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Reconfiguration problems

Reconfiguration problem: Finding transformations between solutions of a
given problem.
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Reconfiguration problems

Definition
Reconfiguration problem: Finding transformations between solutions of a
given problem.

o Examples:
o Combinatorial puzzles: Rubik's cube, 15 puzzle, Rush-Hour

o Reconfiguration of combinatorial problems (ex: perfect matchings).
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Perfect matching reconfiguration

@ Transition rule:
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Perfect matching reconfiguration

@ Transition rule:
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Perfect matching reconfiguration

@ Transition rule:

1 1
e Example:
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Perfect matching reconfiguration

@ Transition rule:

1 1
e Example:

CardAl
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Reconfiguration graph

Reconfiguration graph Gpp(G):

@ Vertices: all the possible perfect matchings of G.
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Reconfiguration graph

Reconfiguration graph Gpp(G):

@ Vertices: all the possible perfect matchings of G.

o Edge between two matchings if their symmetric difference is a 4-cycle.
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
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@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
— Is Gpm(G) connected?
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
— Is Gpm(G) connected?

@ How many steps are required (in the worst case)?
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
— Is Gpm(G) connected?

@ How many steps are required (in the worst case)?
— What is the diameter of Gpp(G)?
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Reconfiguration problems

@ REACHABILITY: can we transform a matching M; into another M7
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
— Is Gpm(G) connected?

@ How many steps are required (in the worst case)?
— What is the diameter of Gpp(G)?

Problem

Computing the whole reconfiguration graph is too expensive.
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Reconfiguration problems

e REACHABILITY: can we transform a matching My into another M,?
— Is there a path from M; to My in Gpy(G)?

e CONNECTIVITY: can we transform any M into any M,?
— Is Gpm(G) connected?

@ How many steps are required (in the worst case)?
— What is the diameter of Gpp(G)?

Problem

Computing the whole reconfiguration graph is too expensive.
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@ Adapt a solution already in place
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@ Adapt a solution already in place

@ Understand the performance of local search algorithms.
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@ Adapt a solution already in place
@ Understand the performance of local search algorithms.

@ Enumeration problems
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@ Adapt a solution already in place

@ Understand the performance of local search algorithms.

@ Enumeration problems

e Generating random solutions
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[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]
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e Sufficient conditions for Gpp(G) to be connected:

[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]

Marc Heinrich The Perfect Matching Reconfiguration Problem 30th August 7/17



e Sufficient conditions for Gpp(G) to be connected:
o G is chordal bipartite [DJM17],

[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]
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e Sufficient conditions for Gpp(G) to be connected:

o G is chordal bipartite [DJM17],
o extended to other non-bipartite graphs [DM17].

[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]
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e Sufficient conditions for Gpp(G) to be connected:

o G is chordal bipartite [DJM17],
o extended to other non-bipartite graphs [DM17].

@ Other transition rules (non perfect matchings):

o polynomial under Token Jumping (TJ) and Token Sliding (TS)
[IDH-10].

[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]
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e Sufficient conditions for Gpp(G) to be connected:

o G is chordal bipartite [DJM17],
o extended to other non-bipartite graphs [DM17].

@ Other transition rules (non perfect matchings):

o polynomial under Token Jumping (TJ) and Token Sliding (TS)
[IDH-10].

@ Other similar problems:
o Random sampling [DM17],
e Reconfiguration of triangulations [HNU99],
o Reconfiguration of graphs with a fixed degree sequence [Hak63].

[Dyer, Jerrum, Muller, 2017], [Dyer, Muller, 2017], [Ito, Demaine, Harvey, Papadimitriou,
Sideri, Uehara, Uno], [Hurtado, Noy, Urrutia, 1999], [Hakimi, 1963]

Marc Heinrich The Perfect Matching Reconfiguration Problem 30th August 7/17



Marc Heinri The Perfect Ma



Perfect matching reachabilty is PSPACE-complete on:
@ bipartite graphs of bounded bandwidth,
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Perfect matching reachabilty is polynomial on:

@ outer-planar graphs,
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Perfect matching reachabilty is PSPACE-complete on:
@ bipartite graphs of bounded bandwidth,

o split graphs.

Perfect matching reachabilty is polynomial on:

@ outer-planar graphs,

@ cographs,
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Perfect matching reachabilty is PSPACE-complete on:
@ bipartite graphs of bounded bandwidth,

o split graphs.

Theorem

Perfect matching reachabilty is polynomial on:
@ outer-planar graphs,
@ cographs,
o perfectly orderable graphs

If a transformation exists, we can find one of linear length.
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Hardness proof

Reduction from NCL (Nondeterministic Constraint Logic).
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Hardness proof

Reduction from NCL (Nondeterministic Constraint Logic).

@ NCL machine M: 3-regular graph, with two types of vertices:

e OR nodes,
o AND nodes.
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Hardness proof

Reduction from NCL (Nondeterministic Constraint Logic).

@ NCL machine M: 3-regular graph, with two types of vertices:

e OR nodes,
o AND nodes.

