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« 7% geometry processing on grids

 digital surface processing
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Motivations (2): 7% as an efficient modellin

 Shape optimization / fabrication

\
W\
W\

e
Al

o

o
R
»

* As a proxy or an intermediate
representation

flexible

light transport simulation, booleans,
medial axis, distance fields, multiple
Interfaces/objects tracking in a simulation
loop...

Focus: characteristic functions / labelled images / level sets / ...
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News

DGtal release 1.2
httpS://dgtaI _Org Posted on June 1, 2021

We are really excited to share with you the release 1.2 of DGtal and its tools. As usual, all
edits and bugfixes are listed in the Changelog, and we would like to thank all devs
involved in this release. In this short review, we would like to focus on only...

[Read More]

DGtal release 1.1
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= periodic structure g/gcd(p, q)
= canonical pattern from continued fraction

e arithmetization to speed-up tracing (e.g. fast ray marching on SVO)
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Convex hu" in 2d For n points in R, #CVXVertices is in O(n)

Total size of the CVX © (n [d/2] )

ONORORONONO.
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void oneStep(double myh)
{

auto params = SH3::defaultParameters();
params( "polynomial", "spherel" )( "gridstep", myh )
( "minAABB", -1.25 )( "maxAABB", 1.25 );

auto implicit_shape = SH3::makeImplicitShape3D ( params );
auto digitized_shape = SH3::makeDigitizedImplicitShape3D( implicit_shape, params );

std :: vector<Point> points;
std::cout << "Digitzing shape" << std::endl;
auto domain = digitized_shape—getDomain();
for(auto &p: domain)
if (digitized_shape—operator()(p))
points.push_back(p);

std::cout << "Computing convex hull" << std::endl;
QuickHull3D hull;

hull.setInput( points );
hull.computeConvexHull();

std::cout << "#points=" << hull.nbPoints()
<< " #vertices=" << hull.nbVertices()
<< " #facets=" << hull.nbFacets() << std::endl;

std :: vector< RealPoint > vertices;
hull.getVertexPositions( vertices );

std :: vector< std::vector< std::size_t > > facets;
hull.getFacetVertices( facets );

polyscope :: registerSurfaceMesh("Convex hull", vertices, facets)—rescaleToUnit();
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auto digitized_shape = SH3::makeDigitizedImplicitShape3D( implicit_shape, params );

std :: vector<Point> points;
std::cout << "Digitzing shape" << std::endl;
auto domain = digitized_shape—getDomain();
for(auto &p: domain)
if (digitized_shape—operator()(p))
points.push_back(p);

std::cout << "Computing convex hull" << std::endl;
QuickHull3D hull;

hull.setInput( points );
hull.computeConvexHull();

std::cout << "#points=" << hull.nbPoints()
<< " #vertices=" << hull.nbVertices()
<< " #facets=" << hull.nbFacets() << std::endl;

std :: vector< RealPoint > vertices;
hull.getVertexPositions( vertices );

std :: vector< std::vector< std::size_t > > facets;
hull.getFacetVertices( facets );

polyscope :: registerSurfaceMesh("Convex hull", vertices, facets)—rescaleToUnit();
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Volumetric analysis

Voronoi map
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Separable distance field

DT(x) = min |[|x—y]|],
yeD\X



Separable distance field

DT(x) = min |[|x—y]|],
yeED\X
= min (i —u)*+ (j—v)*
(U)X



Separable distance field

DT(x) = min |[|x—y]|],
yeD\X

= min (i —u)* + (j — v)?
(u,v)¢X

= min ((min (i—u?)+ (- v)z)



Separable distance field

DT(x) = min |[|x—y]|],
yeD\X

= min (i —u)* + (j — v)?
(u,v)¢X

= min (|{(min (i — w))H (G — v)z)

per line double-scan = O(n)



Separable distance field

DT(x) = min |[|x—y]|],
yeED\X

= min (i —u)* + (j — v)?
(u,v)¢X

min
A%

(min (i — u)?)

per line double-scan = O(n)

1D lower enveloppe computation of a set of parabolas = O(n)




Separable Voronoi map: step 1
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Separable Voronoi map: step 1
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Separable Voronoi map: step 1
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
hiddenB}_/(u,v,w,S)



Separable Voronoi map: step 2 g

A

WO

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column

el
O |

T

hiddenBy(u,v,w,S)
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Separable Voronoi map: step 2 g

Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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Stack based algorithm using a 3-ary hiddenBy predicate, a la sweep line = O(n) per column
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topology in Z¢




Before geometry : topological models for Z¢

How to represent volumes,
boundaries, curves, surfaces,
partitions 7

1. lattice points




Digital topology
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(4,8)-topology

(8,8)-topology

(8,4)-topology

Good adjacencies for object/background

» Jordan separation theorem

» consistence borders and interior components

. definition of surfaces in Z¢
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Topology Invariance: simple points
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(8,4)-topology

Simple points: points whose removal preserves topology

» digital topology invariance of object and background
* very fast: look-up tables in 2D and 3D
 useful for skeleton extraction / coupled with medial axis
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(8,4)-topology

Simple points: points whose removal preserves topology

» digital topology invariance of object and background
* very fast: look-up tables in 2D and 3D
 useful for skeleton extraction / coupled with medial axis







// Build object with digital topology Crea‘te ObJeCt Wlth (26 6)

const auto K = SH3::getKSpace( binary_image );

Domain domain( K.lowerBound(), K.upperBound() )bopology from binary |mag

Z3i::DigitalSet voxel_set( domain );

for ( auto p : domain )

if ( (xbinary_image)( p ) ) voxel_set.insertNew( p );
the_object = CountedPtr< Z3i::Object26_6 >( new Z3i::0Object26_6( dt26_6, voxel_set ) );
the_object—setTable(functions :: loadTable<3>(simplicity:: tableSimple26_6));

// Removes a peel of simple points onto voxel object.
bool oneStep( CountedPtr< Z3i::Object26_6 > object )

{

DigitalSet & S = object—pointSet();
std :: queue< Point > Q; . .
for ( auto&6 p : S ) Queue Slmple pOlntS
if ( object—isSimple( p ) )
Q.push( p );
] e e

while ( ! Q.empty() ) ’ _ _
{ lemove simple points

const auto p = Q.front();

Q.pop();

if ( object—isSimple( p ) )
{

S.erase( p );
binary_image—setValue( p, false );
++nb_simple;

<< " points." << std::endl;
registerDigitalSurface( binary_image, "Thinned object" );
return nb_simple 0;

}




// Build object with digital topology Crea‘te ObJeCt Wlth (26 6)

const auto K = SH3::getKSpace( binary_image );

Domain domain( K.lowerBound(), K.upperBound() )bopology from binary |mag

Z3i::DigitalSet voxel_set( domain );

for ( auto p : domain )

if ( (xbinary_image)( p ) ) voxel_set.insertNew( p );
the_object = CountedPtr< Z3i::Object26_6 >( new Z3i::0Object26_6( dt26_6, voxel_set ) );
the_object—setTable(functions :: loadTable<3>(simplicity:: tableSimple26_6));

// Removes a peel of simple points onto voxel object.
bool oneStep( CountedPtr< Z3i::Object26_6 > object )

{

DigitalSet & S = object—pointSet();
std :: queue< Point > Q; . .
for ( auto&6 p : S ) Queue Slmple pOlntS
if ( object—isSimple( p ) )
Q.push( p );
] e e

while ( ! Q.empty() ) ’ _ _
{ lemove simple points

const auto p = Q.front();

Q.pop();

if ( object—isSimple( p ) )
{

S.erase( p );
binary_image—setValue( p, false );
++nb_simple;

<< " points." << std::endl;
registerDigitalSurface( binary_image, "Thinned object" );
return nb_simple 0;

}







Linking continuous and digital geometry :
Gauss digitization with gridstep h
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Volume estimation

h- X, | — Vol(X)
h—0

O(h) convergence speed

15

If X is strictly C3-convex: O ( h1T+¢




Multigrid convergence

For digitization process G, the discrete geometric estimator Eis multigrid convergent to the geometric quantity £ for
the family of shapes X, iff, for any X € X, there exists a grid step /1, > 0, such that:

E(Gh(X), h) is defined forany O < & < hy,
| E(Gy(X), h) — E(X) | < 7x(h)

where the speed of convergence ty(/) has null limit when 47 — 0.

(Typically area, perimeter, integrals)




Multigrid convergence (local version)

For digitization process G, the local discrete geometric estimator Eis multigrid convergent to the geometric quantity
E for the family of shapes X, iff, for any X € X, there exists a grid step /1, > 0, such that:

E(G,(X), X, h) is defined for any % € 9[G,(X)], with 0 < h < hy,
for any x € 0X, forany x € 0[G,(X)], with ||x — X|| ., < A, \E(Gh(X),fc, h) — EX,x)| < ty(h)

where the speed of convergence ty(/) has null limit when 47 — 0.

