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1994], [Albers, Schaink, 2017]
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Q(log n) for trees holds even if the algorithm can [Ira94, AS17]:

o make random choices,

n

log 1 vertices,

o lookahead up to the next

o use a reordering buffer of size n1—=.
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Allow the algorithm to modify previously colored vertices by applying a
sequence of basic recoloring operations.

Algorithm:
For each new vertex:

o Perform a recoloring of the graph.

o Choose a color for the new vertex.
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Bichromatic exchange (Kempe chain): Choose a vertex u colored a,
and a target color b. Recolor u with b, all neighbors colored b are recolored
a, and so on.

It is denoted (u, b).

there is a (c(u), b)-bicolored

(u, b) changes the color of v < path from 1 to v.
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A bichromatic exchange (u, b) is local to a vertex v if u is a neighbor of v.

In the following, we only consider algorithms which:

o Only apply bichromatic exchanges local to the new vertex.

o Perform at most poly(A) bichromatic exchanges for each new vertex.




5-coloring planar graphs. [Hea90]

Vizing's Theorem. [Viz64]

Recoloring: transforming one coloring into an other. [Mey78]

o Distributed recoloring problem. [BORSU18]

©

Coloring special classes of graphs. [MP99]

[Vizing, 1964], [Heawood, 1990], [Meyniel, 1978], [Bonamy, Ouvrard, Rabie,
Suomela, Uitto, 2018], [Maffray, Preissmann, 1999]




Class of graphs  Number of colors

Bipartite 2

Chordal w
Outer-planar 3

Planar O(log A)

Genus g 4g + O(log A)




There is an online algorithm with bichromatic exchanges coloring chordal
graphs with w colors.
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A graph is chordal < there is an elimination ordering v1, . .. vy, of the
vertices:
For all i < n, N(v;) N {wva,...vi_1} is a clique.
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o v: the new vertex added to the graph,
o Goal: recolor N(v) using w — 1 colors
® vi,..., vk elimination ordering of N(v).
Algorithm :
for i from 1 to k,
if v; is colored w

choose color x & {c(v;),j < i,vj € N(v;)},
apply the bichromatic exchange (v;, x).

At step I, none of the vertices vy to v;_1 is recolored.
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There is an online algorithm with bichromatic exchanges that uses
O(log A) colors on planar graphs.
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o size(7) : number of vertices of N(v) colored i.

o Idea : remove one color from N(v) by decreasing the size of 'small’
colors.

o bichromatic exchange increasing inequalities:

! J size

while there exists (u, x) increasing inequalities,
apply (u, x).
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The procedure GreedyRecolor runs for at most A? rounds.

When the procedure GreedyRecolor ends, N(v) is colored with at most
O(log A) colors.




Circular drawing: Drawing of a graph with
o vertices on a circle,

o and edges as segments.




Circular drawing: Drawing of a graph with
o vertices on a circle,

o and edges as segments.

Intersection compatible coloring: if two edges intersect, the endpoints
share a common color.
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o Original problem: graph G, with a coloring ¢ and v the new vertex.

o Build a graph G’ with a circular drawing.

o taking all the vertices in N(v),
o edge between v and w if there is a bichromatic path from u to w.

The coloring of G — v is intersection compatible for G'.
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Grundy coloring: for each colors i and j with j < i, if v is colored i, it has
a neighbor colored j.

Assume colors ordered by decreasing sizes.

There is no bichromatic ex-
change increasing inequalities

If G is a graph with circular drawing and a Grundy intersection compatible
k-coloring, then k < O(log n).

= The coloring of G’ is Grundy.
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o T(k) smallest size of a graph with a Grundy intersection compatible k
coloring.

o Goal: show that T (k) > o for some constant «

T(k) > 2T(k — 4)



o Can we do better than O(log A) for planar graphs?

o Look at standard recoloring problems with constraints on the
bichromatic exchanges.

o Characterize graphs having a circular drawing with an intersection
compatible coloring.
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Ytank Yau!



