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Abstract. In this paper, we make an overview of the existing algo-
rithms concerning the discrete curvature estimation. We extend the
Worring and Smeulders [WS93] classification to new algorithms and we
present a new and purely discrete algorithm based on discrete osculating
circle estimation.
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Introduction

Boundary analysis is an important step in many computer vision paradigms
in which contours are used to extract conceptual information from objects. In
such a contour analysis, the curvature is a commonly used geometrical invariant
to extract characteristic points. In 3D medical imaging or in 3D snow sample
analysis, the curvature measurement on surfaces is also used as a registration
tool [MLD94/TG92] or as a physical or mechanical characteristics extraction tool
[Pie99)].

In classical mathematics, the curvature calculus is clearly defined and its
properties are well known but when we want to apply this calculus on discrete
data (2D or 3D discrete images), two different approaches are possible: we can
first change the model of the data and put them into the classical continuous
space by using interpolations or parameterizations of mathematical objects (B-
splines, quadratic surfaces) on which the continuous curvature can be easily
computed [ChaO0/HHTS9S]. Otherwise, we can try to express discrete curvature
definitions and properties, and make sure that these new definitions are coherent
with the continuous ones.

In the first approach, we have two main problems: the first one is that there
exists a great number of parameterization algorithms in which some parameters
have to be set according to the inputs. In order to provide a given accuracy, we
have to reduce the input area and thus to limit our method. The second problem
is that these algorithms have got a prohibitif computational time when we use
large input data such as in medical imaging.
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In a discrete approach, there are three classical ways to define this differ-
ential operator : we have the tangent orientation based algorithms, the second
discrete derivative estimation based methods and finally the osculating circle
based methods. In the continuous space, these definitions are equivalent but in
the digital space, they lead to specific classes of algorithm.

In this paper, we propose an optimal algorithm to compute the curvature of
a discrete curve in 2 or 3 dimension based on circle estimation. This algorithm
holds two important properties: it’s a purely low level algorithm that does not
need neither preprocessing tool nor data linked parameters, and it only lies on
the discrete model.

1 Framework and Related Methods

In this section, we present the different definitions of the continuous curvature
we can find in the literature. We explain what they become on the discrete space
and we extend the Worring and Smeulder ’s [WS93] classification to new discrete
algorithms.

1.1 Continuous Definitions

Given a continuous objet X with boundary 90X, we consider a curvilinear abscissa
parametrization x(s) of the boundary. We have three classical ways to define the
curvature of a curve or a path x. The first one is based on the norm of the second
derivative of the curve.

Definition 1 (Second derivative based curvature)
k(s) = signl|a"(s)]|

where sign is either -1 or 1 according to the local convexity of the curve.

We can also define the curvature using the directional changes of the tangent.
The curvature is obtained by computing the angle variations between the tangent
t of the curve and a given axis.

Definition 2 (Tangent Orientation based curvature)
k(s) =0'(s) where 0(s)= Z(t(s),axis)

Finally, we have a geometrical approach of the curvature definition given by
the osculating circle of radius r(s).

Definition 3 (Osculating circle based curvature)

K(s) = sz‘gn<%>

In a continuous space, all these definitions are obviously equivalent whereas
in discrete space, they lead to specific algorithms.
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1.2 Discrete Curvature Computation

Now, we consider X as a digitization of the object X on a discrete grid of
resolution h using a digitization process Dy, (i.e. X = Dp(X)). The goal of this
paper is not to study the best digitization process. Based on the discrete object
X, we can define the boundary dX of X as the set of eight-connected points
such that each of them have a four-connected neighbor in the complement of X
[KRI6).

We can now formulate the discrete curvature computation: given a discrete
boundary dX how can we compute the curvature at each point?

First of all, we detail existing algorithms that can be classified according
to the previous definitions. Just remark that due to the difficulty to provide
an accurate first derivative calculus of a discrete curve, the second derivative
based methods are not really tractable. Indeed, Worring and al. have presented
a definition of the curvature using second derivative at a point p; using derivative
Gaussian kernels [WS93].