(Typically normal direction, curvatures, ...)




loseness of digitized shapes

For any compact domain X € R? such that X has positive reach, and its digitization
X, =G, (X)], on a grid with grid-step h, then d;;(0X, 0X;) < \/c_l /2h for small enough h




Homotopy equivalence

Voxeli-
zation

P
v v ' iy /7
# : ‘ .
' S AXis

(d)
'YLJ2018]



Bijectivity of projection and manifoldness

[LT16]

If X has positive reach,
the size of the non-injective part of projection

7y . 0X, — 0X tends to zero as h — 0.
(light gray + dark gray zones ~ O(h))

If X has positive reach, [LT16]

the size of the non-manifoldness part of 0X,
tends quickly to zeroas i1 — O.
(dark gray zones =~ O(h?))




Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]
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Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]
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Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

p——
\‘: ——
P —1

N\t [Pottmann et al. 2007] k" (Gh(M), X, h)




Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

pric N - K (Gr(M), X, h) = KM, X)

-N




Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

—————
- -~
-2 =~

k(M,X) := ;—; — 3.ARI§?/I’X) + O(R) [Pottmann et al. 2007]
" _J
K (M. x) :
Let M be a convex shape in R? with a C® bounded positive curvature (&5 LevEllelt LeehEie)
boundary.
RS Vx € oM, Yx € 0[Gn(M)]p, ||x— X||o < h =
e KRG, X B) — kM, X)| = OR)
i - } N o K
= \%’ o 11 AR(M,x) — Area (Brin(x/h) N Gr(M)) t O\ g
/ \ o 2d
[ 1 + 0(};—2)+0(h“’)+0(];—2)
e
(1 “\
” N R
‘%’ 2 N\ T [Pottmann et al. 2007] x (Gp(M), x, h)
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» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

k(M,x) .=
'/ \\
/
SN\
— I\ N
/
\\
\ N\ T [Pottmann et al. 2007]
h

/ N, A TN
\ \\ _’

3z 3-Ar(M,x)
2R R3
W

(M x)

+ O(R) [Pottmann et al. 2007]

Ar(M,X) — Area (Brn(X/h) N Gu(M))

K (Gr(M), X, h)

X(Gr(M), X h) —> k(M X)

Normal vector and curvatures estimation

[C., Levallois, Lachaud]

Let M be a convex shape in R? with a C?® bounded positive curvature
boundary.
Vx € aM,Vx € [Gr(M)]p, |Ix— x| < h >

K" (@r(M), X, h) — x(M,x)| = O(R)
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Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]
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Normal vector and curvatures estimation

» Integral Invariants : analyzing set By(x) N X gives normal vector,
principal directions and curvatures [Pottmann et al. 2007]

3z 3-Ar(M,x)
2R R3
W

(M x)

k(M,Xx) :=

+ O(R) [Pottmann et al. 2007]

Ar(M,X) — Area (Brn(X/h) N Gu(M))

* [Pottmann et al. 2007] KR(Gh(M), X, h)

f=a

. X(Gr(M), X h) —> k(M X)




Normal vector field estimation
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Incremental computation : estimate at y nearby x only requires preceding
result + looking at points within Br(y) © By(x)
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void oneStepAll(double h)
{
auto params = SH3::defaultParameters() | SHG3::defaultParameters() | SHG3 :: parametersGeometryEstimation();
params( "polynomial®, "goursat" )( "gridstep", h );
auto implicit_shape SH3 :: makeImplicitShape3D ( params );
auto digitized_shape SH3 :: makeDigitizedImplicitShape3D( implicit_shape, params );

auto K = SH3::getKSpace( params );

auto binary_image = SH3::makeBinaryImage( digitized_shape, params );

auto surface = SH3::makeDigitalSurface( binary_image, K, params );

auto embedder = SH3::getCellEmbedder( K );

auto surfels = SH3::getSurfelRange( surface, params ); ¥ Surface Mesh (1)

¥ Primal surface

auto primalSurface SH3 :: makePrimalPolygonalSurface(c2i, surface);

" Enabled Options
ffverts: 26720 #faces: 26718

Color Smooth < Edges

//Need to convert the faces

SH3 :: Cel12Index c2i; v Structures

-Edge Color @WS566 Width

std:: vector<std::vector<std::size_t>> faces;

