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Motivations (2): 7% as an efficient modellin

 Shape optimization / fabrication

\
W\
W\

e
Al

o

o
R
»

* As a proxy or an intermediate
representation

flexible

light transport simulation, booleans,
medial axis, distance fields, multiple
Interfaces/objects tracking in a simulation
loop...

Focus: characteristic functions / labelled images / level sets / ...
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News

DGtal release 1.2
httpS://dgtaI _Org Posted on June 1, 2021

We are really excited to share with you the release 1.2 of DGtal and its tools. As usual, all
edits and bugfixes are listed in the Changelog, and we would like to thank all devs
involved in this release. In this short review, we would like to focus on only...

[Read More]

DGtal release 1.1
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 Rational slope = finite set of remainders = periodic structure = canonical
pattern from continued fraction

» arithmetization to speed-up tracing (e.g. fast ray marching on SVO)
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void oneStep(double myh)
{

auto params = SH3::defaultParameters();
params( "polynomial", "spherel" )( "gridstep", myh )
( "minAABB", -1.25 )( "maxAABB", 1.25 );

auto implicit_shape = SH3::makeImplicitShape3D ( params );
auto digitized_shape = SH3::makeDigitizedImplicitShape3D( implicit_shape, params );

std :: vector<Point> points;
std::cout << "Digitzing shape" << std::endl;
auto domain = digitized_shape—getDomain();
for(auto &p: domain)
if (digitized_shape—operator()(p))
points.push_back(p);

std::cout << "Computing convex hull" << std::endl;
QuickHull3D hull;

hull.setInput( points );
hull.computeConvexHull();

std::cout << "#points=" << hull.nbPoints()
<< " #vertices=" << hull.nbVertices()
<< " #facets=" << hull.nbFacets() << std::endl;

std :: vector< RealPoint > vertices;
hull.getVertexPositions( vertices );

std :: vector< std::vector< std::size_t > > facets;
hull.getFacetVertices( facets );

polyscope :: registerSurfaceMesh("Convex hull", vertices, facets)—rescaleToUnit();
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Voronoi map
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Separable distance field

DT(x) = min |[|x—y]|],
yeD\X



Separable distance field

DT(x) = min |[|x—y]|],
yeED\X
= min (i —u)*+ (j—v)*
(U)X



Separable distance field

DT(x) = min |[|x—y]|],
yeD\X

= min (i —u)* + (j — v)?
(u,v)¢X

= min ((min (i—u?)+ (- v)z)



Separable distance field

DT(x) = min |[|x—y]|],
yeD\X

= min (i —u)* + (j — v)?
(u,v)¢X

= min (|{(min (i — w))H (G — v)z)

per line double-scan = O(n)



Separable distance field

DT(x) = min |[|x—y]|],
yeED\X

= min (i —u)* + (j — v)?
(u,v)¢X

min
A%

(min (i — u)?)

per line double-scan = O(n)

1D lower enveloppe computation of a set of parabolas = O(n)




Separable Voronoi map: step 1
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Separable Voronoi map: step 1
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
hiddenB}_/(u,v,w,S)
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column

hiddenBy(u,v,w,S)
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Separable approaches

Alternatives: Jump flooding, Fast Marching Methods or distance propagation... but only
approximation and/or non-linear complexity (e.g. O(n2 log n) in 2D for FMM)

Limitations: full ambient space computation (i.e. no geodesic, use FMM or PDE based
approaches instead)

But

 range based / dexel based approach for faster computations
* narrow band approaches

» some extensions to hierarchical / adaptive grids

» can use sub-pixel information (coverage, QEM, ...)



topology on Z¢




Before geometry : topological models for Z¢

How to represent volumes,
boundaries, curves, surfaces,
partitions 7

1. lattice points




Digital topology
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(4,8)-topology

(8,8)-topology

(8,4)-topology

Good adjacencies for object/background

» Jordan separation theorem

» consistence borders and interior components

. definition of surfaces in Z¢



Topology Invariance: simple points
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(8,4)-topology

