
C++ Templates are Turing CompleteTodd L. Veldhuizentveldhui�am.orgIndiana University Computer Siene
AbstratWe sketh a proof of a well-known folk theorem that C++templates are Turing omplete. The absene of a formalsemantis for C++ template instantiation makes a rigorousproof unlikely.1 IntrodutionIt has been known for some time that C++ templates permitompliated omputations to be performed at ompile time.The �rst example was due to Erwin Unruh [3℄ who iru-lated a small C++ program that omputed prime numbersat ompile time, and listed them enoded as ompiler errormessages. In this short note we sketh a proof that C++templates are Turing omplete. We assume familiarity withboth C++ templates and basi theory of omputation; forbakground on Turing mahines readers are referred to e.g.[2℄. The proof is straightforward: we show how any Turingmahine may be embedded in the C++ template instantia-tion mehanism, from whih the result is immediate.2 Enoding Turing mahines in C++ TemplatesA Turing mahine is a quadruple (K;�; Æ; s), where K is a�nite set of states, � is an alphabet, s 2 K is the start state,and Æ is the transition funtion K��! (K[fhg)�(�[f(;)g). The speial state h is the halt state, ( and ) arespeial symbols indiating left and right, and # 2 � is theblank symbol.To illustrate how a Turing mahine may be enoded asa C++ template metaprogram, we use as an example thissimple mahine whih replaes a string of a's with #'s andthen halts:K = fq0; q1; hg� = fa;#gs = q0 q � Æ(q; �)q0 a (q1;#)q0 # (h;#)q1 a (q0; a)q1 # (q0;))We enode the states K and alphabet �[f(;)g as emptyC++ types:/* States */strut Halt fg;strut Q0 fg;strut Q1 fg; /* Alphabet */strut Left fg;strut Right fg;strut A fg;strut Blank fg;

To enode the tape, we use a standard funtional-style list:/* Tape representation */strut Nil f g;template<lass Head, lass Tail>strut Pair ftypedef Head head;typedef Tail tail;g;Using these lasses, the tape a#a is enoded as the C++type Pair<A,Pair<Blank,Pair<A,Nil> > >. To representthe position of the Turing mahine at a partiular plae onthe tape, we split the tape into three parts: to the left, theontents of the urrent tape ell, and to the right. So thetape abde, in whih the Turing mahine is positioned atd, would be represented as the triple (ab; d; e). To provideeasy aess to the tape ell diretly to the left of the readhead, the left tape ontents are stored in reverse order. Sothe tape abde would be enoded as these three types:ab Pair<C,Pair<B,Pair<A,Nil> > >d De Pair<E,Nil>The transition funtion Æ(q; �) maps from the urrent stateq and ontents of the tape ell � to the sueeding stateand ation (harater to be written, ( or )). To real-ize Æ in templates, we provide speializations of a templatelass TransitionFuntion<State,Charater>. Inside eahinstane are typedefs for next state and ation, whihenode (respetively) the next state and ation:/* Transition Funtion */template<typename State, typename Charater>strut TransitionFuntion f g;/* q0 a -> (q1,#) */template<> strut TransitionFuntion<Q0,A> ftypedef Q1 next_state;typedef Blank ation;g;/* q0 # -> (h,#) */template<> strut TransitionFuntion<Q0,Blank> ftypedef Halt next_state;typedef Blank ation;g;/* q1 a -> (q0,a) */template<> strut TransitionFuntion<Q1,A> ftypedef Q0 next_state;typedef A ation;g;/* q1 # -> (q0,->) */template<> strut TransitionFuntion<Q1,Blank> ftypedef Q0 next_state;1



