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Figure 1: Computing differential properties on large point clouds (left) is a classical task in many geometry processing pipelines. A lot of
related works has been proposed to locally estimate such quantities, as illustrated here with a visual comparison of mean curvature (H̄)
estimators (values are clamped to the [−40,40], unsigned/signed curvature values for the top/bottom row respectively).

Abstract
Recent advancements in 3D scanning technologies, including LiDAR and photogrammetry, have enabled the precise digital
replication of real-world objects. These methods are widely used in fields such as GIS, robotics, and cultural heritage. How-
ever, the point clouds generated by such scans are often noisy and unstructured, posing challenges for traditional geometry
processing tasks. Accurately estimating differential properties like surface curvatures and normals is crucial for tasks such as
shape matching and classification, but remains complex due to these inherent challenges. This paper reviews state-of-the-art
methods for estimating differential properties from 3D point clouds, with a focus on approaches that offer strong mathematical
foundations and theoretical guarantees. We also benchmark these methods using various datasets, evaluating their performance
in terms of accuracy, robustness, and efficiency. Our contributions include the release of datasets, tools, and code to promote
reproducibility and support future research in this area.

CCS Concepts
• Computing methodologies → Shape analysis; Point-based models;

1. Introduction

These last decades have seen a rapid development of 3D scanning
technologies allowing nearly anyone to replicate real objects into
3D virtual models. Remote sensing methods like LIDAR provide

powerful ways to accurately measure depth in several directions in
the 3D space, ranging from small hand-carried devices to airborne
systems. Other types of dedicated sensors, often more affordable,
also perform depth measurements, such as the pioneering Microsoft
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Kinect [Zha12]. In computer vision, techniques like Structure from
Motion and Multi-view Stereo [HZ03] infer 3D information solely
from several pictures taken from different viewpoints. Photogram-
metry [MBM01] encompasses these computational methods, offer-
ing tools to automatically reconstruct and analyze 3D scans.

The primary objective of surface scanning techniques is to cre-
ate 3D digital twins of physical objects, facilitating tasks such as
anomaly detection, simulation, interactive visualization, and more.
3D scans have numerous use cases across various domains: GIS,
robotics, retro-engineering, and Culture Heritage to name just a
few. Modern techniques have become more affordable and can now
scan a wide variety of subjects, from small CAD pieces to entire
cities and countries, with an unprecedented precision [SM22].

In the 3D scanning pipeline, a point cloud is a fundamental in-
termediate data structure that is commonly used to represent the
surface of a scanned entity, which is either directly obtained from
LIDAR measurements, or computed by vision algorithms. Point
clouds are typically characterized by an ever-growing number of
samples and different kinds of acquisition artifacts. More impor-
tantly, point clouds often lack regular structures, especially after
the registration of several 3D scans, making them unsuitable for
traditional signal processing methods. Therefore, robust and ac-
curate geometry processing algorithms are needed to transform
raw 3D data into interpretable structures like meshes [BKP�10],
NURBS [PT96], and other higher-level abstractions.

In the upstream part of a standard 3D scanning pipeline, local
shape characterization approximates the smooth sampled-surface
in the neighborhood of each data sample. The results of this analy-
sis are usually used as input for further geometry processing tasks
like shape matching [GMGP05], shape-editing [BDC18], and clas-
sification [HLP�21]. In this context, curvature estimation, and more
generally differential property estimation, is a fundamental prob-
lem where mathematical properties of the unknown smooth surface
are estimated from input data points that are scattered in 3D. Intu-
itively, the goal is to characterize the local geometry by measuring
how the surface bends and in which directions. Surface curvatures
play an important role in 3D shape analysis as shape descriptors
that are invariant to translation and rotation. These geometric fea-
tures have a strong theoretical foundation, dating back to Gauss
work in 1827 [Gau27], providing a framework of analysis with pos-
sible theoretical guarantees. In 3D scanning, to address the geome-
try processing challenges mentioned above, differential estimators
working on 3D point clouds must be accurate and precise, while
also being robust against noise and other scanning artifacts.

In this work, we provide an overview of the existing methods for
estimating differential properties in 3D point clouds. Additionally,
we conduct a series of practical experiments to benchmark differ-
ential properties estimations using various datasets with different
settings. Our contribution is twofold:

• An extensive review of state-of-the-art methods for estimating
curvatures, normal vectors, and other differential properties on
unstructured 3D point clouds. We specifically focus on methods
offering an explicit mathematical formulation (according to fun-
damental background detailed in Section 3) and providing theo-
retical guarantees on the computed quantities (see Section 4).

• A benchmark of these methods on different sampled shapes with
varying levels of noise, sampling and observation scale (see Sec-
tions 5 and 6).

In addition, we released all the materials required to replicate our
work and compare upcoming estimators: dataset with ground truth,
the tools required to evaluate the benchmark and process the results
(scripts and visualization tools)y, and the source code with our im-
plementation of the presented estimatorsz. We also provide the raw
data used in our experiments, such that practitioners can analyze
behaviors related to their specific use-case.

In this work, we found general trends on the estimator behaviors,
and we also discuss about general practices in Section 8, eg. the im-
pact of the neighborhood queries or the order of the fitted primitive.
In section 9, we review high-level potential future work related to
the estimation of differential properties on 3d point clouds.

2. Related surveys

3D point cloud processing and local shape characterization meth-
ods have been extensively reviewed in the past. The existing sur-
veys mainly focus on different aspects of point cloud processing
like shape reconstruction, or on specific differential estimators on
3D data other than point clouds. We briefly describe these prior
surveys in the following sections.

