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Introduction



The Bestiary:

ambient vs. Intrinsinc Vector Fields, Direction fields, k-RoSy fields….

intrinsic per vertex intrinsic per faceambient per vertexambient per face

1-RoSy direction field 2-RoSy vector field 4-RoSy direction field 4-RoSy vector field

RoSy  = Rotational Symmetry



Integrability / Smooth (tangent) vector fields

😟 😍

Notion of parallel transport of vectors on a manifold
Energy model

⇒
⇒

⚠ Singularities!!



Let’s comb some bunnies…



Let’s comb some bunnies…

Thm: Bunnies cannot be combed properly!


Coro: Bunnies have at least 2 cowlicks. 




Let’s try simpler shapes…

😟😍



Singularities encode the topology

N-RoSy fields:

Singularities have rational indices
Sum of indices == Euler characteristics

+1 +1/2 +1/4



Singularities encode the topology

N-RoSy fields:

Singularities have rational indices
Sum of indices == Euler characteristics

+1 +1/2 +1/4

Proof Punk Bunnies Theorem: Bunnies are 

homeomorphic to spheres (😶) whose Euler 

characteristics are 2. At least two +1 singularities for 

1-fields, or a single +2 one.            QED:=)





χ = 0





χ = − 1440



Controlling a vector field ?

1. Add hard / soft constraints on the field

➡ per triangle constraints

➡ via brushing tools


2. Play with singularities (location+indices)



Objectives: authoring vector fields



Objectives: authoring vector fields



Objectives: authoring vector fields





QuadMeshes

4-RoSy field + meshing
(usually curvature guided, singularities matter)



Sweet kitty warm kitty little ball of fur…

1-RoSy field to control the hair in the tangent 
plane + extrusion to 3D



Scales, Feathers, geometries…

1-RoSy field to have a consistent local frame + 
patterns glued to the base maesh



Example: VF controlled micro-geometries

Base mesh + pattern


• Compute consistent frames using a 
smooth 1-field with smooth constraints


• Surface sampling 


• Oriented instances


• Rendering 



Mathematical background



Directional/vector fields

2-RoSy direction field

2-RoSy vector field

4-direction field

4-vector field



Tangent Bundle

• Smooth 2-manifold , M p ∈ M

• Tangent space : orthogonal subspace of the surface 
normal of  at 

TpM
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Tangent Bundle

• Smooth 2-manifold , M p ∈ M

• Tangent space : orthogonal subspace of the surface 
normal of  at 

TpM
M p

• Tangent bundle:  TM = ∪p TpM

• Projection of a vector : π : TM → M

• Tangent Vector field:  such that v : M → TM π ∘ v = Id



Connections, Parallel Transport…

• Directional derivative:  

• Affine Connection: 

• Parallel Transport of a vector  along a curve 

∇v f

v0 c : [0,1] → M

∇w( fv1 + v2) = (∇w f )v1 + f ∇wv1 + ∇wv2
∇fw1+w2

v = f ∇w1
v + ∇w2

v

∇ ·c(t)v(t) = 0

s.t. v(0) = v0



Riemannian Metric and Levi-Civita Connection
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Riemannian Metric and Levi-Civita Connection

• Rienmannian metric  = scalar product  on g ⟨ ⋅ , ⋅ ⟩p TpM

• From , we can measure the distance between pair of points on , define 
geodesics, compute angles between vectors, between curves, define intrinsic 
quantities (e.g. Gaussian curvature), define VF differential operators…

g M

• Levi-Civita Connection: ∇ug(v, w) = g(∇uv, w) + g(v, ∇uw)

• i.e. scalar product between pairs of vectors does not change when parallel-
transported

• linked to geodesic curvature of a curve on M



Holonomy

• Holomony angle: angle defect when parallel transporting a 
vector along a closed curve 

• Using Levi-Citiva connection: holomony  integral of the 
Gaussian curvature on the patch (mod ) 

≡
2π
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Gradient, divergence and curl

• Gradient of a function : VF «   »  such that 
 , 

f grad f
⟨grad f, v⟩ = ∇v f ∀v ∈ TM

• Divergence: 

(  an orthogonal basis of ){ei} TpM

• Curl:

div v(p) =
d

∑
i=1

⟨∇ei
v(p), ei⟩

curl v = − div J v
J : v ⟼ N × v

Sinks and sources

rotation around a point



Helmholtz-Hodge decomposition 



Helmholtz-Hodge decomposition 

𝒳 = Image(grad) ⊕ Image(J grad) ⊕ ℋ



Fields on patches 

⚠ boundary conditions



Fields on patches 

⚠ boundary conditions

Bounary points ≅ singularities or hard constraints



Fairness of a vector field

• How to evaluate / control the smoothness of a VF?

Alignment to constraints

Symmetry/antisymmetry constraints

Killing energy (self-isometries)

Dirichlet energy



Computing smooth intrinsic n-RoSy fields



Discretization issues

• Piecewise constant VF per face vs linearly interpolated VF


• Closely related to space of scalar functions 

Lagrange elements

Crouzeix-Raviart elements



Discretization issues

• Piecewise constant VF per face vs linearly interpolated VF


• Closely related to space of scalar functions 

Lagrange elements

Crouzeix-Raviart elements

Computational efficiency, Discrete Helmotz-

Hodge, implicit/explicit singularities…



How to compute discrete N-RoSy fields ?

TL;DR: unknowns are one angle per face, big linear operator (matrix) to encode the 
geometry and topology, minimizing energy     solve linear system or eigendecomposition 
problem.