Tangent-Orientation based methods. A first definition of the tangent ori-
entation based discrete curvature is computed using a local angle [BD75JCM9T]:
given a neighborhood m, the discrete curvature at a point p; of dX is:

ko (pi) = Z(Pi—mPi;s PiPitm)
7 picmpil + pipiim

In [RJ73], Rosenfeld and al. proposed a new curvature calculus that adapts
the window size m to local characteristics of the discrete curve.

In such a way, Worring and Smeulders [WS93| proposed curvature definitions
based on the variation of the angle between the best straight line fitting to the
data and an axis in a given neighborhood of p;:

0(psi) * G,

Fn(pi) = =107

where 0(p;) = Z(Linefitting(p;,m), z — axis)

Worring and al. computed the line fitting using an optimization in a window
of size m. G/ corresponds to the derivative of a Gaussian kernel with parameter
o to estimate the variation of angle.

In [Via96], Vialard proposed a purely discrete definition of the line fitting pro-
cess. Let us remember the definition of a discrete straight line given by Réveilles
[Rev9l]. A set of discrete points belong to the arithmetical discrete straight line
D(a,b, p,w) (with a,b, ¢, u,w € Z) if and only if each point p(z,y) of the set
satisfies:

p<ar—by<putw

a/b denotes the slope of the line, y the lower bound on the grid and w the thick-
ness (in this paper, we only consider naive straight lines with w = sup(|al, |b])).
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Based on this definition, Vialard defines the discrete tangent at a point p of
a curve as the longest discrete straight line centered in p that belongs to the
curve. This calculus is driven by the Debeld’s straight line recognition algorithm
[DRY5]. Vialard defines the curvature at a point p of a discrete curve with the
equation:
!/
kn(p;) = 9(?11)17;5” where 0(p;) = Z(T (pi), x — azis)

where T (p;) denotes the discrete tangent centered at p;.

In [ET99], Feschet and Tougne proposed an optimal algorithm to compute
the tangent at each point of a discrete curve.

Osculating Circle based Methods. In this approach, the estimation of the
best fitting circle often leads to statistical or optimization processes. Worring
[WS93] proposed to optimize a distance between the smoothed data in a given
window and Euclidean circles. In [Kov90|, Kovalevsky proposed a geometrical
approach to compute the set of possible arcs (maybe empty) separating two dis-
crete sets of points using a Voronoi-like algorithm. We can use this algorithm
to solve our arc fitting problem with computing the separating circle between
the complement of the discrete boundary which has two connected components.
Obviously we can reduce the size of the two sets considering the points con-
nected to the boundary (see figure [I)). The problem of this algorithm is that the
computational cost of the calculus of the Voronoi cell in O(n?) (n denotes the
size of the curve) makes this approach not be tractable as compared with the
Vialard’s algorithm computational cost in O(n).

(a) (b) (©)

Fig. 1. Preprocessing to the Kovalevsky’s algorithm : (a) the discrete object X with
its discrete boundary dX, (b) the two connected components of the complement of the
boundary, (c) the resulting two sets which are the input of the Kovalevsky’s algorithm.

Discussion. In the tangent orientation based approach, Vialard’s algorithm
shows how the discrete model and discrete operators solve the statistical prob-
lem of the line fitting process and so the curvature calculus in an optimal time.
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However, such an algorithm needs a derivative filter and this leads to two prob-
lems: we have to estimate a smoothing parameter o according to the data, and
we use a non discrete operator. If we want to define in a purely discrete way the
curvature on a discrete curve, the only possible approach is the geometrical one
if we are able to recognize or estimate osculating discrete circles.