2.1. Shape reconstruction

Berger et al. [BLN�13] introduced a benchmarking tool to evaluate
reconstruction algorithms, while their survey [BTS�17] categorizes
these methods based on surface priors such as smoothness and reg-
ularity. Sulzer et al. [SMVL25] also summarize surface reconstruc-
tion methods based on surface and volumetric representations, that
perform interpolation and approximation, including recent deep-
learning techniques. Kaiser et al. [KYZB19] study more specific
approaches for simple geometric primitive fitting, according to the
level of abstraction, the fitted primitive, and the fitting framework.
Cheng et al. [CWL�08] outline Moving Least Squares (MLS) sur-
faces representations. More recently, Tey et al. [TSA�21] review
state-of-the-art variants of the MLS method for reconstruction pur-
poses, see Section 5.3 for further discussions.

From a different perspective, several surveys outline 3D point
cloud analysis methods depending on the type of sensor used
to acquire the data, such as RGB-D camera [ZSG�18]. Other
works indirectly include local shape analysis and differential es-
timations but focus on the application domain like Cultural Her-
itage [PPY�16, CPPB20] and human body recognition [BDTB18].

All these related works are somewhat crosswise to our problem
of curvature estimation in point cloud. For instance, a primitive fit-
ting method [KYZB19] could be used to compute curvatures af-
terward. However, differential estimators are not precisely inves-
tigated in these approaches that are more global and that mainly

† https://storm-irit.github.io/
pcloud-differential-estimation-benchmark-website/
‡ https://github.com/STORM-IRIT/
pcloud-differential-estimation-benchmark
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Figure 2: Given a point cloud P sampling a smooth manifold M, differential estimators aim at computing quantities at x ∈ P , usually from
a neighborhood Nx (left), such that they approximate differential measures on M at some related point x̃ (center), illustrated here with the
normal vector and the principal directions. We also illustrate the parameterization of a surface patch as a height function (right).

focus on 1st-order surface reconstruction. Theoretical guarantees
of convergence and robustness are neither provided.

2.2. Differential estimators

Normal vector estimation in point cloud is perhaps the most stud-
ied task [KMJ�19]. Many authors propose to benchmark their
method on popular datasets such as ABC [KMJ�19] and PCP-
Net [GKOM18]. However, only deep-learning techniques are usu-
ally tested in these works. Concerning curvature estimation on 3D
data, only a few benchmark exists to our knowledge, but they are
restricted to triangular meshes [MSR07,VVP�16]. From both a the-
oretical and applied perspective, discrete curvature is the main topic
of a state-of-the-art that discusses ongoing research work on a rich
set of discrete spaces [NR17], but 3D point clouds coming from 3D
scans are not specifically tackled in this work.

The estimation of differential properties on 3D point clouds
has not been reviewed yet despite the number of algorithms pro-
posed through the years. Moreover, there is no practical benchmark
that evaluates curvature accuracy, precision, and robustness using
a common testing framework in the context of 3D scanning. We
propose to overcome this lack of surveys and benchmark with an
emphasis on replicability [BCDM20].

3. The fundamentals

In this section, we review the fundamentals of differential geome-
try [DC16] and introduce the notations used in this survey.

3.1. Smooth setting, fundamental forms and curvature tensor

Let us consider a smooth manifold M at least twice differentiable.
Let us consider a local parameterization of M in an open set S at
x as

f (u,v) = (u,v,h(u,v)) , (1)

in a frame (n, t,b) centered at x (respectively the normal, a tangent
and a binormal unit vectors at x). In the following, f is called the

Monge patch of M at x. Furthermore, we refer to h(u,v) (also de-

noted h(q) with q =

�
qu
qv

�
, for convenience) as the height function

of the patch. According to the Taylor theorem, if h is infinitely
differentiable, it can be decomposed as

h(u,v) =
1
å
k=0

k

å
j=0

huk� jv j (0,0)
(k− j)! j!

uk� jv j, (2)

where huk� jv j = ¶
kh

¶uk� j¶v j . If h is only differentiable up to a given
order n, then the sum of Equation 2 is truncated and h is approxi-
mated up to a residual term o(un + vn).

The first fundamental form of f is given by

I = Edu2 +2Fdudv+Gdv2 , (3)

where E = ∥ fu∥2, F = fu · fv and G = ∥ fv∥2 (with fu = ¶ f
¶u ). Such

fundamental form completely captures the local metric properties
of M at x.

In the frame of the Monge patch f , the normal vector n f ∈ R3 is
defined from the surface’s derivatives:

n f =
fu × fv

∥ fu × fv∥
=

(−hu,−hv,1)p
h2

u +h2
v +1

, (4)

with × the cross product. In the following, we denote n ∈ R3 the
normal expressed in the embedding space.

The bending of the surface from its tangent plane is captured by
the second fundamental form defined as

II = Ldu2 +2Mdudv+Ndv2 , (5)

where L = fuu ·n f , M = fuv ·n f and N = fvv ·n f . To simplify the
notation, we adopt the classical matrix forms

FI =

�
E F
F G

�
FII =

�
L M
M N

�
. (6)

To observe the variation of the surface normal in a neighborhood,
we consider the Gaussian map G that maps the point x∈M to nx ∈
S2 the unit sphere. Considering the differential of DxG : TxM −→
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TxM , one can de�ne the Weingarten map (sometimes also called
the Shape Operator) as Wx;M = � DxG. In our parametric setting,
we simply have a matrix representation W= F� 1

I FII , leading to the
Gaussian and mean curvature respectively computed as

K = det(W); H =
1
2

trace(W) : (7)

Alternatively, K and H can be expressed w.r.t. the �rst and second
order partial derivatives:

K =
huuhvv � h2

uv

(h2
u + h2

v + 1)2
(8)

H =
(1+ h2

u)huu+ ( 1+ h2
v)hvv � 2huhvhvv

2(h2
u + h2

v + 1)
3
2

: (9)

The Weingarten map is a 2� 2 matrix, but in the literature it is
sometimes used to represent the 3� 3 matrix W3 linked to W by
the following relation:

W = PTW3P; (10)

where P= [ t b]. Since the Weingarten map is self-adjoint, a ba-
sis exists consisting of the eigenvectors of W. The eigenvectors,
combined with their eigenvalues, de�ne the principal curvature di-
rections,dmin and dmax, and the principal curvatureskmin;kmax.
Decomposing W3 provides a third direction corresponding to the
normal vectorn. Principal curvatures are linked to the Gaussian
and mean curvatures such that

K = kminkmax; H =
kmin + kmax

2
; (11)

kmin=kmax = H �
p

H2 � K: (12)

3.2. Manifold sampling and discrete settings

In this survey, we focus on a point cloud, which is a discrete ap-
proximation ofM from a �nite set P of samplesf pig 2 R3, as
illustrated in Figure 2.P may be equipped with unitary normal vec-
torsf (pi ;ni)g 2 R3 � S 2. As we aim to relate quantities estimated
atpi 2 P to some expected quantities at somex 2 M , we �rst need
assumptions on the samplingP of M . The concept of� � sampling
by Amenta and Bern [AB98] had been seminal for surface recon-
struction results from point clouds. Roughly,P is an� � sampling of
M if it is suf�ciently dense with respect to the distance to the me-
dial axis ofM . Under such hypothesis, one can derive properties on
the estimated quantities (normal vectors [AB98], area [MT02], cur-
vatures [CSM03], . . . ). Extensions have been proposed to relax this
sampling model while enforcing some stability results [AKF� 24].
For instance, some convergence results (eg. [MOG11]) can be ob-
tained under the hypothesis that the Hausdorff distance betweenP
andM is bounded by some� . In our context, stability or conver-
gence results are stated up to a sampling hypothesis (eg. Hausdorff
approximation) and on a given class of manifoldsM (eg. C2 with
bounded curvature), with a formal proof that the estimation error is
bounded by a decreasing function on the sampling parameter� .

As we are focusing on local differential quantities, we denote
N x := f (pi ;ni)gi:::n � P the neighborhood of the evaluation point
x 2 R3. For the sake of simplicity, we also useN x as the set of

Methods input normals estimator sign Eq.

Mean [PWY� 07]
oriented n̄

(15)
H̄

Cov2D [BC94,DM14] W̄ (18)
NormCov2D [BC94,DM14] unoriented W̄ (21)
NormCov3D [LT90,DM14] unoriented W̄3 (17)
ShapeOperator [KSNS07] oriented W̄ X (22)

PCA[HJ87] n̄, t̄, b̄ (26)
2-Monge [Gra98] W̄ (33)
PC-MLS[RGRG15] W̄ (36)
JetFitting [CP05] W̄ (38)
WaveJets [BDC18] K̄, H̄ (40)
Sphere [Pra87] n̄, H̄ (45)
APSS[GG07] oriented n̄, H̄ X (45)
UnorientedSphere [CGBG13] unoriented n̄, H̄ (45)
ASO[LCBM21] oriented n̄, W̄ X (49)
3DQuadric [DB02] W̄

Varifolds [BLM22] oriented W̄3 X (55)
AvgHexagram [LCL � 23] orientedH̄, K̄, W̄3 X (51)

Table 1: All methods presented in this survey, with the type of
input normals: not required, globally oriented, or unoriented (just
the direction), the quantities they estimate, if the curvatures are
signed or not, and their related equations. ForMean, the normal
estimator is oriented, the curvature is not.

indices used to iterate over the neighbors,eg.å i2N x
pi . The con-

struction of such neighborhood will be discussed later (see Sec-
tion 5.1), but without loss of generality, one can simply de�neN x
as thek-closest points, or the set of points at Euclidean distancer.

Finally, when processing geometrical information inP , a
weighting kernel is usually considered to scale the importance of
each neighbor aroundx (see details in Section 5.2). In most cases,
such functionwx is a monotonic radial decreasing function cen-
tered atx. For the sake of simplicity,wi denotes the weight assigned
to the point(pi ;ni) 2 N x, i.e. wi := wx(pi).

3.3. Link to integral invariants

Integral Invariants [Con86,HT03,MHYS04,PWY� 07] refer to dif-
ferential quantities of surfaces estimated from local integral com-
putations. In the smooth setting, we analyze the intersection be-
tween a sphere or a ball centered at the point of interest, and
the smooth object or its boundary de�ning the surface. The vol-
ume (or area), and higher order geometrical moments of the in-
tersection provably capture some curvature information [CRT04,
PWY� 07, PWHY09]. Convergence and stability proofs are usu-
ally obtained when applying the given estimator on a smooth Tay-
lor approximation of the surface such as the one given in Equa-
tion 2, as the sphere or ball radius tends to zero. On discrete struc-
tures such as meshes [PWY� 07], voxel surfaces [LCL17] or point
clouds [DM14], the Integral Invariant approach provides a frame-
work to design stability proofs of discrete curvatures estimators.

© 2026 The Author(s).
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4. Methods

The estimation of differential properties is a core topic in Geometry
Processing. An overview of the existing approaches is given in Ta-
ble 1. We identify three main families of analytic approaches, based
on direct estimation from points and their attributes (Section 4.1),
based on local surface models (Section 4.2), and on concepts from
the Measure Theory (Section 4.3). The comparative analysis of
these estimators is presented in Section 7. We also review Ma-
chine Learning methods (Section 4.4). However, due to general-
ization challenges on unseen data and speci�c retraining require-
ments, their experimental evaluation is reported in the supplemen-
tary material. In order to compare the reviewed approaches, both
theoretically and practically, we de�ne the following elements:

� Input samples.For all approaches, the estimators are evaluated
at a locationx. The set of samples (pi , and/or in some casesni ,
eg. Equation 16) used by an estimator are gathered in the neigh-
borhoodN x.

� Estimators.For each method, when available, we present the es-
timatorsn̄, H̄ andK̄. When approaches estimatēW directly, the
curvature estimators̄H andK̄ are computed using Equation 7,
and the principal curvatures (valueskmin;kmax and directions
dmin anddmax) using a covariance analysis. In addition, the esti-
mation ofW̄3 provides access tōW (see Equation 10), the asso-
ciated estimators, and the normal vectorn̄.

