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Monte Carlo Integration

The rendering equation is

I(z,2') = g(z, 2’ {e(z,z" - /s oz, z’, ") I (=, z”)dz”]. (1)

where:
I(z,z')

g(z, z')
€ (Z, .‘L")

p(z, zlzﬂ)

18 the related to the intensity of light
passing from point z’ to point z

i8 a “geometry” term

is related to the intensity of emitted light
from 2" to x

i8 related to the intensity of light scattered
from z" toz by a patch of surface at 2’

ar'
[Kajiya86]
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The Light Transport Equation [

+ Visibility
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https://google.github.io/filament/Filament.html#materialsystem/standardmodel



Path Sampling / Path tracin




lal and physically based rendering
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Spectral rendering, polarized rendering, high energy interactions...




Canonical MC integration problem

e Samplesin [0,1)’

 Numerical integration

A =|5-1)

Image

Lens

Time

Light, BRDF, ...
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<An> =J — <In>

Var(l,) = (I;) — (I,)*



Convergence speed
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Noise vs aliasing




Noise vs aliasing




Wrap-up: MC Rendering

e Samplingin [0,] )’ domains

o Stochastic samplers

e Best asymptotic variance reduction in MC/QMC
e Low error on low sample counts

 Rather limited number of dimensions (~40)

e Fast, adaptive and progressive sampler

« Some projective subspaces of the [0,1)> may be specific



(Point processes in Computer Graphics)

3D blue noise 2D blue noise 3D blue noise
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(Advanced techniques)

* Non-uniform densities

* Importance / Multiple importance sampling

* Control variates

* Metropolis sampling, Markov chain Monte Carlo...
 Path reuse

e Gradient domain rendering

* Denoising / Reconstruction

e Screenspace error diffusion



Equidistribution
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Motivation

Whitenoise
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Poisson Disk

Low discrepancy sequences
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Outline

e Stochastic point process
* Discrepancy

 Kernel based approaches
* Optimal Transport

e Spectral analysis



Spatial measures: Point Process Statistics

* Product densities p(k)
pP(@)dx = A(x) = P(x)

p P (x, y)dxdy = P(x, y)

= p(N(A)) = J pD(x)dx
B

 Stationary point process J(x):=1 pP(x,y) = plx — y)

e |sotropic point process A(x) =1  pW(x,y) = p(||x — y|]) : g(r) := P /g) ,

[Oztireli and Gross, 12] [Oztireli 16]

Unbiased kernel
based estimator for
iIsotropic PP
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Discrepancy

D(X, , Q) :=

Ar(£2)

Spatial measures: Discrepancy

 Extensions to 1d Kolmogorov-Smirnov test

 Equivalent measures

 Many variants, numerical approximations...

 [Koksma-Hlawka] inequality:

Extreme
Discrepancy

A(€2, X))

n

Star Discrepancy An S V(f) . D(Xn)

[Koksma 42, Hlawska 61]
D(X,) := max D(X ,£2)
Qc[0,1)

IX st DX,) = O ( log ) )

n




(0,m,2)-nets in base 2: for n = 2" points, all dyadic partitions of size 1/n contain exactly 1 sample



Per dimension scrambling preserving the (t,m,s)-net properties [Owen, 97]



Spatial measures: Kernel based methods

« Sampling as a Gaussian Kernel based reconstruction problem of a constant function

AKX,) = g0 *5(X,) = Y exp
=]

2
[x — x|
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Optimal transport and Wasserstein distance

 Monge-Kantorovich formulation

1/p
W (a, ) = inf{ J x - T(x)dea(x)} . Tu@) =f
Q

o Semi-discrete optimal transport and Wasserstein distance

1/p
Wp(Xn, P) = (minj o — x™||P gb(x)dx) w:8Q —>{l...n} [ d(x)dx = % Vje {1...n)
Q z=1(j)

T

[Rubinstein-Kantorovich] theorem for a uniform target distribution

_An < Wi(X,, 1) Lip(f )_







Spectral measures: Power spectrum

» Spectral formulation:
1 « l « .
Sy ==Y 8x—x) S,=—) exp "W mez
n k=1 & =1

* Integration + Parseval's theorem

I = J F(0)S(x)dx = J FH () F s(v)dv = PR i
[0,1)¢

RS me/Z?®

For stationary processes: — = Product of power spectra

[Durand 11, Subr & Kautz 13, Pilleboue et al 15]
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for isotropic processes: radial mean power spectrum [Singh et al 19