Simple points: points whose removal preserves topology

» digital topology invariance of object and background
* very fast: look-up tables in 2D and 3D
 useful for skeleton extraction / coupled with medial axis
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(8,4)-topology

Simple points: points whose removal preserves topology

» digital topology invariance of object and background
* very fast: look-up tables in 2D and 3D
 useful for skeleton extraction / coupled with medial axis







// Build object with digital topology Crea‘te ObJeCt Wlth (26 6)

const auto K = SH3::getKSpace( binary_image );

Domain domain( K.lowerBound(), K.upperBound() )bopology from binary |mag

Z3i::DigitalSet voxel_set( domain );

for ( auto p : domain )

if ( (xbinary_image)( p ) ) voxel_set.insertNew( p );
the_object = CountedPtr< Z3i::Object26_6 >( new Z3i::0Object26_6( dt26_6, voxel_set ) );
the_object—setTable(functions :: loadTable<3>(simplicity:: tableSimple26_6));

// Removes a peel of simple points onto voxel object.
bool oneStep( CountedPtr< Z3i::Object26_6 > object )

{

DigitalSet & S = object—pointSet();
std :: queue< Point > Q; . .
for ( auto&6 p : S ) Queue Slmple pOlntS
if ( object—isSimple( p ) )
Q.push( p );
] e e

while ( ! Q.empty() ) ’ _ _
{ lemove simple points

const auto p = Q.front();

Q.pop();

if ( object—isSimple( p ) )
{

S.erase( p );
binary_image—setValue( p, false );
++nb_simple;

<< " points." << std::endl;
registerDigitalSurface( binary_image, "Thinned object" );
return nb_simple 0;

}
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S.erase( p );
binary_image—setValue( p, false );
++nb_simple;

<< " points." << std::endl;
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Homotopic collapses

X and y are simple
but cannot be removed in parallel

Needs cubical complex representation

geiMaui/Res - Aear/

Elementary collapse : removing cell pairs (f,g) where g is free
preserves homotopy




Homotopic collapses and critical kernels

N _—
— critical cells : cells that do not collapse
onto their neighborhood
cubical complex X / .= critical kernel of X

Both complexes Y, Y, are thinning, since ZC ¥, C X L—*



Skeletons with critical kernels

« surface » skeleton

« curved » skeleton



Digital surfaces

e digital surface = set of faces of voxels
* in « ideal cases » 4-regular graph (3D)
» vertices = surfels/faces
* generally not a manifold
* pinched on edges and/or vertices

* not a sampling, only approximation

e only 6 different normals in 3D

(here, digitization of some ellipsoid) normals



Digital surfaces + topology (primal < dual)

Dual surface Dual surface

Primal surtace (26,6) topology (6,26) topology

Adding object/background topology allows manifoldness in arbitrary dimensions
- exactly d-1 paths crossing at each point







Linking continuous and digital geometry :
Gauss digitization with gridstep h
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loseness of digitized shapes

For any compact domain X € R? such that X has positive reach, and its digitization
X, =G, (X)], on a grid with grid-step h, then d;;(0X, 0X;) < \/c_l /2h for small enough h




Homotopy equivalence

Voxeli-
zation

'YLJ2018]



Bijectivity of projection and manifoldness

[LT16]

If X has positive reach,
the size of the non-injective part of projection

7y . 0X, — 0X tends to zero as h — 0.
(light gray + dark gray zones ~ O(h))

If X has positive reach, [LT16]

the size of the non-manifoldness part of 0X,
tends quickly to zeroas i1 — O.
(dark gray zones =~ O(h?))




Multigrid convergence

For digitization process G, the discrete geometric estimator Eis multigrid convergent to the geometric quantity £ for
the family of shapes X, iff, for any X € X, there exists a grid step /iy, > 0, such that :

E(Gh(X), h) is defined forany 0 < & < hy,
| E(G,(X), h) — E(X) | < 7y(h)

where the speed of convergence ty(/) has null limit when 2 — 0.