� Surface orientation and sign.As detailed in Table 1, some es-
timators are signed, and some are not. In the context of this sur-
vey, anunsignedestimator characterizes the surface properties
without distinguishing the inner and outer volumes. As a con-
sequence, vectors (ie. normal and principal curvature directions)
are estimated up to a �ip, and curvature estimates are related to a
magnitude of curvature, ignoring the difference between concav-
ities and convexities. Since the position of the input samples is
not enough to know the surface orientation, all signed estimators
take oriented normal vectors as input (except neural networks
that rely on other assumptions to estimate the surface orienta-
tion).

4.1. Direct point-based estimators

We �rst review techniques that estimate differential properties di-
rectly from the discrete sample distribution. These methods rely on
the statistical analysis of point distrubution in a local neighborhood,
exploiting weighted averages and covariance matrices constructed
from point positions and normal vectors. By analyzing the spa-
tial variations and correlations within the neighborhood (through
eigen-analysis or least squares regressions) these approaches di-
rectly approximate geometric quantities at the query position (eg.
the Weingarten map W).

4.1.1. Local averaging

We de�ne the barycenter̄p(x) as the weighted mean

p̄(x) =
å i2N x

wipi

å i2N x
wi

: (13)

In [PWY� 07, Theorem 6], the authors show thatp̄(x) is related to
the surface mean curvature H such that

p̄(x) =

0

B
@

O(r3)
O(r3)

Hr2

4 + O(r3)

1

C
A : (14)

With an oriented point cloud, the orientation of the plane de�ned by
a normal vector estimator̄n(x) and a pointx may be computed as
the weighted average of the neighbors' normal vectors ofx. Com-
bined with Equation 14, this leads to the following estimator:

H̄(x) =
4 kp̄(x)� xk

r2
(15)

n̄(x) =
å i2N x

wini

k å i2N x
winik

: (16)

Mean

4.1.2. Normal-based 3D Covariance

As introduced by Liang et al. [LT90], the 3D covariance matrix of
the normal vectors estimates the Weingarten map, such that:

W̄3(x) =
1

å i2N x
wi

å
i2N x

wi (ni � ñ(x)) ( ni � ñ(x))T ; (17)

NormCov3D

with ñ = å wini=å wi .

4.1.3. Position-based 2D Covariance

Berkmann et al. [BC94] directly estimate the Weigarten map by
computing the 2D covariance matrix of the neighbor points pro-
jected onto the tangent plane:

W̄(x) =
1

å i2N x
wi

å
i2N x

wi (r i � r̄ (x)) ( r i � r̄ (x))T ; (18)

Cov2D

where

si = n̄(x) � (pi � x); (19)

r i = si P̄(x)T (pi � x); (20)

and P̄ projects a point onto an estimated 2D tangent plane as in
Equation 10. While such estimation does not properly estimate the
curvature values [DM14], it is provably accurate for the estimation
of curvature directions.

4.1.4. Normal-based 2D Covariance

Another 2D covariance matrix is formulated by taking the projected
normals onto the tangent plane:

W̄(x) =
1

å i2N x
wi

å
i2N x

wi (vi � v̄(x)) ( vi � v̄(x))T ; (21)

NormCov2D

wherevi = P̄(x)Tni . It gives similar results as the 3D normal co-
variance, as demonstrated by Digne et al. [DM14].

© 2026 The Author(s).
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4.1.5. Shape operator �tting

Given the normals and positions of the neighbors ofx, Kaloger-
akis et al. [KSNS07] directly �t the Weingarten map using a least-
squares regression:

W̄(x) =

 

å
i2N x

wivivT
i

!  

å
i2N x

wididT
i

! � 1

; (22)

ShapeOperator

whereqi andvi are the projected differences of positions and nor-
mals:

di = P̄(x)T (pi � x) (23)

vi = P̄(x)T (ni � n) : (24)

4.2. Local surface models

In contrast to the direct estimators described in the previous sec-
tion, the approaches presented here rely on the reconstruction of
local surface models. The core idea is to approximate the local ge-
ometry of the neighborhood by �tting a (smooth) surface (eg. a
parametric or an implicit function), and then retrieve the geometric
properties from the surface's parameters. In contrast to direct point-
based estimators, the curvatures are estimated on the surface (at the
projected point) and not at the original location. These methods can
be categorized into two main families:

� 2.5D methods(or Monge patches), which represent the surface
as a local height�eldh(u;v). These approaches require a prelim-
inary estimation of a reference frame (typically a tangent plane)
to de�ne the parameterization domain.

� 3D methods, which �t implicit surfaces directly in the 3D space
without requiring a prior planar projection.

The following sections review standard models from both cate-
gories, ranging from simple plane �tting to higher-order algebraic
surfaces. The choice of local surface models in surface reconstruc-
tion algorithms is discussed in Section 5.3.

4.2.1. 3D Plane �tting

Plane �tting is a standard procedure in geometry process-
ing. It is used by many algorithms and pipelines [SDC� 20,
BLL � 22] to estimate normal vectors [HJ87, MNG04] and tangent
planes [HDD� 92]. Let us consider the covariance matrix:

C(x) =
1

å i2N x
wi

å
i2N x

wi (pi � p̄(x)) ( pi � p̄(x))T ; (25)

and de�ne the local frame from the eigenvectors of C(x) (respec-
tively uC

0 , uC
1 , uC

2 for eigenvaluesl C
0 � l C

1 � l C
2 ).

For plane �tting, the standard approach is to estimate the best �t
plane in the least squares sense, by taking the plane passing by the
neighborhood barycenter, and orthogonal to the direction with the
smallest variancel C

0 (see covariance matrix construction at Equa-
tion 25):

n̄(x) = uC
0 ; (26)

t̄(x) = uC
1 ; (27)

b̄(x) = uC
2 : (28)

PCA

With this approach, the projection of a point onto the locally �tted
plane generates a mean curvature �ow [DMSL11, Theorem 2]:

proj(x) � x = �
Hr2

4
n̄(x) + O(r3) ; (29)

where proj(x) is the orthogonal projection ofx onto the �tted plane.