MC Integration

Integrand Power Spectrum

Sampling Power Spectrum

Power
—
|
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0 1 2
Frequency



Power spectrum

Jittered sampling

Poisson disk

(d)

N<bh<1 b>=1 h— x
L —— e R AR L . |
s Z | |
| e | 3 l
s gaoo | |
: 0 ! : 0 —
D o (‘/ﬁ o W 0 a YN
(b) (c) (d)
Best-case: () l Best-case: O 1 - Best-case: O ) Best-case: 0
N NN NN
Worst-case: O ( Worst-case: (O ! Worst-case: () Worst-case: O ( +
NYN® NN

[Schlomeret al. 2011]

[de Goes etal. 2012]

[Heck et al. 2013]

Variance in MC integration of a Gaussian
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Designing
samplers




Various routes

* Low Discrepancy Sequences / Pointsets [Sobol, Halton, Faure, Niederreiter, Keller...]

 fast (matrix/vector product in base 2, or Euclidean division), nD (-ish), O(ZOg(n)S_lln) integration error, could be
randomized through Owen's scrambling

 Poisson disk [Bridson 07, Wei 2008, Bowers 10, Guo et al 15, Ebeida 12..]

 Good sample distributions for low sample counts, focus: fast algorithms (default is O(nz)), genericity (anisotropic metric, on
manifolds...)

. Good sample distributions for low sample counts, target: fast algorithm (default is O(1?))

e Blue noise from Optimal Transport [de Goes et al 12, Qin et al 17, Paulin 20]

« Targeting blue-noise like power spectrum, versatile tool (to sample non-uniform pdf) but numerically expensive in higher
dimensions

* Kernel based approaches [Fatall 11, Ahmed 20] —

e Mixed solutions

e Optimized LDS with Blue-Noise targets [Ahmed 16, Perrier 18, Ahmed 20] — - —

* Tiled based Blue-noise for fast (adaptive) sampling [Ostromoukhov, , Wachtel 14] Aperiodic tilings + —

* Projective sampling (with Blue-noise or LDS targets) [Reinert 15, Paulin 21] - —




Sliced Optimal

Transport Sampling e




Motivation

 Find X, minimizing W,;(X ,1)

1D case: sorting + advection

p 4 -~ w . N

[ |
[ |
[ |

| |
|
1
Y

* Key ingredient in high dimension: (semi-discrete) Sliced Optimal Transport

i r AN
\ Radon Transform of ¢
MC estimate

[Pitié et al 2006, Rabin et al 2011, Bonnotte 2013, Bonneel et al 2015, Paulin et al 2020]






1d sliced advection & stochastic gradient descent on WSOT




s-balls domains

» Closed formulas for Ryl (x) for d-balls

@ == 2D Ball
- 4D Ball
- 6D Ball
.\ . “.\ [ 8D Ball
N ) N - 10D Ball
\\ \\“ \\.
‘. .\i‘\ ‘.\\ \\\
o x/
o (x/, §)




1024 samples in 2D
4k slices per sec
0.25 sec for convergence (1024 slices)



[0,1)° domains

 \olume preserving mapping from s-balls to [0,1)’







Conclusion

* Fast and effective optimal transport
sampling (1Mpts = 200 sec) in high
dimension

e noise 'r0]. SOTCR  Proy. SOT

Dimensions {1, 2} Dimensions {5,6}
Power spectrum Radial meun T SPEC Power spectrum Radial mean

* Blue noise through Optimal Transport is
relevant for MC integration

Suvbol+Owen

et al 2016)

* Projective sampling for MC rendering

- "0 .
......
00000000000

{1,2,3,4,5,6} + {1,2} + {3,4} + {5,6}




MatBuilder: Mastering
Sampling Uniformity Over
Projections " M.

C
=Cy =0Cy

s=4
p=3
m=17

# particular stratifications were skipped due to
# lack of solutions

from 3 to 5 stratified @ 1
from 7 to 9 stratified 0 1
from 11 to 13 stratified @
from 15 stratified @ 1 2 3
weak 1 net @ 1 2 3

2
2
1




Low discrepancy sequences are great but..
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Recap stratified sampling




t=00m=3,s=2,p=2

nets

s)

(t,m,




Generator Matrices - Algebraic samplers

o(a) =0b
N — [0,1)

a = (ay,...a)a;), = 2 a.p’
|

& |
b= (0.bby...h,),= ) b
=1

Rows of the matrix encode strata




Generator Matrices - Algebraic samplers

/ /
|-C391 © o o C3,3J

C11...C1ﬁ

Theorem 4.25 [Niederreiter92]

