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Introduction on CGT
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Combinatorial Games

A combinatorial game is

@ a game for two players
@ played alternately
@ with perfect information

@ and no randomness
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Combinatorial Games

A combinatorial game is

@ a game for two players
@ played alternately
@ with perfect information

@ and no randomness

Chess, Go, Othello, ... \
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Combinatorial Games

Definition

@ A game is impartial if the two players have the same available moves
at any moment.

@ A game is short if it ends in a finite number of rounds.

@ We use the normal convention : First player unable to play loses.
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Combinatorial Games

Definition

@ A game is impartial if the two players have the same available moves
at any moment.

@ A game is short if it ends in a finite number of rounds.

@ We use the normal convention : First player unable to play loses.

Vector games : There is a token in position p € NX. Players can play by
moving the token according to a vector v taken in a fixed set S.
The coordinates must stay non-negative.
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Example: Game of NIM over N?

5

//A/_>>~© S={(-i,0), i >0}
4 0{(0, ), j > 0}
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Example: Game of NIM over N?
=] S:{(—I,O), ’>0}
4 O [ {0, ), J > 0}}

First player

pumn)

0 1 2 3 4 5
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Example: Game of NIM over N?

S={(~i,0), i >0}
@ Uu{(0, —j), j > 0}

[Second player]

0 1 2 3 4 5
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Example: Game of NIM over N?

S={(—i,0), i >0}
4 U{(0, ), j > 0}

First player

pumn)

0 1 2 3 4 5
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Example: Game of NIM over N?

S={(~i,0), i >0}
4 U{(0, ), j > 0}

0 @._ [Second player wins!]
[
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Formal definition

Given a set of positions A, a ruleset gives the possible moves:

R:A—24

v

A game is a pair (R, G) with R a ruleset and G € A a starting position.
It is denoted (G)r.
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Formal definition

Definition

Given a set of positions A, a ruleset gives the possible moves:

R:A—24

Definition

A game is a pair (R, G) with R a ruleset and G € A a starting position.
It is denoted (G)r.

The ruleset for the game of NIM is:

R(i,J) = {(k,j), k <i}y U{(i,k), k <]}
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Graph of a game

An impartial short game can be represented as an acyclic directed graph
(with starting position). J
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Definition

For a given game G, there are two possible outcomes:
@ o(G) = N to indicate that first player (Next) has a winning strategy

@ 0o(G) = P to indicate that second player (Previous) has a winning
strategy

Marc Heinrich Changing the rules in combinatorial games June 17, 2016 9 /30



Definition

For a given game G, there are two possible outcomes:
@ o(G) = N to indicate that first player (Next) has a winning strategy

@ 0o(G) = P to indicate that second player (Previous) has a winning

strategy
5 |
Proposition 4 @
e o(G) = P iff all its options are 3
N 2
e o(G) = N iff one of its options )
is P
0
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Problematic

The outcome of a game can be computed from the graph of the game.

/ﬁ

~
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Problematic

The outcome of a game can be computed from the graph of the game.
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Problematic
The outcome of a game can be computed from the graph of the game.

Main questions

@ Is it possible to compute efficiently the outcome of a game?

@ Is it possible to compute efficiently an optimal strategy?
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Sprague Grundy Theor

Sometimes a game G can be decomposed into two independent games Gy
and Go.

s
a O
5 3
2
a O :
0
3 o 1 2 3 4 5

ok N w & w
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Sprague Grundy Theory

Definition

Given two games Gj and Gp, we note G; + G their disjoint sum.

Compute the outcome of Gy + G, from the outcomes of G; and Go. I
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Sprague Grundy Theory

Definition

Given two games Gj and Gp, we note G; + G their disjoint sum.

Compute the outcome of Gy + G, from the outcomes of G; and Go.

Theorem

We can associate to a game a value G(G) € N the Grundy value of the
game with the following properties:

e For any games Gy, Gy, we have: G(G1 + G2) = G(G1) @ G(Ga) where
@ is the bitwise XOR.