(Typically area, perimeter, integrals)
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Multigrid convergence (local version)

Me X

E(Gh(X),fc, h) is defined for any x € 0[G,(X)], with O < h < hy,
for any x € 0X, forany x € 0[G,(X)], with ||x — X|| ., < A,

(Typically normal direction, curvatures, ...)
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For digitization process G, the local discrete geometric estimator Eis multigrid convergent to the geometric quantity
E for the family of shapes X, iff, for any X € X, there exists a grid step /iy, > 0, such that :

where the speed of convergence ty(/) has null limit when 2 — 0.
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Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

—————
- -~
-2 =~

k(M,X) := ;—; — 3.ARI§?/I’X) + O(R) [Pottmann et al. 2007]
" _J
K (M. x) :
Let M be a convex shape in R? with a C® bounded positive curvature (&5 LevEllelt LeehEie)
boundary.
RS Vx € oM, Yx € 0[Gn(M)]p, ||x— X||o < h =
e KRG, X B) — kM, X)| = OR)
i - } N o K
= \%’ o 11 AR(M,x) — Area (Brin(x/h) N Gr(M)) t O\ g
/ \ o 2d
[ 1 + 0(};—2)+0(h“’)+0(];—2)
e
(1 “\
” N R
‘%’ 2 N\ T [Pottmann et al. 2007] x (Gp(M), x, h)
/ A\
B | i}
> ] P <|' isa R
%3 N — = =1 A
) N\ 90804 k (Gr(M), x, h) = x(M,X)

——
e




» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

k(M,x) .=
'/ \\
/
SN\
— I\ N
/
\\
\ N\ T [Pottmann et al. 2007]
h

/ N, A TN
\ \\ _’

3z 3-Ar(M,x)
2R R3
W

(M x)

+ O(R) [Pottmann et al. 2007]

Ar(M,X) — Area (Brn(X/h) N Gu(M))

K (Gr(M), X, h)

X(Gr(M), X h) —> k(M X)

Normal vector and curvatures estimation

[C., Levallois, Lachaud]

Let M be a convex shape in R? with a C?® bounded positive curvature
boundary.
Vx € aM,Vx € [Gr(M)]p, |Ix— x| < h >

K" (@r(M), X, h) — x(M,x)| = O(R)

W
- o)

+ 0(%)+0(h"’)+0(’i—j)
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Normal vector field estimation
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Incremental computation : estimate at y nearby x only requires preceding
result + looking at points within Br(y) © By(x)
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void oneStepAll(double h)
{
auto params = SH3::defaultParameters() | SHG3::defaultParameters() | SHG3 :: parametersGeometryEstimation();
params( "polynomial®, "goursat" )( "gridstep", h );
auto implicit_shape SH3 :: makeImplicitShape3D ( params );
auto digitized_shape SH3 :: makeDigitizedImplicitShape3D( implicit_shape, params );

auto K = SH3::getKSpace( params );

auto binary_image = SH3::makeBinaryImage( digitized_shape, params );

auto surface = SH3::makeDigitalSurface( binary_image, K, params );

auto embedder = SH3::getCellEmbedder( K );

auto surfels = SH3::getSurfelRange( surface, params ); ¥ Surface Mesh (1)

¥ Primal surface

auto primalSurface SH3 :: makePrimalPolygonalSurface(c2i, surface);

" Enabled Options
ffverts: 26720 #faces: 26718

Color Smooth < Edges

//Need to convert the faces

SH3 :: Cel12Index c2i; v Structures

-Edge Color @WS566 Width

std:: vector<std::vector<std::size_t>> faces;

II Gaussian curvature (face sca

for(auto &face: primalSurface—>allFaces()) IT first principal direction (fi EEENEENEERNE —H T
. . IT k1 curvature (face scalar) e EERERNNEE __:_' —
faces.push_back(primalSurface—verticesAroundFace( face )); P (T 1L — 1 — j
auto digsurf = polyscope::registerSurfaceMesh("Primal surface", primalSurface—positions(), faces); iiﬂi;ﬁ%ﬁi;ﬁi:ﬁijgﬁg;
digsurf—rescaleToUnit(); digsurf-—setEdgeWidth(hxh); digsurf-—>setEdgeColor({1.,1.,1.}); IT second principal direction (-