II Gaussian curvature (face sca

for(auto &face: primalSurface—>allFaces()) IT first principal direction (fi EEENEENEERNE —H T
. . IT k1 curvature (face scalar) e EERERNNEE __:_' —
faces.push_back(primalSurface—verticesAroundFace( face )); P (T 1L — 1 — j
auto digsurf = polyscope::registerSurfaceMesh("Primal surface", primalSurface—positions(), faces); iiﬂi;ﬁ%ﬁi;ﬁi:ﬁijgﬁg;
digsurf—rescaleToUnit(); digsurf-—setEdgeWidth(hxh); digsurf-—>setEdgeColor({1.,1.,1.}); IT second principal direction (-

//Computing some differential quantities
params("r-radius", 5*std::pow(h,-2.9/3.0));
auto Mcurv SHG3 :: getIIMeanCurvatures(binary_image, surfels, params);

auto normalsII SHG3 :: getIINormalVectors(binary_image, surfels, params);
auto KTensor SHG3 :: getIIPrincipalCurvaturesAndDirections(binary_image, surfels, params); //Recomputing...

std :: vector<double> Gcurv(surfels.size()),kl(surfels.size()),k2(surfels.size());
std :: vector<RealVector> dil(surfels.size()),d2(surfels.size());

auto 1=0;

for(auto &t: KTensor) //AO0S->SOA

{
ki[i] = std::get<0>(t);
k2[i] = std::get<i>(t);
di[i] = std::get<2>(t);
d2[i] = std::get<3>(t);
Geurv[i] = k1[i])xk2[i];
++1;

}

//Attaching quantities

digsurf-aaddFaceVectorQuantity("II normal vectors", normalsII, polyscope::VectorType :: AMBIENT);
digsurf—addFaceScalarQuantity("II mean curvature", Mcurv);

digsurf—addFaceScalarQuantity("II Gaussian curvature", Gcurv);

digsurf—addFaceScalarQuantity("II k1 curvature", ki1);

digsurf—addFaceScalarQuantity("II k2 curvature", k2);

digsurf—addFaceVectorQuantity("II first principal direction", dl1, polyscope ::VectorType :: AMBIENT);
digsurf—addFaceVectorQuantity("II second principal direction", d2, polyscope::VectorType :: AMBIENT);
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Calculus on a continuous setting

fiR® =1
(x,y) = flx,y)
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Calculus on a continuous setting
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Calculus on a continuous setting

fiR® =1
(x,y) = f(x,y)
(o o\

e (ax’ay)
oF  OF

divF=— +—2
0X 0y
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Calculus on a continuous setting

fiR® =1
(x,y) = f(x,y)
of of \'
V= f, f
0x 0y
oF  OF,
div F = +
0X 0y
OF, " oF
curl F = — + —
0X dy

= —divJF
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Calculus on a continuous setting

fiR® =1
(x,y) = f(x,y)
of of \'
V= f, f)
0x 0y
oF  OF,
div F = +
0X 0y
of,  oF,
curl F = — +
0X dy
= —divJF
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Discrete setting: regular grid

Vi (f(x + h;)l —f@) [+ h})l —f) )
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Discrete setting: regular grid

Vi (f(x + h;)l —f@) [+ h})l —f) )

Jx +h) = 2f(x) + f(x — h)
h?2
SO+ h) =2f(y) + f(y — h)
| >

A =
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Discrete setting: triangular surfaces

D) = f:; + 1;@; + Jidx
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Discrete setting: triangular surfaces

D) = f:; + 1;@; + Jidx

VIp) =V + V) + i Vi

1 — —
Vo, := 2 (n ik X e jk)

ijk
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Discrete setting: triangular surfaces
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Discrete setting: triangular surfaces
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Discrete setting: triangular surfaces
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Calculus on polygonal meshes

Discrete Laplacians on General Polygonal Meshes

MaI'C Alexa* MaX WardetzkyT EUROGRAPHICS 2020 / U. Assarsson and D. Panozzo Volume 39 (2020), Number 2
. . .. e (Guest Editors)
TU Berlin Universitat Gottingen