⇔



Two algorithms:  
• one focusing on holonomy

• one based on a PDE approach



Linear Solve !



Basis for loops on a surface

Cycles: contractibles / noncontractibles



Holonomy, angular defects and trivial connection 

Contractibles : Gaussian curvature

Non contractibles : holonomie



Holonomy, angular defects and trivial connection 

Contractibles : Gaussian curvature

Non contractibles : holonomie

Trivial connection = angular defect for every cycle is zero



Singularities and indices

n-RoSy fields:

Index of a vertex:  

(Euler)

New angle defects:



Solve

A unique solution exists, using a projection onto the kernel:





Prelim: Heat diffusion

∂u
∂t

= Δuu(x, t) : Ω × ℝ+ → ℝ u(x,0) = u0(x)subject to

u0



Discrete Laplace Operator in 2D
u0 Δf(x, y) =

∂2f
∂x2
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Discrete Laplace Operator in 2D
u0 Δf(x, y) =

∂2f
∂x2

+
∂2f
∂y2In ℝ2,

+f(x, y + 1) + f(x, y − 1)

−4f(x, y)

In [0,n]2,  with 1st order finite diff. appRox.
Lf(x, y) = f(x + 1,y) + f(x − 1,y)

L(i, j) = 1 if i is adjacent to j
L(i, i) = degree(i)

L ∈ ℝ|V|×|V|



Discrete Heat Equation  

u0 = [
0 1 0
0 0 0
0 0 0] ⇒ [0 1 0 0 0 0 0 0 0]

L =

−2 1 0 1 0 0 0 0 0
1 −3 1 0 1 0 0 0 0
0 1 −2 0 0 1 0 0 0
1 0 1 −3 1 0 1 0 0
0 1 0 1 −4 1 0 1 0
0 0 1 0 1 −3 0 0 1
0 0 0 1 0 0 −2 1 0
0 0 0 0 1 0 1 −3 1
0 0 0 0 0 1 0 1 −2

Ω = 3 × 3 image  =
1 2 3
4 5 6
7 8 9

∂u
∂t

= Δu ⇒ (id − tΔ)ut = u0

Solve a (sparse) linear system (Id − tL)ut = u0

(backward Euler)

ut = (Id − tL)−1u0



Laplace-Beltrami operator on surfaces

weak form of the laplacian, Heat equation becomes 

(M + tL̃)ut = u0

triangle areas

L̃ ∈ ℝ|V|×|V|

L̃(i, j) =
1
2 (cot(αij) + cot(βij))  if i is adjacent to j

L̃(i, i) = − ∑
j

L(i, j)





Heat kernel ~ geodesic distances



Connection Laplacian and Vector Heat equation

Δ∇ is the connection Laplacian (second derivative of vector fields)

Vector heat kernel behaves like parallel transport along geodesics!

⇒ (M + tL∇)Y = Y0

d
dt

Xt = Δ∇XtVector heat equation:



Vector Heat Method [Sharp et al 2019]



Vector Heat Method [Sharp et al 2019]

Heat diffusion 
on scalars 😍 



Vector Heat Method [Sharp et al 2019]

Heat diffusion 
on scalars 😍 

wut?



Vector Heat Method in Euclidean 
domains

(Id − tL)u = u0 (Id − tL)ϕ = ϕ0

(Id − tL)Yx = Yx
0 (Id − tL)Yy = Yy

0

⇒ Ȳ =
u
ϕ

⋅
Y

∥Y∥

Solve 4 (sparse) Poisson problems

(Δ∇ ≡ Δ in ℝd)

u0 : input vector norms
ϕ0 : Diracs at vector positions

Y0 :  input vectors

(toroidal boundary conditions  😍)



Vector Heat Method in Euclidean 
domains

(Id − tL)u = u0 (Id − tL)ϕ = ϕ0

(Id − tL)Yx = Yx
0 (Id − tL)Yy = Yy

0

⇒ Ȳ =
u
ϕ

⋅
Y

∥Y∥

Solve 4 (sparse) Poisson problems

(Δ∇ ≡ Δ in ℝd)

u0 : input vector norms
ϕ0 : Diracs at vector positions

Y0 :  input vectors

(toroidal boundary conditions  😍)



Static

 (prefactorized solver)



Discrete Connection Laplacian

L∇ ∈ ℂ|V|×|V|

Intrinsic vector per vertex = a complex number 
θ
r

e0z = reiθ

L∇(i, j) = rij ⋅ L̃(i, j) if i is adjacent to j

L∇(i, i) = L̃(i, i)

rij = eϕji+π−ϕi j

(L∇ is sparse!)



Heat Vector Field

(M + tL̃)u = u0 (M + tL̃)ϕ = ϕ0

(M + tL∇)Y = Y0

⇒ Ȳ =
u
ϕ

⋅
Y

∥Y∥

2 linear solves on real numbers + 1 solve on complex numbers



Heat Vector Field

(M + tL̃)u = u0 (M + tL̃)ϕ = ϕ0

(M + tL∇)Y = Y0

⇒ Ȳ =
u
ϕ

⋅
Y

∥Y∥

2 linear solves on real numbers + 1 solve on complex numbers
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< Demo >





Further readings

• Similarly to Laplace-Beltrami for scalar functions, VF 
admits a spectral decomposition (and eigenvector 
basis)


• N-polyvector fields


•  VF interpretation of optimal transport ( )𝒲1
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