When normal vectors are available, an alternative approach is
to take the plane passing by the mean position and orthogonal to
the mean direction of normal vectorsni (see normal estimator at
Equation 16).

4.2.2. 2.5D Monge-Patch �tting

As detailed in Equation 1, a Monge-Patch is de�ned by a bivariate
polynomialh(u;v) representing the surface as a local height�eld. In
this section, we detail several propositions forh and the properties
of the associated estimators. In a local frame de�ned by a 3� 3
matrix B̄(x) = [ n̄(x); t̄(x); b̄(x)], each pointpi is represented by its
heighthi and tangential componentsqi 2 R2

�
hi
qi

�
= B̄(x)T (pi � p̄(x)) : (30)

Given a modelh(u;v), a �tted plane and its associated frame, (eg.
computed using Equations 26, 27 and 28), Monge Patch �tting can
be expressed as the following least-squares problem:

argmin
h

å
i2N x

wi (h(qi) � hi)
2 : (31)

In the following sections, we review the differential estimators in-
duced by several models.

4.2.2.1. 2.5D quadrics This model de�nes the local height�eld
as quadratic polynomial [Gra98]:

h(q) = uc + uT
` q + qTUqq; (32)

whereuc 2 R , u` 2 R2 and Uq =
�

uqa uqb

uqb uqc

�
2 R2� 2 are re-

spectively the constant, linear and quadratic parameters. The Wein-
garten map can be directly computed from this model, as detailed
in Section 1.1 of the supplementary. For the sake of readability, we
only detail the estimators̄H(x) andK̄(x) (derived using Equations 8
and 9, but one can retrieve the other estimators fromW̄), which are
expressed as:

K̄(x) =
4uqauqc � 4u2

qb

([u` ]
2
0 + [ u` ]

2
1 + 1)2

; (33)

H̄(x) =
uqa(1+ [ u` ]

2
1) + uqc(1+ [ u` ]

2
0) � 2uqb [u` ]0 [u` ]1

([u` ]
2
0 + [ u` ]

2
1 + 1)

3
2

: (34)

2-Monge
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4.2.2.2. Parabolic cylinder From the expression of such
quadrics, Ridel et al. [RGRG15] �t a parabolic cylinder to ensure
the developpability of the surface. First, they compute the eigenvec-
tors ofH (x) 2 R2� 2 the Hessian matrix ofh(q) (respectivelyuH

0 ,
uH

1 , for eigenvaluesjl H
0 j � j l H

1 j), with h de�ned as a quadratic
polynomial, see Equation 32, andH being equal to the Weingarten
map ofh under the assumption P(x) = T(x) , the tangent plane (see
Section 1.2 of the supplementary).

The key idea of their work is to cancel the minimal curvature
by ignoring surface variations in directionu0, leading to the new
expression of the parametric surface:

h(q) = uc + uT
` q + aqT

�
uH

1 (uH
1 )T

�
q ; (35)

with a 2 R being a parameter optimized by the method. This for-
mulation also provides a direct estimator of the Weingarten map
(see Section 1.1 of the supplementary). The mean and Gaussian
curvature estimators are expressed as:

K̄(x) = 0; (36)

H̄(x) =
a

� �
uH

1

� 2
0 (1+ [ u` ]

2
1) +

�
uH

1

� 2
1 (1+ [ u` ]

2
0)

�

([u` ]
2
0 + [ u` ]

2
1 + 1)

3
2

�
2a

� �
uH

1

�
0

�
uH

1

�
1 [u` ]0 [u` ]1

�

([u` ]
2
0 + [ u` ]

2
1 + 1)

3
2

:

(37)

PC-MLS

4.2.2.3. Jets The polynomial �tting of osculating Jets [CP05] is
a method that generalizes the 2.5D bivariate polynomial to higher
degrees:

h(u;v) =
d

å
k= 0

k

å
j= 0

bk� j; j uk� jv j ; (38)

with bi; j 2 R the polynomial coef�cients, andd the polynomial de-
gree. In practice, the authors �rst �t a local frame using covariance
analysis (see Section 4.1), re�ne it by �tting the model introduced
in Equation 38 with a degreed � 2 (denoted asd-jet). The Monge
patch coef�cientsbi; j are �nally obtained by �tting the same model
of (potentially different) degreed, denoted asd-Monge. The coef�-
cients directly estimate the Taylor decomposition of the patch (see
Equation 2), giving access to the fundamental forms, and thus the
Weingarten map estimator.

4.2.2.4. Wavejets Bearzi et al. [BDC18] propose to decompose
the bivariate Taylor approximation (Equation 2) into a radial poly-
nomial and angular oscillations, and call their new set of basis
functions WaveJets . Given a plane �tted atx using a radiusr,
the local height�eld is expressed in polar coordinate such that
h(u;v) = h(� cosq; � sinq), denotedh(� ;q), and such that� 2 [0; r].
The associated Taylor expansion is de�ned as

h(� ;q) =
1

å
n= �1

1

å
k= jnj

� kf k;neinq; (39)

with f k;n = å k
j= 0

1
j!(k� j)! b(k; j;n)huk� j v j (0;0), and

� b(k; j;n) = 0 if k andn do not have the same parity,

� b(k; j;n) = 1
2ki j å

(n� k)=2
`= 0

�
k � j

`

� �
j

n� k
2 � `

�
(� 1)` otherwise.