2 A Purely Discrete Optimal Time Algorithm

2.1 Discrete Circle Analysis

First, we have to define and to characterize discrete circles. Andres [And94]
proposed a discrete arithmetical circle definition based on a double diophantian
inequation: p(z,y) belongs to the discrete arithmetical circle C(z,, yo, ) (with
To, Yo, T € 7) if and only if it statisfies:
Lo 2 2 Lo
(r= 50 < (=2 + (g = 9o)? < (r+3) (1)

In the discrete straight line recognition algorithms, two main approaches
can be extracted: the first one is a geometrical and a arithmetical approach
[DRY5IKovI0] roughly based on computing the narrowest strip that encloses
the points. The second one is an algebraic approach [FST96] that solves the
inequation system in Z" given by the double diophantian inequation at each
point. Due to the non-linearity of the equation [l none of these two approaches
can be easily extended to the discrete circle recognition problem in a similar
computational time as the Vialard’s algorithm. Therefore the idea is to develop
an approximation algorithm.

In [DMT99] Tougne and al. present a new approach to define discrete circles:
whatever the digitization process is, a discrete circle is the result of the inter-
sections between the continuous circle 22 + 32 = 72 and the discrete grid. In the
first octant, if we analyze the intersections between a continuous circle and the
vertical discrete lines ¢ = r — k (0 < k < r), we obtain a bundle of parabolas
Hi: vy = v2kx + k2. Hence, each kind of discrete circle (arithmetical circles, Pit-
teway’s circles or Breshenam’s circles) is the result of a specific digitization of
these parabolas (see figure 2 for an example of the discrete bundle of parabolas
associated to the Pitteway’s circles).

Using this bundle of parabolas, a discrete circle can be built in the first octant
only with vertical patches. For example, if we consider the case of Pitteway’s
circles, the height of the first vertical patch is given by the formulall:

h = [V2x +1]

Just note that any kind of discrete circle can be entirely characterized with its
bundle of discrete parabolas.

In the following, since Tougne shown the equivalence of discrete circles given
by their parabolas, we choose to estimate arithmetical osculating circle and base

! [2] denotes the rounding to the closest integer.
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Fig. 2. The Pitteway’s circle of radius 20 and its discrete parabolas given by the equa-

tion: y = [v2kx + k2.

our calculus on the discrete bundle of parabolas that generates the arithmetical
circles. This bundle of parabolas can be computed considering the intersection
between the Euclidean circles 22 + y? = (r — 1/2)? and the grid, this leads to
the bundle:

Yy = [\/r(l +2k) — k2+1/4| with k a positive integer

2.2 The Algorithm

We only use arithmetical circles due to their analogy to Euclidean rings: a dis-
crete point belongs to an arithmetical circle if and only if it belongs to the
Euclidean ring of radii  + 1/2 and r — 1/2. Furthermore, the discrete tangent
can be viewed as a digitization of the longest tangent of the circle of radius r
that lies in the ring (see figure B).

In the continuous space, it’s clear that the length of the inner tangent
uniquely characterize the radius of the ring. In the discrete space, since we are

R+1/12 R-172 R

Fig. 3. Continuous ring and the inner tangent.

not able to recognize discrete circles, we have to make a link between discrete
circles and well known discrete objects such as discrete straight lines. At this
point of the discussion, we make the assumption that the length of the dis-
crete tangent given by the Vialard’s algorithm is constant at each point of an
arithmetical circle. In concrete case, we have a small variation of the tangent
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length on a discrete circle but we will see that this variation does not interfere
the results in the curvature calculus. Based on this assumption, we can propose
a discrete osculating circle estimation: given a discrete curve, let [ be the half
length of the discrete tangent at a given point of the curve. Since the length of
the discrete tangent on an arithmetical circle is constant, we can link the half
discrete tangent to the first vertical patch given by the discrete parabolas asso-
ciated to the arithmetical circles. Hence, by inverting the discrete equation of
the first discrete parabola linked to arithmetical circle, we can compute the set
S of radii of discrete circles which have a first vertical patch of half length I:

St ={Tinsr-- s Tsup}
ring = [(1=1/2)* = 1/4]
Toup = |(1+1/2)% —1/4]
Now, given this set of possible discrete circles, we can compute the possible

curvatures by inverting the radii. In practise, we return as an estimation of
curvature the invert of the mean radius of this set:

2
S =
mn sup

Since the discrete tangent can be computed in an optimal time, we present,

in algorithm [l an optimal in time algorithm for the curvature computation of
a discrete curve.