@ state of the machine: orientation of the edges, with constraints.
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@ Forbidden configurations:

[Hearn, Demaine, 2005], [Zanden, 2015]
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@ Forbidden configurations:

e Transformation: flip one edge at a time.

[Hearn, Demaine, 2005], [Zanden, 2015]
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@ Forbidden configurations:

e Transformation: flip one edge at a time.

Theorem (HD05,Zan15)

NCL reconfiguration is PSPACE-complete, even if the machine is planar
with bounded bandwidth.

[Hearn, Demaine, 2005], [Zanden, 2015]
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Gadgets

Edge gadget:
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Edge gadget:
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Gadgets

Edge gadget:
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Gadgets

Edge gadget:

AND gadget
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Cographs

Definition
Cographs are graphs constructed from a single vertex by:
@ disjoint unions,

@ complete joins.

Marc Heinrich The Perfect Matchi configuration Problem



Cographs

Definition
Cographs are graphs constructed from a single vertex by:
@ disjoint unions,
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Cographs

Definition

Cographs are graphs constructed from a single vertex by:

@ disjoint unions,

@ complete joins.

Proposition

Cographs are the Py-free graphs.
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Perfect Matching Reconfiguration can be decided in polynomial time on
cographs. If a transformation exists, there is one of linear length.
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Perfect Matching Reconfiguration can be decided in polynomial time on
cographs. If a transformation exists, there is one of linear length.

@ My and M, two perfect matchings of G.
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Perfect Matching Reconfiguration can be decided in polynomial time on
cographs. If a transformation exists, there is one of linear length.

@ My and M, two perfect matchings of G.

e If G is not connected

Marc Heinrich The Perfect Matching Reconfiguration Problem 30th August 13/17



Perfect Matching Reconfiguration can be decided in polynomial time on
cographs. If a transformation exists, there is one of linear length.

@ My and M, two perfect matchings of G.
e If G is not connected = Easy.
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Perfect Matching Reconfiguration can be decided in polynomial time on
cographs. If a transformation exists, there is one of linear length.

@ My and M, two perfect matchings of G.
e If G is not connected = Easy.

o If G is connected:

Al > |B|
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Assume that there exists a perfect matching M containing an edge with
both endpoints in B, then Gpp(G) is connected (and has linear diameter).
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Lemma

Assume that there exists a perfect matching M containing an edge with
both endpoints in B, then Gpp(G) is connected (and has linear diameter).

Example:

o the symmetric difference of the two matchings contains a cycle
included in A.
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included in A.
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Lemma

Assume that there exists a perfect matching M containing an edge with
both endpoints in B, then Gpp(G) is connected (and has linear diameter).

Example:
o the symmetric difference of the two matchings contains a cycle
included in A.
A
O
O
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Assume that there exists a perfect matching M containing an edge with
both endpoints in B, then Gpp(G) is connected (and has linear diameter).

Example:

o the symmetric difference of the two matchings contains a cycle
included in A.
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@ we can assume that B is an independent set.
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@ we can assume that B is an independent set.

@ idea: ‘forget’ the vertices in B.
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@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:

flipin A
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@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:
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@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:
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@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:
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@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:

‘slide’ in A C/D
NS
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ﬁ

@ we can assume that B is an independent set.
@ idea: ‘forget’ the vertices in B.

@ possible types of flips:

Extend the transformation to non-perfect matching by allowing sliding
moves.
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Algorithm

Theorem

There is an algorithm that decides, given a cograph G and two matchings,
if there is a transformation using flips and sliding moves.

If a transformation exists, it produces one of linear length.
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Algorithm

Theorem

There is an algorithm that decides, given a cograph G and two matchings,
if there is a transformation using flips and sliding moves.

If a transformation exists, it produces one of linear length.

© The two matchings have different sizes = return false ;
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Algorithm

There is an algorithm that decides, given a cograph G and two matchings,
if there is a transformation using flips and sliding moves.

If a transformation exists, it produces one of linear length.

© The two matchings have different sizes = return false ;

@ G is not connected = recurse on the components ;
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Algorithm

There is an algorithm that decides, given a cograph G and two matchings,
if there is a transformation using flips and sliding moves.

If a transformation exists, it produces one of linear length.

© The two matchings have different sizes = return false ;

@ G is not connected = recurse on the components ;

© G is connected:
@ There is a ‘useful’ edge in B = return true ;
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Algorithm

There is an algorithm that decides, given a cograph G and two matchings,
if there is a transformation using flips and sliding moves.

If a transformation exists, it produces one of linear length.

© The two matchings have different sizes = return false ;

@ G is not connected = recurse on the components ;

© G is connected:

@ There is a ‘useful’ edge in B = return true ;
@ Otherwise, remove B and recurse.
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@ Other classes of graphs (e.g., planar),
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@ Other classes of graphs (e.g., planar),

@ Shortest transformation,
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@ Other classes of graphs (e.g., planar),
@ Shortest transformation,

o Flip longer cycles,
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Other classes of graphs (e.g., planar),

Shortest transformation,

Flip longer cycles,

@ Random sampling.
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Other classes of graphs (e.g., planar),

Shortest transformation,

Flip longer cycles,

@ Random sampling.

YVteank You!
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