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Recap: Laplace-Beltrami on manifold meshes

ux, 1) : QXRT - |

ou
—-=Au  subject to 1(x,0) = up(x)



Recap: What is the best discretization? TL;DR: There is no free lunch

. SYM: sz = le-

. LOC: L;; = O if ¢;; is not an edge of M

+ LIN: (Lu)(x;) = O for linear functions

. POS: L;; 2 0 (aka suff. condition for maximal principle)
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. PSD: L is PSD (aka Dirichlet energy = Z L(u(x;) — u(xj))z)

. CON: L, — A (solutions of Dirichlet problems converge to smooth solutions)
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Recap: What is the best discretization? TL;DR: There is no free lunch

. SYM: Lij = le-
. LOC: L;; = O if ¢;; is not an edge of M

+ LIN: (Lu)(x;) = O for linear functions

. POS: L;; 2 0 (aka suff. condition for maximal principle)
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Some theoretical detalls

CON: L, — A (solutions of Dirichlet problems converge to smooth solutions)

Given a sequence of meshes M, that converges to a smooth manifold . in Hausdorff
distance with a one-to-one and onto mapping M, — A, then:

« On the convergence of metric and geometric
properties of polyhedral surfaces », Klaus
Hildebrandt, Konrad Polthier & Max Wardetzky
Geometriae Dedicata, (2000)
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Some theoretical detalls

CON: L, — A (solutions of Dirichlet problems converge to smooth solutions)

Given a sequence of meshes M, that converges to a smooth manifold . in Hausdorff
distance with a one-to-one and onto mapping M, — 4, then:

convergence of the normal fields

< convergence of metric tensors
< convergence of area

« On the convergence of metric and geometric
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But...

- What about bad meshes 7

- \What about polygonal meshes “

- What about nonmanifold meshes ?
-+ What about point clouds 7

- What about digital surfaces “



L aplace-Beltrami on bad meshes



Recap: What is the best discretization? TL;DR: There is no free lunch

. LOC: L;; = Qif ¢;; is not an edge
» LIN: (Lu)(x;) = O for linear functions

- POS: L; > 0

PSD: L is PSD
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CON: L, — A (solutions of Dirichlet problems converge to smooth solutions)

PCON: Strong consistency of the operator
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Bad meshes

Input
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= negative cotan weights

= numerical instabilities, non-real eigenvalues....
Options: remeshing or intrinsic implicit operators



Intrinsic triangulation and intrinsic Delaunay triangulation

Edge flipping: update intrinsic representation of the triangulation
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=> enfOrCe ’O OS/tIV/ty Of COtaﬂgent WG/Q/’?ZLS « Navigating Intrinsic Triangulations », Sharp,
= allows refinement Soliman, Crane, ACM TOG (2019)



Intrinsic triangulation and intrinsic Delaunay triangulation

= Efficient datastructure based on vertex embedding and edge lengths (geodesic arcs)



Intrinsic Delaunay triangulation and refinement

heat method

original

mean error: 59.6% mean error: 20.4% mean error: 0.7%



L aplace-Beltrami on polygonal meshes



Polygonal meshes

+ Non planar, non convex faces

« Discrete Laplacians on general polygonal meshes ». Alexa, Wardetzky, ACM Transactions on Graphics 30, 4
(2011), 102:1-102:10.

« Polygon Laplacian Made Simple », Bunge, Herholz, Kashdan, Botsch, CGF 2020

« Discrete Differential Operators on Polygonal Meshes », De Goes, Butts, Desbrun, ACM TOG 2020
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Polygonal meshes

-+ Non planar, non convex faces

- Options:

Mean Curvature

- triangulate and use L7

Vertex Residual

- Insert virtual vertices but how?

« Discrete Laplacians on general polygonal meshes ». Alexa, Wardetzky, ACM Transactions on Graphics 30, 4
(2011), 102:1-102:10.

« Polygon Laplacian Made Simple », Bunge, Herholz, Kashdan, Botsch, CGF 2020

« Discrete Differential Operators on Polygonal Meshes », De Goes, Butts, Desbrun, ACM TOG 2020



Polygonal meshes

-+ Non planar, non convex faces
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- Options:

Mean Curvature

- triangulate and use L7

Vertex Residual

- Insert virtual vertices but how?

- define polygonal differential operators

« Discrete Laplacians on general polygonal meshes ». Alexa, Wardetzky, ACM Transactions on Graphics 30, 4
(2011), 102:1-102:10.