Algorithm 1 Curvature Estimation
COMPUTE-CURVATURE (CURVE c¢)

1: for all pixel p in ¢ do

2:  Compute the tangent 7 in p

3:  Estimate the radii rsup and 7ins using [ = length(7)/2
4:  return (
5: end for

)
Tinf+Tsup

2.3 Discussion

In this section, we will discuss about the link between the grid of resolution h
and our curvature calculus. Let us denote by k the curvature at the point z(s)
of 0X. We consider a digitization of 0X on a grid of step h denoted by dX}.

Our algorithm estimates the curvature kj, at the discrete point associated to
s. A classical way in discrete geometry to justify a new discrete definition of an
Euclidean tool is to prove the asymptotic convergence of the measure. Thus, if
ky, is the estimation on a grid of size h and k the expected Euclidean curvature,
we must proof the following equality :

kn

l'l:mh_H) W =k
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(a) (b)

Fig. 4. Accuracy of the estimator: (a) Error in the curvature estimation (|1/rr — kr|)
when the digitization grid is re ned (b) comparison between the Vialard’s algorithm
with 0 = 1 and our estimator on a discrete circle of radius 40.

This equality means that the error of the estimation converges to 0 when we
refine the discrete grid.

Since there is no formal proof of the convergence of the discrete tangent, we
can only show an experimentally asymptotic convergence considering Euclidean
disks and their discretization. Let R denotes the radius of an Euclidean disk
X. The radius of the discrete approximating circle of 0X is given by r, =
[R/h]. Decreasing h to 0, the estimated curvature &, should converge to 1/ry,.
Instead of making h decreasing, we can compute the mean curvature of increasing
discrete circles and check if the estimation error |k, — 1/rp| converges to 0. This
experimental result can be found on figure [4-a.

2.4 Results

First of all, we have to check the accuracy of our estimation for a given step grid
h. Hence, we compare our algorithm to the Vialard’s one on a discrete circle (see
figure @lb). The results are quite similar but note that in our case, there is no
smoothing process and our computation is purely discrete. We have also tested
the accuracy in sense of localization of high curvature points (see figure [3)).

Since Figueiredo and Réveilles [FR95] have proposed an arithmetical defini-
tion of 3D discrete lines based on the two dimensional ones: a 3D set of point
is a 3D discrete straight line if and only if two of its three canonical projections
on the grid planes are 2D discrete straight lines. Based on this definition Debled
[DRY5] has proposed an optimal time recognition algorithm of 3D lines. In the
same way we can define a 3D discrete tangent using the recognition algorithm
and thus we can use our algorithm to compute in an optimal time the curvature
of a 3D discrete curve (see figure [6).
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0 50 100
Curviling

Fig. 6. An example of a 3D discrete curve (drak gray) composed of a circular arc and
a straight lines, and its unsigned curvature graph.

Conclusion

In this article, we have extended the Worring and Smeulders’s [WS93] classifica-
tion to new discrete algorithms and have presented a purely discrete and optimal
curvature algorithm based on circle estimation that solves the arc fitting prob-
lem. We have shown the good results of this algorithm compared to the Vialard’s
algorithm which needs a smoothing parameter. Furthermore, we do not provide
any filtering process to make our results stable. As future work, we will try to
extend our method to 3D discrete surface curvature and thus give an useful tool
for snow sample analysis [Pie99] or medical imaging [MLD94].
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