Eachf k;n is related to an order of radial derivationk and to a
number of oscillationsn. By explicitly writing the link between
f k;n and the derivatives off , the mean and Gaussian curvatures are
given as follows:

K̄(x) =
4f 2

2;0 � 16f 2;� 2f 2;2

(1+ 4f 1;� 1f 1;1)2
; (40)

H̄(x) =
2f 2;0(1+ 4f 1;� 1f 1;1) + 4f 2;� 2f 2

1;1 + 4f 2;2f 2
1;� 1

(1+ 4f 1;� 1f 1;1)
3
2

: (41)

WaveJets

The authors also introduce the following estimators:

kmin = 2
�
f 2;0 + f 2;2 + f 2;� 2

�
; (42)

kmax = 2
�
f 2;0 � f 2;2 � f 2;� 2

�
; (43)

which are based on the assumption that the �tted tangent plane is
aligned with the surface tangent,ie. hu andhv vanish to 0. In prac-
tice, this simpli�cation does not always hold (see Figure 3) and
might introduce instabilities in the principal curvature estimation
(see Section 7).

4.2.2.5. Impact of the tangent plane estimationIn practice, all
the methods based on Monge patch �tting raise ambiguities regard-
ing the Weingarten map estimation. As they rely on a preliminary
frame estimation, the Weingarten map is expressed in the �tting
frame (̄P(x) in Figure 3), which is not aligned with the surface nor-
mal (n̄(x) in Figure 3) Hence, the normaln̄(x) estimated by the
surface variations is not orthogonal to the principal curvature di-
rections estimated by W, which is expressed relatively toP̄(x). In
order to reduce the impact of these differences, one can iterate sev-
eral Monge patch �ts (as in [CP05]) to re�ne the tangent plane and
align it to the normal vector.

h(u;v)

P̄(x)

n̄(x)x
T̄(x)

Figure 3: Monge-Patch estimators are expressed relatively to a �t-
ted planeP̄(x) which is not aligned with the reconstructed surface
normaln̄(x) of T̄(x), leading to potential inconsistencies in the es-
timation.

4.2.3. 3D Algebraic Sphere

In a seminal work, Pratt [Pra87] introduces an approach to directly
�t a sphere to scattered points. In 3D, the sphere is de�nedalge-
braically, ie. as the 0-set of the polynomialf : R3 ! R:

f (x) = uc + uT
` x + uqxTx; (44)

© 2026 The Author(s).
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with uc 2 R;u` 2 R3 anduq 2 R the constant, linear and quadratic
parameters of the sphere. In contrast to the standard center/radius
representation, algebraic spheres smoothly degenerate to planes
whenuq ! 0 (while center and radius go to in�nity).

By de�nition, f (x) can be scaled by any multiplicative factor
without affecting the 0-set of the function, and thus the sphere. In
order to get a unique relationship betweenf (x) and the sphere, the
author constrains the gradient off (x) to be unitary whenf (x) = 0,
by normalizing f (x) by the Pratt's norm [Pra87] that is equal top

ku`k2 � 4ucuq.

From these normalized parameters, two differential estimators
can be derived, the mean curvature (also being the inverse radius of
the sphere), and the normal vector:

n̄(x) =
u` (x)

ku` (x)k
; (45)

H̄(x) = 2uq(x): (46)

Sphere, APSS [GG07], UnorientedSphere [CGBG13]

Several variants have been proposed to �t algebraic spheres by op-
timizing w.r.t. 3D coordinates only [Pra87, GG07], 3D points with
oriented normal vectors [GG07,GGG08], and 3D points with non-
oriented normal vectors [CGBG13].

More recently, Lejemble et al. [LCBM21] propose a method to
compute the Algebraic Shape Operator (ASO), by using the smooth
kernel used in the Weighted Least Squares algebraic sphere regres-
sion to differentiate the �tted scalar �eld of the sphere. Since the
parameters of the sphere depend onx through the weighting kernel
w (cf. Section 5.2), and the kernel itself is twice differentiable, the
gradient is computed as follows:

r f (x) = r uc + u` + r uT
` x + 2uqx + r uqxTx; (47)

and the Hessian matrix:

r 2 f (x) = r 2uc + r u` + r uT
` + r 2u`x + 2r uqxT

+ xTxr 2uq + 2uqI3 + 2xr uT
q ;

(48)

wherer 2u`x is the product between the rank-3 tensorr 2u` and
the 3D pointx = [ x y z]T , giving r 2u`x = xr 2ulx + yr 2uly +
zr 2ulz.

The curvatures of ASO are estimated directly from the Wein-
garten Map W (see Equation 7) of the implicit surface, which is
computed as follows:

n̄(x) =
r f (x)

kr f (x)k
; (49)

W̄(x) = PT (x)
r 2 f (x)

kr f (x)k
P(x) ; (50)

ASO

with P being the transfer matrix between the 2D tangent plane and
the 3D space, as in Equation 10. The authors [LCBM21] also pro-
vide proofs of convergence and stability forH̄ andn̄ in the oriented
case [GGG08], as well as for other geometric features computed
from the sphere regression [NGB� 12].

4.2.4. 3D algebraic surfaces

Some approaches have also been proposed to �t algebraic sur-
faces of higher degrees [Tau93, DB02, KG18], which provides an-
alytic access to its derivatives and the Weingarten map. Alter-
natively, speci�c methods focus on �tting quadrics to oriented
points [Š04, BBN� 20], although they typically require manual pa-
rameter setting. In this survey, we evaluate the estimator of W pro-
posed by [DB02], denoted as3DQuadric . The de�nition of this
estimator w.r.t. the surface formulation is given in Section 2 of the
supplementary document.

4.3. Measure theory approaches

A third category of estimators draws upon concepts from Measure
Theory. Unlike local surface �tting or direct differential estima-
tion, these approaches de�ne geometric quantities through integra-
tion over local spatial domains rather than pointwise differentiation.
By modeling the point cloud as a discrete measure or a general-
ized surface (such as currents or varifolds), these methods allow
for rigorous stability proofs, ensuring consistent curvature estima-
tion even in the presence of noise or when the underlying geometry
lacks smoothness (eg. near sharp features). The following sections
review three prominent families of such estimators: those based on
Voronoi diagrams, Normal Cycles and Varifolds. Finally, we brie�y
mention alternative approaches based on implicit representations.