Abstract Polygon Laplacian Made Simple

While the theory and applications of discrete Laplacians on trian-
gulated surfaces are well developed, far less is known about the
general polygonal case. We present here a principled approach for
constructing geometric discrete Laplacians on surfaces with arbi-
trary polygonal faces, encompassing non-planar and non-convex
polygons. Our construction is guided by closel

tural properties of the smooth Laplace-Beltram  Discrete Differential Operators on Polygonal Meshes
other features, our construction leads to an extel

Astrid Bunge:lJr Philipp Herholz??  Misha Kazhdan® Mario Botsch'

IBielefeld University, Germany ~ 2ETH Zurich, Switzerland  3Johns Hopkins University, USA

. ishes is a fundamental building block for many (if not most) geometry pro-
employe(.i cotan formula. from tnangles top Olyg FERNANDO DE GOES, Pixar Animation Studios tes have been researched intensively, yielding the cotangent discretization
flﬂly laymg out theoretical aspects, we demor ANDREW BUTTS. pi . . . meshes has received much less attention. We present a discretization of
. . , Pixar Animation Studios : . : : .
1ty of our approach for a variety of geometry f . ression as the composition of divergence and gradient operators, and is
tions, embarkmg on situations that would have ' MATHIEU DESBRUN, ShanghaiTech/Caltech thes with non-convex, and even non-planar, faces. By virtually inserting

ygon into a triangle fan, but then hide the refinement within the matrix
ngent Laplacian, inherits its advantages, and is empirically shown to be
an of Alexa and Wardetzky [AW11 ] — while being simpler to compute.

to achieve based on geometric Laplacians for si
purely combinatorial Laplacians for general me:

lels; @ Theory of computation — Computational geometry;
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Discrete Differential Operators on Polygonal Meshes

FERNANDO DE GOES, Pixar Animation Studios
ANDREW BUTTS, Pixar Animation Studios
MATHIEU DESBRUN, ShanghaiTech/Caltech

Step 1 Gradient

VEp(x) = (n(x) X Vh(x)) = [n(x)], Vp(x)
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f of
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Discrete Differential Operators on Polygonal Meshes

FERNANDO DE GOES, Pixar Animation Studios
ANDREW BUTTS, Pixar Animation Studios
MATHIEU DESBRUN, ShanghaiTech/Caltech

Step 1 Gradient

VEp(x) = (n(x) X V(x)) = [n(x)], Vp(x)
Vo(x)dx = d(x)(t(x) X n(x))dx (Stokes’ theorem)
f of
VEip(x)dx = D(x)t(x)dx
f of
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Discrete Differential Operators on Polygonal Meshes
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Step 1 Gradient

VEp(x) = (n(x) X Vh(x)) = [n(x)], Vp(x)

Vo(x)dx = d(x)(t(x) X n(x))dx (Stokes’ theorem)
f of

VEip(x)dx = D(x)t(x)dx
f of

Z (X1 — X;)
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Discrete Differential Operators on Polygonal Meshes

FERNANDO DE GOES, Pixar Animation Studios
ANDREW BUTTS, Pixar Animation Studios
MATHIEU DESBRUN, ShanghaiTech/Caltech

Step 1 Gradient

VEp(x) = (n(x) X Vh(x)) = [n(x)], Vp(x)

Vo(x)dx = d(x)(t(x) X n(x))dx (Stokes’ theorem)
f of

VEip(x)dx = D(x)t(x)dx
f

Z ¢ (xm i xi) (Xip1 — X))

For by = sXp + 1;r, we want Gygpg =5 7



Matrix form of per face operators
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Matrix form of per face operators

¢f = [¢(v)).. -¢(an)]t
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Matrix form of per face operators

¢f = [¢(v)).. -Cb(an)]t

1 ._ Rt
G} = E/A,
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Matrix form of per face operators

¢f = [¢(v)).. -Cb(an)]t

1
Gf

Symbol | Meaning Definition
nge Number of vertices Vs -ee s Ung ef
Xr Vertex positions Xp= [xv1 xvnf eR"
D¢ Difference operator D}’Hl =1, D}’i -1
Af Average operator Aji; r+ =Aji;i =1/2
Er Edge vectors Er=D¢X¢
B Edge midpoints Br=ArXs
Cr Face center cf—X}lf/nf
ar Polygonal vector area ar=1/2 sz ef Xo, XXg,
ar Area of polygonal face ar=las|
ne Normal of polygonal face ng=ar/ar
he Vertex heights for polygonal face | hy= (Xf —1¢c f) ne
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Matrix form of per face operators