0 0o(G)=P&=G(G)=0

v
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Example 1

Grundy Function :

Glij)=i®Jj
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Example 2

Game of WYTHOFF

Q I

‘P-positions :

(Ln], [®2n))

n>0
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Changing the rules
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Main Idea

Start playing with a ruleset R;. During the game, a player can change to
a different ruleset Ry by pushing a fictive button.

Definition

If R1 and R, are two ruleset over A, then we define R = R the ruleset
defined over {0,1} x A by:

(0,G) — {(0,G), G' € R1(G)}U(1,G)
(1,6) —  {(1.G'), G’ € Ra(G)}

Ri=Ro:
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Effect on the game graph

Nz

L &
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Push-button behavior happens for some real games.

Links with existing constructions (sequential compound, pass moves

).

@ Operation on rulesets (not on games).

Related to ideas like perturbing the outcome of some positions.
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Examples
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P-positions :
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Given two rulsets R1, R, with the same set of positions.
e if P(R1) NP(R2) =0, then

P(Rl = Rz) = 73(7_\’,1)

o if the terminal positions for Ry are P-positions for Ry and
P~ (R1) NP(R2) =0, then

P(Rl = Rg) = P_(Rl)
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@ P-positions for Misere Nim : (0,1) U (1,0) U {(k, k), k > 2}
e P-positions for Wythoff : {(|#n], |$>n]),n > 0}
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@ P-positions for Misere Nim : (0,1) U (1,0) U {(k, k), k > 2}
e P-positions for Wythoff : {(|#n], |$>n]),n > 0}
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PusH-BUTTON CRAM
On a grid, play vertical dominoes then change to horizontal ones

@ even x n : N-position

@ 3 x even : P-position
o Conjecture : 3 x odd : N -position
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Push-button Quotients
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Motivation
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Motivation
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Motivation
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Quotients for Push-button games

Definition

Suppose that A is a monoid (with operation +), R and R fixed rulesets
over A. Define for G, G’ € A:

G=G aVXeA o((G+ X)r=r,) = o((G' + X)r,=R,)
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Quotients for Push-button games

Definition

Suppose that A is a monoid (with operation +), R1 and R fixed rulesets
over A. Define for G, G’ € A:

G=G aVXeA o((G+ X)r=r,) = o((G' + X)r,=R,)

RENEILS

@ This is an equivalence relation.
o We write W(G) the equivalence class of G.
° V(G) = V(G') = o((G)ri=r,) = o((G)R1=R,)

@ = depends on the rulesets Rg and R;.
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Structure of push-button quotients

Definition
A ruleset R is additive if for all G, G’ € A

(G + GI)R = (G)R + (G/)R
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Structure of push-button quotients

Definition
A ruleset R is additive if for all G, G’ € A

(G + G’)R = (G)R + (G/)R

Proposition

Let Ry and R additive, there is P C N such that it is possible to assign
numbers to equivalence classes with:

0 o((G)ry=r,) =P < V(G) € P.

) W(Gl aF G2) = W(Gl) D W(Gg)
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One dimensional vector games:
@ 0.3: Players move the token one cell to the left.

@ 0.33: Players move the token one or two cells to the left.

Proposition

The quotient for 0.33 = 0.3 is given by:
o P={1}
e V(i)= (i mod 4)
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One dimensional vector games:
@ 0.3: Players move the token one cell to the left.

@ 0.33: Players move the token one or two cells to the left.

Proposition

The quotient for 0.33 = 0.3 is given by:
o P={1}
e V(i)= (i mod 4)

Proposition

The quotient for 0.3 = 0.33 has infinitely many classes.
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Conclusion and perspectives

Changing the rules can modify the loosing positions.

Attempt to simplify some games (e.g., CRAM).
@ Look at other variations of the push-button.

@ Find a way to compute the push-button quotient more efficiently.
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Thank You!
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