0 0 0 0 o C ¢

0 0 0 0 0 0o A

A B |A+B| A B |A+B| A 0 0 B A 0 0 0 B A 0 0 o| o o
0 C C 0 C C 0 0 0 C 0 0 0 0 C 0 0 0 0| o [0
0 0 A |A+B| A |A+B| © 0 0 B |[A+B| A B 0 B [A+B| A B 0| o [0
= corank(T) <1
Tl o | o 0 C 0| ¢C 0 0| o C C 0| C 0 C C ol clo| o]oO ) )
triangular with
non-zero diagonal
0 0 0 0 A B B A B 0 0 A B | A+ 0 0 A B§ A| B [A+B D satisfying o
0 0 0 0 0 C C 0 C 0 0 0 C C 0 0 0 C 0| C |C
“{ Q Q Q Q Q Q A “{ Q 0 Q Q Q Q A “{ Q Q Q Q 0 g LA
w e w W w —

Linear combination of columns Shifting red and yellow columns to the right

A B

o c | wp

to permutations) highlighted in bold orange that have non-zero determinants, and another block on the diagonal consisting of a
A B A+B

top-anchored rectangular submatrixof | 0 C C highlighted in bold magenta for which % holds by hypothesis, and has thus
0 0 A

a corank lower or equal to 1. This concludes the proof for this case.

This results in a block triangular matrix with one block-triangular block that has two diagonal blocks of the form [

B A+B A B A+B A B
C C 0 C C 0 C
0 A A+B A A+B 0 0
e (0 0 C 0 C 0 0
0 0 0 A B B A+B
0 0 0 0 C C C
0 0 0 0 0 A A+B |

When the size of the considered submatrices 6m < w < 7m, we rely on the following transformation
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B | A+B| A B |A+B| A B 0| o A B o] o 0 A B o| o |o| o]oO
C C 0 cl clo C 0| o 0 C o] o 0 0 C o| o |o| o]oO
0 A |A+B| A |A+B| O 0 0| 0o |A+B| A B| A | O A+B| A B| A 0| 0O
= corank(T) <1
T+l o 0 C o| c| o 0 0| o C 0 c| o 0 C 0 c|loflo|l oo}]oO wiangular with
non-zero diagonal
o| o| of| a| B | B [At B |AB| o | A| B| 0| A o| A| B| of B|AB|A Bsatisfying
0 0 0 o| c| c|Cc c| c 0 0 c| o 0 0 0 cloflc| c]|o
“{ Q 0 0 Q 0 Al Ay “{ Q A 0 0 Q A |As “"{ Q 0 Q A 0 A Pﬂ
_ . _ S g —
w e w = w =

Linear combination of columns Shifting red and yellow columns to the right

This results in a block triangular matrix with one block-triangular block that has two diagonal blocks of the form [ Ig g ] (up

to permutations) highlighted in bold orange that have non-zero determinants, and another block on the diagonal consisting of a
B A+B A

top-anchored rectangular submatrix of | C C 0 highlighted in bold magenta for which # holds by hypothesis, and has
0 A A+B

thus a corank lower or equal to 1. This concludes the proof for this case.

6m < w < 7mand 7m < w < 8m: testing P on the entire matrix:

Similarly, all our transformations only involve simple (block) column-wise operations. When the size of the considered submatrices 6m < w <
7m, T only involves the first seven blocks of rows. We apply the same column transformations as for the case 7m < w < 8m, and conclude

similarly.
A B A+B A B A+B A B ]
0 C C 0 C C 0 C
0 0 A A+B A A+B 0 0
0 0 0 C 0 C 0 0
0 0 0 0 A B B A+B
0 0 0 0 0 C C C
0 0 0 0 0 0 A A+B
0 0 0 0 0 0 0 &

When the size of the considered submatrices 7m < w < 8m, we rely on the following transformation

243 m} K+l m-e ke m-&

A| B |AB| A | B |[AB| A | B o|B|A| 0| 0f|O0]|oO0]oO B|AJlo|oflo]|o]o]|o
o|clc|o|c|lcl|o]c ol clo|o]|ofo0]|o0]|oO clojlo|oflo]|o|ofo

0| 0o | A|AB| A |AB| O | O ol o|A|A|B|O]|O]|oO o| Al Al Bl O]|O0]|0]|O
o|lo|o|c|o|lc]|o]o oo o|o| clo]|o]o o oflo| clo|o|ofo

T4 = corank(T) <1
oo | o | o| Al B | B [AH oo | o |AB| A|B|[A ][O 0| o |AB| A B | A 0]O el
I satisfying

o|lo|o|o]|o|cCc|c]|c o|lo|o|c|ofc]|o]o o o|c|lojc|ololo

oo | o o] ofo0 |A [A Alo o] o|A|lo]|A]|8B ol oo Ao |AfAlB

o @ “@
P R A A . o610 T 00 € OO0 00— [re=
— — -
Linear combination of columns Shifting red column to the right
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This results in a block triangular matrix with one block-triangular block that has three diagonal blocks of the form 1:)1 c (up

to permutations) highlighted in bold orange that have non-zero determinants, and another block on the diagonal consisting of a

top-anchored rectangular submatrix of [ 13 g ] highlighted in bold magenta, for which ¥ holds by hypothesis, and has thus a

corank lower or equal to 1. This concludes the proof for this case.
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