typedef Right ation;g;A on�guration is a member of K �������� and repre-sents the state of the mahine and tape at a single point inthe omputation. We enode a on�guration as an instaneof the template lass Configuration<>, whih takes thesetemplate parameters:Template parameter MeaningState Current state of the mahineTape Left Contents of the tape to the left ofthe read head (in reverse order)Tape Current Content of the tape ell underthe read headTape Right Contents of the tape to theright of the read headDelta Transition funtionInside the lass Configuration<>, the next state andation are omputed by evaluating Æ(q; �), and a helperlass ApplyAtion is instantiated to ompute the next on-�guration:/* Representation of a Configuration */template<typename State,typename Tape_Left,typename Tape_Current,typename Tape_Right,template<typename Q, typename Sigma> lass Delta>strut Configuration ftypedef typename Delta<State,Tape_Current>::next_statenext_state;typedef typename Delta<State,Tape_Current>::ationation;typedef typename ApplyAtion<next_state, ation,Tape_Left, Tape_Current, Tape_Right,Delta>::halted_onfigurationhalted_onfiguration;g;The lass ApplyAtion has �ve versions, to handle:� Writing a harater to the urrent tape ell;� Transitioning to the halt state;� Moving left;� Moving right;� Moving right when at the rightmost non-blank ell onthe tape.Eah of these instantiates the next Configuration<>, andreursively de�nes the halted onfiguration./* Default ation: write to urrent tape ell */template<typename NextState, typename Ation,typename Tape_Left, typename Tape_Current,typename Tape_Right,template<typename Q, typename Sigma> lass Delta>strut ApplyAtion ftypedef Configuration<NextState, Tape_Left,Ation, Tape_Right, Delta>::halted_onfigurationhalted_onfiguration;g;/* Move read head left */template<typename NextState,typename Tape_Left, typename Tape_Current,typename Tape_Right,

template<typename Q, typename Sigma> lass Delta>strut ApplyAtion<NextState, Left, Tape_Left,Tape_Current, Tape_Right, Delta>f typedef Configuration<NextState,typename Tape_Left::tail,typename Tape_Left::head,Pair<Tape_Current,Tape_Right>,Delta>::halted_onfigurationhalted_onfiguration;g;/* Move read head right */template<typename NextState, typename Tape_Left,typename Tape_Current, typename Tape_Right,template<typename Q, typename Sigma> lass Delta>strut ApplyAtion<NextState, Right, Tape_Left,Tape_Current, Tape_Right, Delta>f typedef Configuration<NextState,Pair<Tape_Current,Tape_Left>,typename Tape_Right::head,typename Tape_Right::tail,Delta>::halted_onfigurationhalted_onfiguration;g;/** Move read head right when there are no nonblank haraters* to the right -- generate a new Blank symbol.*/template<typename NextState, typename Tape_Left,typename Tape_Current,template<typename Q, typename Sigma> lass Delta>strut ApplyAtion<NextState, Right, Tape_Left,Tape_Current, Nil, Delta>f typedef Configuration<NextState,Pair<Tape_Current,Tape_Left>,Blank, Nil, Delta>::halted_onfigurationhalted_onfiguration;g;template<typename Ation, typename Tape_Left,typename Tape_Current, typename Tape_Right,template<typename Q, typename Sigma> lass Delta>strut ApplyAtion<Halt, Ation, Tape_Left,Tape_Current, Tape_Right, Delta>f /** We halt by not delaring a halted_onfiguration.* This auses the ompiler to display an error message* showing the halting onfiguration.*/g;To \run" the Turing mahine, we instantiateConfiguration<> on an appropriate starting on�gu-ration. For example, to apply the mahine to the stringaaa, we use the starting on�guration (q0; aaa):/** An example "run": on the tape aaa starting in state q0*/typedef Configuration<Q0, Nil, A, Pair<A,Pair<A,Nil> >,TransitionFuntion>::halted_onfiguration Foo;When ompiled with g++, this generates the error messagesshown in Figure 1; the errors show a trae of the mahinefrom its starting on�guration (q0; aaa) to its halting on-�guration (h;####).2