« Polygon Laplacian Made Simple », Bunge, Herholz, Kashdan, Botsch, CGF 2020

« Discrete Differential Operators on Polygonal Meshes », De Goes, Butts, Desbrun, ACM TOG 2020
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Option 1: virtual vertices

- Implicit virtual vertex per non-triangular face  x X5 X4

n
: 2
Xf= argm)}nZarea(xi,xiH,xf) : * X3
l:1 X2

- @Galerkin trick (coarse-fine mappings for operators) to have implicit
construction of L (still V' X V matrix)

= Numerically ok, parameter free, experimental convergence, easy to compute

= PSD issues may still occur



l-"_' -..-. ..
...-. -'. . .-..
R .., "
... K
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Option 2: Complete DEC calculus for polygonal meshes
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- (General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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General idea: define gradient, covariant derivatives, inner product
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Option 2: Complete DEC calculus for polygonal meshes

General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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Option 2: Complete DEC calculus for polygonal meshes

General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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Option 2: Complete DEC calculus for polygonal meshes

- (General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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Option 2: Complete DEC calculus for polygonal meshes

General idea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.
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Option 2: Complete DEC calculus for polygonal meshes

- General iIdea: define gradient, covariant derivatives, inner product

operators to construct a proper Laplace-Beltrami operator.

__1 t

Vf = Ef (I - nfn}).

gradient

flat

_ 1 t t

sharp

 + operators on direction fields

projection

Mg = af Uthf + P}Pf,

Tt

inner prod. 1-form

[aplace-Beltrami




Option 2: Complete DEC calculus for polygonal meshes

- General iIdea: define gradient, covariant derivatives, inner product
operators to construct a proper Laplace-Beltrami operator.

1 _ t 1 -1 _ _ t
Gy =, mIEpAs ||V =Br (I-npnp). | Up = 2 [nf)(Bp —ef1y). | |Pr=I=VsUr-| My =apUpUp +APLRy, | |Ly =DpM;Dy.

gradient flat sharp projection inner prod. 1-form [aplace-Beltrami

 + operators on direction fields

= very generic framework






L aplace-Beltrami on nonmanifold meshes

« A Laplacian for Nonmanifold Triangle Meshes »,
Sharp, Crane, SGP CGF 2020



Nonmanitold meshes

manifold manifold nonmanifold nonmanifold
edge vertex edge vertex
, J
]
= \
J

= [he operator is not formally defined but we are looking for something that behaves similarly
on the boundary of an « epsilon thickening »



nonmanifold
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Basic Idea: (implicit) tufted cover + intrinsic edge flips

- Jufted cover has the same number of vertices

+ Laplacian is constructed locally per face of the Tufted cover, and summed up to

define L € RIVIXIVI

intrinsic Delaunay
triangulation

4

tufted cover

/(/

- =

Laplacian

input mesh




Basic Idea: (implicit) tufted cover + intrinsic edge flips

Implicit construction requires
« triangle ordering » at nonmanifold

- Efficient data structure (just flag on ‘ or

edges
the intrinsic representation of M)

- Intrinsic Delaunay flip on the tufted to
ensure positive « cotan » weignts




nonmanifold naive heat  tufted intrinsic exact
input distance Delaunay distance

= Laplace-Beltrami on nonmanifold meshes that « makes sense » (exactly cotan-+intrinsic on
manifold, mimicking an extrinsic thickening around nonmanifold edges)



L aplace-Beltrami on point clouds



L aplace-Beltrami on point could

- (General idea: estimate the underlying manifold locally using k-nearest neighlbbours [Belkin et
al, Liu et all:

+project neighbours onto the estimated tangent plane,

+ construct a planar Delaunay triangulation to estimate the « mass matrix » from the
local triangulation

Heat kernel based laplacian (~ edge weight via a Gaussian function of distances) (cf
ater)




L aplace-Beltrami on point could

- (General idea: estimate the underlying manifold locally using k-nearest neighlbbours [Belkin et
al, Liu et all:

PR Ve |
. construct a planalPOINTWISE con e rutions .
ocal triangulation « fairly uniform > e

Heat kernel based laplacian (~ edge weight via a Gaussian function of distances) (cf
ater)




L aplace-Beltrami on point could

General idea: estimate the underlying manifold locally using k-nearest neighlbbours [Belkin et
al, Liu et all:

project neighbours onto the estimated tangent plane

- i ver . .
construct a planaiPointwise co oint distributions - matrix » from the

local triangulation « WD
Heat kernel based laplacian (~ edge weight via a Gaussian function of distances) (cf
ater) local

triangulations

conformal

noisy point cloud parameterization

Alternative: rough triangulation + tufted cover + edge flips



Examples

[Belkin et al 2008]

Tufted Laplacian

- ) Y R
FH R TR Y TR \“.3§ .,f'g‘-:c P N A 2

v o ™
' ro8 l‘r c < ol 2
- P, 4 R oy | 5 o~ e ¥
. ¢ : - £ .
A . 1
:
”
2
-
'
.
g
-
A

[Clarenz et al 2004]
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L aplace-Beltrami on digital surfaces
(definition, strong consistency...)

— HTML slide deck