¢f = [¢p(v)).. -Qb(an)]t

1 ._ Rt
G} = E/A,

f

1

3 X n matrix

Symbol | Meaning Definition
nge Number of vertices Vs -ee s Ung ef
ops - neX3
Xr Vertex positions Xp= [xz,1 X f

D¢ Difference operator Dji; oy, Dji;i -1
Af Average operator Aji; r+ =Aji;i =1/2
Er Edge vectors Er=D¢X¢

B f Edge midpoints B = A fo

Face center

Polygonal vector area

ar Area of polygonal face ar=lag]
ne Normal of polygonal face ng=ar/ar
he Vertex heights for polygonal face | hy= (Xf —1¢c f)n £
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Matrix form of per face operators

¢f = [¢p(v)).. -Qb(an)]t

1 ._ Rt
G} = E/A,

f

1

3 X n matrix

Gepp: 3X1

Symbol | Meaning Definition
nge Number of vertices Vs -ee s Ung ef
ops - neX3
Xr Vertex positions Xp= [xvl X f

D¢ Difference operator Dji,’ oy, Dji;i -1
Af Average operator Aji; r+ =Aji;i =1/2
Er Edge vectors Er=D¢X¢

B f Edge midpoints B = A fo

Face center

Polygonal vector area

ar Area of polygonal face ar=lag]
ne Normal of polygonal face ng=ar/ar
he Vertex heights for polygonal face | hy= (Xf -1 fc})n £
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Wrap up for polygonal non-convex / non-planar faces
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators

1 t

Vf C Ef (I — nfn}). |

gradient

flat
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators

1 t S t _
Gp = “af [nf]E}Af- Ve =Ef (I- nfnf)‘ Ur = af [ne](Bf — cr1p).

gradient flat
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators

1 t

Vf C Ef (I — nfn}).

gradient

projection

flat

t t
Mf = af Ufo + APfPf,

Inner prod. 1-form
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators

1 t

Vf C Ef (I — nfntf).

gradient

projection

flat
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Mf = af Ufo + APfPf,

Inner prod. 1-form
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Wrap up for polygonal non-convex / non-planar faces

Per face, globally consistent, linear operators

1 t

Vf C Ef (I — nfntf).

gradient

projection

flat

t t
Mf = af Ufo + APfPf,

Inner prod. 1-form

it

[ aplace-Beltrami

..But... flat metric space from the mesh embedding
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//riat
Eigen ::MatrixXd V(const Face f)

{

return E(f)*( Eigen::MatrixXd:: Identity(3,3) - normalFace(f)*normalFace(f).transpose());

}

//Edge midPoints
Eigen::MatrixXd B(const Face f)
{

return A(f) * X(f);
}

//Centroids
Eigen ::VectorXd centroid(const Face f)

{

return 1/(double)f.degree() * X(f).transpose() * Eigen::VectorXd::Ones(f.degree());

}

//Sharp
Eigen ::MatrixXd U(const Face f)
{
return 1/areaFace(f) * bracket(normalFace(f)) =*
( B(f).transpose() - centroid(f)* Eigen::VectorXd::Ones(f.degree()).transpose() );

//Projection
Eigen ::MatrixXd P(const Face f)
{
return Eigen::MatrixXd::Identity(f.degree(),f.degree()) - V(f)*xU(f);
}

//Mass Matrix
Eigen::MatrixXd M(const Face f, const double lambda=1.9)
{
return areaFace(f) * U(f).transpose()*U(f) + lambda * P(f).transpose()*P(f);
H
//weak Laplacian
Eigen::MatrixXd L(const Face f, const double lambda=1.0)

{
return D(f).transpose() * M(f,lambda) * D(f);

}
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Normal Vector estimation from Integral Invariants
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erimental validation: Grad

lent accuracy
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Experimental validation: Laplace-Beltrami operator

- Setting:

- scalar function u on a sphere with

closed form Au

- multigrid spheres and discrete
operators

+ Compared to [Caissard et al.| which

a strong consistent operator
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Experimental validation: Laplace-Beltrami operator
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Experimental validation: stability of Laplace-Beltrami
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SparseMatrix<double> heatOpe = Mass + dtxlapGlobal;
PositiveDefiniteSolver<double> heatSolver(heatOpe);
PositiveDefiniteSolver<double> poissonSolver(lapGlobal);

