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Colouring reconfiguration

Colouring reconfiguration.
Transformation: change one vertex at a time.
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k : number of available colours.

If k large enough, any k-colouring can be reached.
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Reconfiguration problems

Reachability: can we transform a colouring α into another β?

−→ Is there a path from α to β in G(k ,G )?

Connectivity: can we transform any α into any β?
−→ Is G(k ,G ) connected?

How many steps are required (in the worst case)?
−→ What is the diameter of G(k ,G )?

Reconfiguration graph G(k,G ):
Vertices: all the k-colourings of G .

Edges: Colourings which differ at only one vertex.
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Motivation

Generating random colourings.

1. Select a random vertex.
2. Recolour it with a random colour.
3. Repeat.

Produces a random uniform colouring if G(k,G ) is connected.

Diameter is a lower bound on the mixing time.

Approximation algorithms for counting problems.

Motivation from statistical physics: Potts model
(Generalization of the Ising model).
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A simple example

Lemma
If k ≥ ∆ + 2, then G(k,G ) is connected.

−→ Diameter at most (∆ + 1)n.

Take α and β two colourings.

U
α|U=β|U

v

α(v)

β(v)

first recolour w with any other colour,

then recolour v with β(v).
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Degeneracy

Definition
A graph is d-degenerate if there is an ordering such that each vertex has at
most d previous neighbours.

v

≤ d out-neighbours

Examples
Trees are 1-degenerate,

Planar graphs are 5-degenerate,

d ≤ ∆.
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Lemma
If G is d-degenerate and k ≥ d + 2, then G(k ,G ) is connected.

−→ Diameter at most 2n.

By induction on the size of the graph n.
Two colourings α and β.

G ′ v

Cereceda’s Conjecture
The diameter of G(k ,G ) is O(n2) if k ≥ d + 2.

Even a polynomial upper bound is open.
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Known Results

Cereceda’s Conjecture
The diameter of G(k ,G ) is O(n2) if k ≥ d + 2.

number of colours Diameter Reference

k ≥ ∆ + 2 O(∆n) [Cer07]

k ≥ 2d + 1 O(n2) [Cer07]

k ≥ 2d + 2 O(kn) [BP16]
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Known Results

Cereceda’s Conjecture
The diameter of G(k ,G ) is O(n2) if k ≥ d + 2.

number of colours Diameter Reference

k ≥ ∆ + 2 O(∆n) [Cer07]

k ≥ 2d + 1 O(n2) [Cer07]

k ≥ 2d + 2 O(kn) [BP16]

Planar graphs:
diameter O(n2) if k ≥ 10 [Feg19],
diameter poly(n) if k ≥ 8 [BP15, Feg19],
diameter 2

√
n if k ≥ 7 [EF18].
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Our results

number of colours Diameter

k ≥ d + 2 O(nd+1)

k ≥ (1 + ε)(d + 1) O(n
1
ε )

k ≥ 3
2(d + 1) O(n2)

Planar graphs:
diameter O(n2) if k ≥ 9

diameter O(n6) if k ≥ 7
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Idea
Proceed recursively on d .

G a d-degenerate graph.
Two colourings α and β.

We can make O(n) recursive calls to recolour a d − 1 degenerate
graph.
Remove all the vertices coloured c .
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Full colours

Definition
A colour c is full if for all v , either:

v is coloured c .
v has an out-neighbour
coloured c .

1 1

Remark
Removing a full colour decreases d by 1.

We can always find a colouring with a full colour (e.g., be Greedy).

Questions
What to do with a full colour?
How to create a full colour?
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What to do with a full colour?

α cα cα cα

β cβ cβ cβ
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What to do with a full colour?

α cα cα cα

Recurse
cα cα cα

Recurse

cβ cβ cβ

β cβ cβ cβ

Remove colour 1
1 6∈ {cα, cβ}
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1 1 1 1
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How to create a full colour?

Idea
Proceed iteratively (using the degeneracy ordering).

