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Spectrum auctions

Specificities:
e The bidders discover their own valuations’ functions.

e Valuation functions admit complementarities.

Two main auctions used worldwide:
e The SMRA (Simultaneous Multi-Round Auction).
e The CCA (Combinatorial Clock Auction).
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General structure of both auctions
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At t = 0, the price of all items equal 0.
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General structure of both auctions

At t = 0, the price of all items equal 0.
While all the bids are not “somehow” disjoint:
Each bidder bids on her favorite set.
If an item is in several bids, its price increases.
Return the “best possible” allocation.

Clock auctions: the prices are initially set to zero and, periods
after periods, prices are updated.

At each step, bidders bid on a subset of items.
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SMRA

At t = 0, the prices of all items equal 0.
While all the bids are not disjoint:
Each bidder bids on her favorite set containing her
provisional winning set.
If an item is in several bids, its price increases.
If an item a is in at least one bid, one of the bidders
bidding on a is chosen as the provisional winner of a.
Bidder / is allocated her final provisional winning set.

. J

Provisional winner in the SMRA: “the last bidder on item a
must buy a at the price of her bid on it."
Item vs package bidding:

e Item bidding in the SMRA: a bid for S at price p(S) is the
“union” of the bids for s at price p(s) for s € S.

e Package bidding in the CCA: all or nothing bid at price p(S).
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Kleinberg, Lavi '12].
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Existing results

Advantage: Market clearing.
Drawback: Exposure problem: a large set may be desired but a
smaller undesirable subset may be allocated by the mechanism.

For the SMRA:
e Gross substitutes and truthful bidding =
[Milgrom '00].
e Submodular valuation functions and truthful @'

bidding = of the optimal welfare [Fu,
Kleinberg, Lavi '12].

What if valuation functions admit complementarities?

For the CCA: Any valuation function and truthful
bidding = guarantee
[B., Cai, Hunkenschroder, Vetta '16].

Question: Similar guarantee for the SMRA? NO !
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No similar guarantee for the SMRA

2 bidders {1,2}. (S) = Lif [5[=1
2 items {a, b}. ' N if |S| =2

Definition (truthful bidders) |

Bidder i is truthful if, at each round, she bids on a set S:
e containing all the items provisionally won by i,

e that maximizes the utility v;(S) — p(S).
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No similar guarantee for the SMRA

2 bidders {1,2}. (S) = Lif [5[=1
2 items {a, b}. ' N if |S| =2

o o )

p>N—-1 p>N-1

Definition (truthful bidders) |

Bidder i is truthful if, at each round, she bids on a set S:
e containing all the items provisionally won by i,

e that maximizes the utility v;(S) — p(S).

e The final allocation is not necessarily individually rational.
e The allocation welfare may be 2 while optimal welfare is /V.
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A new hope

If valuation functions have complementarities, the SMRA has no
guarantee...
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A new hope

If valuation functions have complementarities, the SMRA has no
guarantee...

. and valuation functions in spectrum auctions have
complementarities...
... So the SMRA should not work in practice, isn't it?

[ Complementarities in spectrum auctions are “limited”. ]

Question: Any guarantee if valuation functions have “bounded”
complementarities?
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a-near submodularity

,iDefinition (a-near su bmodular)]

A valuation function v is a-near submodular if for every A C B

and x ¢ B

V(BUx) - v(B) < a- (V(A Ux)— V(A))

N
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a-near submodularity

,iDefinition (a-near su bmodular)]

A valuation function v is a-near submodular if for every A C B
and x ¢ B

W(BUx) — v(B) < a- (V(A Ux)— V(A))

N

e o = 1 & the valuation function is submodular.

e « = 2: the marginal value of any item in B is at most twice
its value in A.
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Guarantee for truthful bidders

Theorem (B., Cai, Vetta)]

Under truthful bidding, if valuation functions are a-near submod-
ular then the allocation of the SMRA is:
e o-individually rational.

e (o + 1)-optimal.

where:
e a-individually rational means: if bidder i is allocated S then
- vi(S) = p(S) where p(S) is the price paid by i for S.
e (o + 1)-optimal means: the welfare of the allocation is at

least ﬁ times the optimal welfare.
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Guarantee for truthful bidders

Theorem (B., Cai, Vetta)]

Under truthful bidding, if valuation functions are a-near submod-
ular then the allocation of the SMRA is:
e o-individually rational.

e (o + 1)-optimal.

where:
e a-individually rational means: if bidder i is allocated S then
- vi(S) = p(S) where p(S) is the price paid by i for S.
e (o + 1)-optimal means: the welfare of the allocation is at

least ﬁ times the optimal welfare.

Proof: generalization of the [Fu, Kleinberg, Lavi] proof for
submodular valuation functions.
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Almost tightness

Theorem (B., Cai, Vetta)]

Truthful bidding + a-near submodular valuations functions =
Allocation that is :
e Not (& — ¢)-individually rational (for every ¢ > 0).

e not (o — ¢)-optimal.
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Almost tightness

Theorem (B., Cai, Vetta)]

Truthful bidding + a-near submodular valuations functions =
Allocation that is :
e Not (& — ¢)-individually rational (for every ¢ > 0).

e not (o — ¢)-optimal.

k items. V(S) _ 1 if ‘5’ =1,
A lot of bidders. a - (|S]— 1)+ 1 otherwise.

W.h.p., each bidder receives at most one item at price «.
e Not (v — ¢)-individually rational.
e Not (v — ¢)-optimal.
Problem: Usually bidders want to be individually rational. So

truthful bidding might not be a realistic assumption...
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Conservative strategies

Definition (secu re)]

A bid of i on S is secure if, for every S’ C S, v;(5") > p(57).

Remark: Secure bids = Individually rational allocation.
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Conservative strategies

Definition (secu re)]

A bid of i on S is secure if, for every S’ C S,

Remark: Secure bids = Individually rational allocation.

Theorem (B., Cai, Vetta)]

The strategy of bidder / is individually rational if and only if /
always makes secure bids (even if we assume that other bidders
are truthful / secure truthful / unit demand bidders).

where secure truthful bidding means bidding on the secure set S:
e containing the items provisionally allocated to her

e maximizing the utility v;(S) — p(S).
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Guarantee for truthful secure bidders

Theorem (B., Cai, Vetta)]

Under secure truthful bidding, if valuation functions are a-near
submodular then the allocation output by the SMRA is (o + 1)-
optimal (and individually rational).
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Guarantee for truthful secure bidders

Theorem (B., Cai, Vetta)]

Under secure truthful bidding, if valuation functions are a-near
submodular then the allocation output by the SMRA is (o + 1)-
optimal (and individually rational).

Again the result is almost tight.

Sketch:
Let S = (51, .., Sk) be the allocation of the SMRA and

let S* = (Sf,...,S;) be the optimal allocation.
e If s€ S/ is not in S; then there exists Q € S; such that
p(s) = W(QUS) - Q).

e Using that we can prove v;(S5;) < vi(S;) + o - p(57)
e The sum over i gives the conclusion.
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Questions

e Extend results for other types of valuation functions with
bounded complementarities?

e Price of Anarchy of the SMRA / the CCA 7
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Thanks for your attention !
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