Stratification & det

q
- Cl2
%

[ . ]

/ /
C1.1 €13

/ /
Cr 1 Cr 3
C1.1 1.3

by
b)
by

00

0

01

10

11
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Maximize - | Stochastic regularization

s=<dimension s of point set> such that |

p=<base p> Osc;,m:i-l<p

m=<matrix dimension m> '

net <i_1> <i_2> ... <i_s'> $ 0 < det(M) — kp < p S :
stratified <i_ 1> <i 2> ... <i_s'> -

eam
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#Generic-proj-LDS

e

-

4V

(—f.
S w NN -2,
o H» W N =

net R

net

weak 1 net @ 2

weak 1 net 0 3

weak 1 net 0 4

weak 1 net @ 5

weak 1 net 1 3

weak 1 net 1 4

weak 1 net 1 5 e SRR
weak 1 net 2 4

weak 1 net 2 5

weak 1 net 3 5 i




MC Rendering with projective sampler

#PT-Profile
p=3
S=6

m=12

wea
wea
wea
wea
wea
wea
wea
wea

wea
wea

net |

x X X X X X X X X xXi

net

net
net
net
net
net
net
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- PT-Profile
Cascaded
Sobhol'+Owen

ZeroTwo
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Experiment design

s=7
=2
s=4 p_s
p=3 #Generic-0A m= . .
=17 <=9 # (Brick-Amount-X, Brick-Amount-Y)
# particular stratifications were P=3 necs o
P , _ # (Window-Brace-Amount-X, Window-Brace-Width-X,
# lack of solutions m=10 . . .
o o # Window-Brace-Amount-Y, Window-Brace-Width-Y)
from 3 to 5 stratified @ 1| #Gener from 3 stratified @ 1 2
o o weak 1 net 3 4 5 6
from 7 to 9 stratified @ 1 g=¢ from 3 stratified 1 2 3 . . . . . . .
o o # Overall uniformity, including Brick-Lintel -Wi
from 11 to 13 stratified 0 p=3 from 3 stratified 2 3 4 ek 3 e ) G D E A G G
from 15 stratified @ 1 2 3 m=10 from 3 stratified 3 #Mixed
weak 1 net 9 1 2 3 net o | from 3 stratified 4 | g=1p
' net 1 | from 3 stratified 5 | p=3
é net 2 | from 3 stratified 6 m=10
net 3 from 5 weak 1 stratii pet o 1
net 4 5 net 1 2
G d S weak 1 net @ 2 net 2 3 N
00 am| weak 1 net @ 3 net 3 4 >S
weak 1 net 0 4 net 4 5
weak 1 net @ 5 from 3 stratified @0 1 2
weak 1 net 1 3 from 4 stratified 1 2 3
weak 1 net 1 4 from 3 stratified 2 3 4
weak 1 net 1 5 from 4 stratified 3 4 5
weak 1 net 2 4 from 4 to 6 stratified 0 1 2 3 4
weak 1 net 2 5 from 4 to 6 stratified 1 2 3 4 5
weak 1 net 3 5




Conclusion



Correlated Samplers in Computer Graphics

* Practical constraints: variance reduction in MC rendering, high dimension, fast samplers, controllable
subspaces, adaptive

e \arious theoretical approaches: stochastic point processes, spectral analysis, discrepancy, discrete
mathematics, optimization...

* Future works:
e Still room between (projective) optimized LDS and blue noise properties (for low sample counts)
 Many possible improvements in MC Rendering
* By focusing on special classes of integrands

* By carefully integrating with advanced techniques (canonical vs. actual integration domain, —
resampled— importance sampling, splitting, control variates, screen space diffusion...)



&  Uni{form|corn} tool kit

https://utk-team.github.io/utk/

Q Search

Unifform|carn] tool kit
[Tame

Samplers

Scrambling
Discrepancy Evalualion
Integration Tests
Spectral Analysis
Srarisrics
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Classes
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Changelog

Uni{corn|form} Tool Kit

The UTK tool kit aims at providing executables to gencrate and analyze point sets in

unit domains [0, 1)%, It is originally meant to help rescarchers developing sampling patterns in a

numerical integration using Monte Carlo estimators. More precisely, it was developed with the

precise question of optimizing image synthesis via Path tracing algorithums.

UTK is a C++ library that implements a large variety of samplers and tools to analyvze and compare

them (discrepancy evaluation, spectral analvsis, numerical integration tests...).

License

The core of the library is available under the 250 license. For some samplers, the library is just a
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