. // === Solve heat
Algorlthm 1 The Heat Method Vector<double> heatVec = heatSolver.solve(U);
I. Integrate the heat ﬂOW U =Au f()r some ﬁxed tlme L. // // === Normalize 1n each face and evaluate divergence
II. Evaluate the vector field X=-Vu /|Vu |. FaceDatacVectors> gradHeat(mesh); .
i ) t t Vector<double> divergenceVec = Vector<double>::Zero(mesh—>nVertices());
III. Solve the Poisson equation Agp=V - X. for(auto f: mesh—>faces())
{
//Construct div per vertex of the heatVec gradient
Eigen :: VectorXd Heatf( f.degree());
cCpt=0,
for(auto v: f.adjacentVertices())
{
Heatf(cpt) = heatVec( v.getIndex() );
+HCpt,;
}
Eigen::Vector3d g = G(f) * Heatf;
g.normalize();
gradHeat[f] = toVector3(g);
Eigen ::MatrixXd oneForm = V(f)xg;
Eigen::VectorXd divergence = D(f).transpose()*M(f)*oneForm;
cCpt=0,
for(auto v: f.adjacentVertices())
{
divergenceVec(v.getIndex()) += divergence(cpt);
+HCpt,;
}
}
'/ === Integrate divergence to get distance

Vector<double> distVec = Vector<double>::Ones(mesh—>nVertices()) +
poissonSolver.solve(divergenceVec); 84
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for(auto v: f.adjacentVertices())
{
divergenceVec(v.getIndex()) += divergence(cpt);
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}
}
'/ === Integrate divergence to get distance

Vector<double> distVec = Vector<double> ::Ones(mesh—>nVertices()) +
poissonSolver.solve(divergenceVec); 84



SparseMatrix<double> heatOpe = Mass + dtxlapGlobal;
PositiveDefiniteSolver<double> heatSolver(heatOpe);
PositiveDefiniteSolver<double> poissonSolver(lapGlobal);

Solve heat

Algonthm 1 The Heat Method Vector<double> heatVec = heatSolver.solve(U);

I. Integrate the heat ﬂow u — Au fOI‘ SOoIme ﬁxed time t. // // === Normalize 1n each face and evaluate div
II. Evaluate the vector field X=-Vu /|Vu|. PG B P L B il
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III. Solve the Poisson equation Agp=V - X. for(auto f: mesh—>faces())
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//Construct div per vertex of the heatVec gradient
Eigen :: VectorXd Heatf( f.degree());
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for(auto v: f.adjacentVertices())
{
Heatf(cpt) = heatVec( v.getIndex() );
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}
Eigen::Vector3d g = G(f) * Heatf;
g.normalize();
gradHeat[f] = toVector3(g);
Eigen ::MatrixXd oneForm = V(f)xg;
Eigen::VectorXd divergence = D(f).transpose()*M(f)*xoneForm;
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Experimental validation: Geodesics using the heat method

Sphere of radius 1, digitized at gridstep h = 0.125

distance on digitized surface distance projected on smooth surface
front view back view front view back view
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Additional operators

Intrinsic vector fields: transport, connection, covariant derivratives,
connection Laplacian...

Extrinsic operator: Shape operator

<demo>



quick wrap-up
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Piecewise smooth reconstruction

Step1: normal vector field reconstruction

Reconstructed normals are Normal field must be smooth
close to the input ones except at singularities v

[C.etal 16] &
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Piecewise smooth reconstruction

Step1: normal vector field reconstruction
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Piecewise smooth reconstruction

Step 2: surface reconstruction
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Piecewise smooth reconstruction

Step 2: surface reconstruction
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Piecewise smooth reconstruction

Step 2: surface reconstruction
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conclusion




Conclusion

Topology and geometry processing on regular data:

» fast algorithms thanks to the regularity of the data
* simple topological structure

* integer based computations

» advanced surface based geometry processing

...in Z¢

https://github.com/dcoeurjo/SGP-GraduateSchool-digitalgeometry E _E E

| 1l3knl E_:: (=]

dgtal.org

[=]

(slides + code)



http://dgtal.org
https://github.com/dcoeurjo/SGP-GraduateSchool-digitalgeometry

Challenges

» Corrected digital calculus, what kind of guarantee can we get?
e DEC operators targeting the limit surface (a-la Subdivision Exterior Calculus)

* Localized geometry processing operators on DAG Sparse Voxel Octrees

https://github.com/dcoeurjo/SGP-GraduateSchool-digitalgeometry E _E E

ilikal E_:: [=]

(slides + code)

dgtal.org
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