Build a full colour on a smaller subgraph,

fix the colours the rest of the graph,

‘grow’ the full colour little by little.

1 1 1

colours fixed

Problem: account for the constraints.
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List-recolouring

List colouring:
Each vertex is assigned a list of colours L(v).
List-colouring α: for all v , α(v) ∈ L(v).

Definition
A list assignment is feasible if |L(v)| ≥ d+(v) + 2.

Definition
A colour c is full if for every v , either:

v is coloured c ;
v has an out-neighbour coloured c ;
c 6∈ L(v).

A list assignment L is still feasible after removing a full colour.

May 14, 2019 14/17Marc Heinrich A polynomial version of Cereceda’s conjecture



List-recolouring

List colouring:
Each vertex is assigned a list of colours L(v).
List-colouring α: for all v , α(v) ∈ L(v).

Definition
A list assignment is feasible if |L(v)| ≥ d+(v) + 2.

Definition
A colour c is full if for every v , either:

v is coloured c ;
v has an out-neighbour coloured c ;
c 6∈ L(v).

A list assignment L is still feasible after removing a full colour.

May 14, 2019 14/17Marc Heinrich A polynomial version of Cereceda’s conjecture



List-recolouring

List colouring:
Each vertex is assigned a list of colours L(v).
List-colouring α: for all v , α(v) ∈ L(v).

Definition
A list assignment is feasible if |L(v)| ≥ d+(v) + 2.

Definition
A colour c is full if for every v , either:

v is coloured c ;
v has an out-neighbour coloured c ;
c 6∈ L(v).

A list assignment L is still feasible after removing a full colour.

May 14, 2019 14/17Marc Heinrich A polynomial version of Cereceda’s conjecture



List-recolouring

List colouring:
Each vertex is assigned a list of colours L(v).
List-colouring α: for all v , α(v) ∈ L(v).

Definition
A list assignment is feasible if |L(v)| ≥ d+(v) + 2.

Definition
A colour c is full if for every v , either:

v is coloured c ;
v has an out-neighbour coloured c ;
c 6∈ L(v).

A list assignment L is still feasible after removing a full colour.
May 14, 2019 14/17Marc Heinrich A polynomial version of Cereceda’s conjecture



How to create a full colour? (Take 2)

Idea
Proceed iteratively (using the degeneracy ordering).

Remove colour 2 from H.
Greedily recolour vertices with 2.
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Idea
Proceed iteratively (using the degeneracy ordering).

1

Remove colour 2 from H.
Greedily recolour vertices with 2.
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Idea
Proceed iteratively (using the degeneracy ordering).

1

Full colour: 1.

Remove colour 2 from H.
Greedily recolour vertices with 2.
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How to create a full colour? (Take 2)

Idea
Proceed iteratively (using the degeneracy ordering).

2 1 1

Full colour: 1.

Remove colour 2 from H.
Greedily recolour vertices with 2.
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fixed colours

Full colour: 1.
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How to create a full colour? (Take 2)

Idea
Proceed iteratively (using the degeneracy ordering).

H2 1 1

fixed colours

Full colour: 1.

Remove colour 2 from H.

Greedily recolour vertices with 2.
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How to create a full colour? (Take 2)

Idea
Proceed iteratively (using the degeneracy ordering).

fixed colours

2 2 2 2

Full colour: 2.

Remove colour 2 from H.
Greedily recolour vertices with 2.
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Analysis and Generalisation

Number of recursive calls: O(n).

F (n, d) ≈ n · F (n, d − 1)

=⇒ O(nd+1) steps in total.

With more colours:

Number of colours d + 1 + r .

Build r full colours at the same time.

Decrease the degeneracy by r .

F (n, d) ≈ n · F (n, d − r).
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Conclusion

Planar with 7 colours.

Planar triangle-free with 5 colours.

Improve the 3
2(d + 1) bound for the quadratic diameter.

How many colours to get a linear diameter?

Lower bounds when k ≥ d + 3.

Random sampling.

Thank You!
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