//Computing some differential quantities
params("r-radius", 5*std::pow(h,-2.9/3.0));
auto Mcurv SHG3 :: getIIMeanCurvatures(binary_image, surfels, params);

auto normalsII SHG3 :: getIINormalVectors(binary_image, surfels, params);
auto KTensor SHG3 :: getIIPrincipalCurvaturesAndDirections(binary_image, surfels, params); //Recomputing...

std :: vector<double> Gcurv(surfels.size()),kl(surfels.size()),k2(surfels.size());
std :: vector<RealVector> dil(surfels.size()),d2(surfels.size());

auto 1=0;

for(auto &t: KTensor) //AO0S->SOA

{
ki[i] = std::get<0>(t);
k2[i] = std::get<i>(t);
di[i] = std::get<2>(t);
d2[i] = std::get<3>(t);
Geurv[i] = k1[i])xk2[i];
++1;

}

//Attaching quantities

digsurf-aaddFaceVectorQuantity("II normal vectors", normalsII, polyscope::VectorType :: AMBIENT);
digsurf—addFaceScalarQuantity("II mean curvature", Mcurv);

digsurf—addFaceScalarQuantity("II Gaussian curvature", Gcurv);

digsurf—addFaceScalarQuantity("II k1 curvature", ki1);

digsurf—addFaceScalarQuantity("II k2 curvature", k2);

digsurf—addFaceVectorQuantity("II first principal direction", dl1, polyscope ::VectorType :: AMBIENT);
digsurf—addFaceVectorQuantity("II second principal direction", d2, polyscope::VectorType :: AMBIENT);
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Laplace-Beltrami on digital surfaces

Au=V - -Vu

Many discretization scheme for triangular/polygonal meshes

SYM LOC LIN POS PSD C?-CON
Mean Value X v/ v v/ X X
Intrinsic Del v X v v v X
Combinatorial v v X v v X
Cotan X v v X v/ X
Polygonal Lap. X v v X v X
Convolutional X X ? v ? v
r—local v X ? v ? v

(update of "Discrete Laplace operators: No free lunch" [Wardetzky et al., 2007])



Laplace-Beltrami on digital surfaces

Au=V - -Vu
Many discretization scheme for triangular/polygonal meshes
SYM LOC LIN POS PSD C%-CON
Mean Value X v/ v v/ X X
Intrinsic Del v X v v v X
Combinatorial v v X v v X
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Convolutional X X ? v ? v
r—local v X ? v ? v

(update of "Discrete Laplace operators: No free lunch" [Wardetzky et al., 2007])

Question: can we design a Laplace-Beltrami on digital surface with strong consistency?




Convolution based Laplace-Beltrami operator on Digital Surfaces

a-la [Belkin et al 08]
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Convolution based Laplace-Beltrami operator on Digital Surfaces
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Convolution based Laplace-Beltrami operator on Digital Surfaces
a-la [Belkin et al 08]
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Convolution based Laplace-Beltrami operator on Digital Surfaces

-la [Belkin et al 08]
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Convolution based Laplace-Beltrami operator on Digital Surfaces

a-la [Belkin et al 08]
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Discrete Calculus a la DEC

divF = x d(*xF”) curl F = ( % (dF"))"
Agp = (*d x d)g




Discrete Differential Operators on Polygonal Meshes

[de Goes et al 20]

perface V,V -, VX #.b,A...Levi-Civita...

" AEES
L W

But still flat embedding hypothesis...




Discrete Differential Operators on Polygonal Meshes

[de Goes et al 20]
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Discrete Differential Operators on Polygonal Meshes

[de Goes et al 20]
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quick wrap-up

example
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normal vector field reconstruction
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10N

th reconstruct

normal vector field reconstruction
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Piecewise smooth reconstruction

Step1: normal vector field reconstruction

Reconstructed normals are Normal field must be smooth
close to the input ones except at singularities v

[C.etal 16] &
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Piecewise smooth reconstruction

Step1: normal vector field reconstruction
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