4.3.1. Voronoi covariance measure

In their seminal paper, Amenta and Bern [AB98] demonstrated that
in the absence of noise, ifP samples a smooth surface densely
enough, its Voronoi cells will be elongated in the direction of the
normal to the surface. This led to normal vector estimators based
on either extremal vertices of each Voronoi cell (poles) [AB98],
or its principal component analysis [ACSTD07] for better robust-
ness to noise. Mérigot et al. [MOG11] further extend this approach
considering convolved covariance matrices of Voronoi cells from
which curvature information are obtained. A key contribution of
such Voronoi Covariance Measure (VCM) method is that stabil-
ity results can be obtained on the curvature estimation even with
mild assumptions onP (Hausdorff approximation of the smooth
manifold). However, as evaluated in [LCBM21], the error of the
VCM estimation remains too high on real data in comparison with
other approaches. By replacing the Euclidean metric involved in the
Voronoi diagram construction (eg. with a distance to a measure),
Le Cuel et al. [CLMT14] demonstrate that additional robustness to
outliers can be obtained for normal vector estimation.

4.3.2. Corrected normal current

As an extension the normal cycle approaches [Win82, Fu94,
CSM03] designed for triangulated surfaces, corrected curvature
measures have led to a new family of curvature estimators on polyg-
onal surfaces [LRTC20, LRT22]. The core idea is to uncouple ge-
ometry and tangent bundle information using a Grassmannian em-
bedding onR3 � S 2 of the surface elements, leading to close form
formulas for the interpolated area and corrected curvature measures
(mean, Gaussian and anisotropic measures) for a trianglet with

© 2026 The Author(s).
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vertices(pi ;p j ;pk) and normals(ni ;n j ;nk):

µ(0)
t =

1
2

n̄ �
�
(p j � pi) � (pk � pi)

�
;

µ(1)
t =

1
2

n̄ �
�
(nk � n j ) � pi

+( ni � nk) � p j + ( n j � ni) � pk
�

;

µ(2)
t =

1
2

ni � (n j � nk);

µ(XY)
t =

1
2

n̄ �
�
(Y � (nk � ni)) X � (p j � pi)

�
�
Y � (n j � ni)

�
X � (pk � pi)

�
;

wheren̄ = 1
3(ni + n j + nk), andXY being pairs of the basis vec-

torsf eig1::3. Curvatures are obtained by summing these quantities
over sampled trianglest 2 T around a point:

H̄ = å
t 2 T

µ(1)
t = å

t 2 T
µ(0)

t ; (51)

K̄ = å
t 2 T

µ(2)
t = å

t 2 T
µ(0)

t ; (52)

AvgHexagram (for T as in Figure 4)

From the per triangle anisotropic measureµ(XY)
t , one can de�ne

the 3� 3 tensorW̃3 such that
�
W̃3

�
i j = å

t 2 T
µ(ei ;ej )

t ; (53)

which converges to the second fundamental form. Once sym-
metrized (see [LRTC20]), for some big constantC, principal cur-
vature values and directions can be estimated from eigenvalues and
eigenvectors of the following operator

W̄3(x) =
1

å t 2 T µ(0)
t

�
1

2
(W̃3 + W̃T

3 ) + C n̄n̄T
�

: (54)

AvgHexagram (for T as in Figure 4)

Delaunay Uniform

Hexagram AvgHexagram

Figure 4: Triangle sampling strategy for the corrected normal cur-
rent approach: using a local Delaunay reconstruction in the neigh-
borhood (Delaunay ), a random sampling of triangles (Uni-
form ), using only two triangles and 6 probes ofP , without (Hex-
agram ) or with averaging closest normal vectors (AvgHexa-
gram).

As described in the original paper, the estimatedW̄3(x) is forced to
be aligned with the normal of the input point, thus,AvgHexagram
is not a normal estimator.

Lachaud et al. [LCL� 23] further extend this approach to point
clouds using various deterministic or stochastic strategies to de�ne
the set of triangle T to consider (see Figure 4). Theoretical stability
results provide pointwise accuracy of the curvature estimates even
in the presence of noise in point position and normal vector.

4.3.3. Varifolds

A varifold [Alm65] is a generalization of the notion of differen-
tiable submanifolds and 3D surfaces from the viewpoint of geomet-
ric measure theory [S� 84]. Concepts like length, area, and curva-
ture usually de�ned for smooth spaces are generalized to irregular
sets that lack smoothness and have singularities like junctions. For-
mally, ad-dimensional varifold inRn is de�ned as a Radon mea-
sure on the product spaceRn � Gd;n, whereGd;n is the Grassma-
nian (ie. the space of alld-dimensional linear subspace inRn). A
2-varifold in 3D de�nes a measure on both point coordinates and
tangent planes.

Point cloud varifolds have been introduced in the context of
surface approximation [BLM17], and de�nitions for second order
properties have been recently provided [BLM22] for oriented point
clouds. The proposed method needs an estimate of the oriented nor-
mal vectorn at x to �rst compute W3 as

W̄3 = W? � n; (55)

Varifolds

with � the tensor-vector product such that(W̄3) i j = å kW?
i jknk.

Similarly toAvgHexagram , this method does not estimate normal
vectors. Then, they estimate curvatures using Equations 7 and 11.
The 3� 3� 3 tensorW? is called theapproximate orthogonal weak
second fundamental form[BLM22, Equation 7.2], de�ned as:

W?
jkl =

r
å i2N x

wikx � pik
å

i2N x

wi

�
Pni

x � pi

kx � pik

�

�
�
(Pni � Pn)klej + ( Pni � Pn) jl ek � (Pni � Pn) jkel

�
(56)

where Pn = I3 � nnT is the orthogonal projection matrix on the
plane de�ned byn, ei is theith canonical basis vector ofR3, and
wi is computed using the derivative of the bump kernelW(x) =

exp(� x2

1� x2 ) (see Section 5.2 for the de�nition and usage of ker-
nels).

4.3.4. Alternative implicit representations

Differential quantities can be estimated from an implicit rep-
resentation of the point cloud (see [Gol05] for generic formu-
las). We do not include in this survey the rich literature on im-
plicit function reconstruction,eg. distance �elds or signed distance
�elds [BDS� 18,FC24]. Note that, as previously mentioned and ex-
perimented (see Section 6), many signed estimators degrade sig-
ni�cantly with inconsistent normal orientation. Strategies to sign
distance �elds ( [BDS� 18]) could also be considered to achieve a
globally consistent orientation [XDW� 23].
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4.4. Deep learning

While the methods discussed in the previous sections rely on ex-
plicit geometric priors, deep learning approaches infer geometric
properties from extensive training sets. Instead of hand-crafting
features to de�ne local geometry, these methods leverage neural
networks to learn complex features directly from examples.
This offers several advantages: deep learning models often demon-
strate superior robustness to noise and outliers, effectively learning
to "denoise" geometry in ways that are dif�cult to formalize analyt-
ically. However, this often comes at the cost of precision and gen-
eralization: models trained on synthetic datasets often fail to pre-
serve their accuracy on real-world acquisitions. Furthermore, un-
like measure-theory approaches (Section 4.3) which provide proofs
of convergence, deep learning models often lack theoretical guar-
antees regarding their stability on unseen data. Given these differ-
ences, and to ensure fair comparison over the methods' capabilities
without extensive retraining, we report the experimental evaluation
of learning-based approaches in the supplementary material.
Interestingly, recent works show a convergence between these two
worlds [BSG20, ZLD� 21, LZW� 22, ZJW� 23]: rather than purely
regressing geometric values, many modern architectures are de-
signed to enhance classical pipelines,eg. by learning optimal
weights for a polynomial �t (Section 4.2.2.3), rather than replac-
ing the �t entirely. In this survey, we categorize these methods into
regression-based approaches, weight estimation and local surface
estimation models.

4.4.1. Regression-based model

Boulch et al. [BM16] utilize a Hough transform-based representa-
tion of local shape patches combined with a convolutional neural
network to learn normal directions. This method, however, is con-
strained by its reliance on a 2D-based learning representation and a
loss of orientation information. The PCPNet approach [GKOM18]
uses the PointNet architecture [QSMG17] in a local patch-based
multi-scale form to estimate consistently oriented normals from
point clouds, leveraging both local and global information. A sim-
ilar approach has been proposed by Zhou et al. [ZHLL20], using
a feature constraint mechanism called Local Plane Features Con-
straint. More recently, Yiet al. [YdSEZ� 24] propose to estimate
normals by distinguishing between sharp and non-sharp feature
points. PointNorm-Net [ZNZ� 25] introduces a multi-modal normal
distribution estimation paradigm in a self-supervised manner. This
approach addresses the limitation of supervised models trained on
synthetic datasets that perform poorly on real-world point clouds.

4.4.2. Weight estimation model

Some deep learning methods are dedicated to estimate the
weightsf wig of the point set instead of using the commonly used
kernels presented in Section 5.2. The learned weights are later
used to �t planes [LOM20] or n-Jets [BSG20, ZLD� 21, LZW� 22,
ZJW� 23] as described in Sections 4.2.1 and 4.2.2.3. Some of them
also estimate offset points [ZLD� 21,LZW� 22,ZJW� 23] to increase
the consistency of the polynomial order by adjusting the point dis-
tribution. Zhang et al. [ZCZ� 22] propose to directly estimate nor-
mals according to a regression model that takes as input an op-
timized point set provided by a weight learning model. Zhouet

al. [ZLW � 24] identify critical points through a hybrid local–global
framework that geometrically represents the latent tangent plane,
thereby enhancing surface �tting and normal estimation.

4.4.3. Local surface estimation model

Cao et al. [CZB� 22] propose to estimate planes using a differ-
entiable RANSAC model called DSAC. Other methods use mod-
els to �t hypersurfaces in the feature space, resulting in unori-
ented estimated normals [LLC� 22] or oriented normals [LFS� 23].
The NeAF model [LZM� 23] predicts a neural angle �eld to esti-
mate more accurate and robust normal vectors using a learned im-
plicit angle function. Recently, IGF-Fit model [LSY24] introduces
a learning-based framework that estimates unoriented normals by
leveraging the derivatives of an implicit surface �tted to local patch
neighbors.

4.4.4. Curvature estimation

Two of the methods discussed earlier, PCPNet [GKOM18] and
DeepFit [BSG20], are also dedicated to estimating curvatures.
PCPNet uses the PointNet architecture to directly estimate both
normals and curvatures. DeepFit, on the other hand, employs an
n-order Jet of weighted points to �t local surfaces, allowing for the
estimation of various geometric properties, including curvatures,
without the need for prede�ned scales and weights.

5. From theory to practice

In this section, we review the practical concepts and tools that
need to be considered to implement the differential estimators re-
viewed in this survey. Speci�cally, we focus on neighborhood col-
lection (Section 5.1), on the neighborhood weighting functions
(Section 5.2), and on the use of iterative schemes to regularize the
estimations (Section 5.3).

(a)

(a)

(b)

(b)

(c)

(c)

Figure 5: Impact of the local sampling pattern on the neighbor-
hood collection: for three query points (a), (b) and (c), we construct
N x either from a kNN search with k= 200neighbors (�rst row), or
from a radius search with r= 0:05 (second row). The point cloud
is normalized to �t in[� 1;1]3.

5.1. Neighborhood queries

We identify two important aspects related to the de�nition ofN x
on large point cloudP : the query type (by number of neighborsk
or by radiusr, see Figure 5), and the spatial data structure used to
speed up computations.
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