turing.pp: In instantiation of `Configuration<Q0,Pair<Blank,Pair<Blank,Pair<Blank,Nil> > >,Blank,Nil,TransitionFuntion>':turing.pp:82: instantiated from `Configuration<Q1,Pair<Blank,Pair<Blank,Nil> >,Blank,Nil,TransitionFuntion>'turing.pp:82: instantiated from `Configuration<Q0,Pair<Blank,Pair<Blank,Nil> >,A,Nil,TransitionFuntion>'turing.pp:82: instantiated from `Configuration<Q1,Pair<Blank,Nil>,Blank,Pair<A,Nil>,TransitionFuntion>'turing.pp:82: instantiated from `Configuration<Q0,Pair<Blank,Nil>,A,Pair<A,Nil>,TransitionFuntion>'turing.pp:82: instantiated from `Configuration<Q1,Nil,Blank,Pair<A,Pair<A,Nil> >,TransitionFuntion>'turing.pp:82: instantiated from `Configuration<Q0,Nil,A,Pair<A,Pair<A,Nil>>,TransitionFuntion>'turing.pp:163: instantiated from hereturing.pp:91: no type named `halted_onfiguration' in `strut ApplyAtion<Halt,Blank,Pair<Blank,Pair<Blank,Pair<Blank,Nil> > >,Blank,Nil,TransitionFuntion>'Figure 1: Compiler errors from g++ 2.95.2. Reading the error messages bakwards, one sees the on�guration trae (q0; aaa)`M (q1;#aa) `M (q0;#aa) `M (q1;##a) `M (q0;##a) `M (q1;###) `M (q0;####) `M (h;####).3 C++ Templates are Turing CompleteIn the previous setion, we gave an enoding of a simpleTuring mahine in C++ templates. It is straightforwardto enode any Turing mahine in suh a manner, by de�n-ing appropriate alphabet and state types, and de�ning therelevant speializations of a transition funtion.Let M be a Turing mahine and � a starting on�gu-ration. Suppose � `M s1 `M s2 `M : : : is a trae of theTuring mahine. The following lemma states that if youompile a C++ program enoding M with an initial on-�guration orresponding to �, then the C++ ompiler willprodue instantiations of the Configuration template or-responding to s1; s2; : : :. An important quali�ation is thatwe assume a C++ ompiler without limits on the numberof template instantiations it will produe.Lemma 1. Let M be a Turing mahine, and � a start-ing on�guration. Let p be a C++ program enoding themahine M and on�guration � as outlined in the previoussetion. Let � : (K��������)! type be a map that en-odes on�gurations of M as instanes of the template typeConfiguration. If � `�M �, then a C++ ompiler withoutinstantiation limits will, in ompiling p, instantiate �(�).A formal proof of Lemma 1 presents problems, sine onewould have to de�ne formally the semantis of C++ tem-plate instantiation, something that to our knowledge hasnever been attempted. I believe its truth would be apparentto anyone familiar with C++ template instantiation willingto omb through the enoding of the previous setion.Theorem 1. In the absene of instantiation bounds, C++templates are Turing-omplete.Proof. Immediate from the onstrution of the previous se-tion and Lemma 1.A universal Turing mahine is a speial ase of a Turing ma-hine; thus UTMs an be implemented by C++ templates.The usual diagonalization argument for undeidability ap-plies. Therefore:Corollary 1. In the absene of instantiation limits, whethera C++ ompiler will halt when ompiling a given programis undeidable.In reognition of this diÆulty, the C++ standards om-mittee allows onforming ompilers to limit the depth of\reursively nested template instantiations," with a reom-mended minimum limit of 17 [1℄. Compilers have adoptedthis limit, many with an option to inrease it.

template<int Depth, int A, typename B>strut K17 fstati onst int x =K17<Depth+1, 0, K17<Depth,A,B> >::x+ K17<Depth+1, 1, K17<Depth,A,B> >::x+ K17<Depth+1, 2, K17<Depth,A,B> >::x+ K17<Depth+1, 3, K17<Depth,A,B> >::x+ K17<Depth+1, 4, K17<Depth,A,B> >::x;g;template<int A, typename B>strut K17<16,A,B> fstati onst int x = 1;g;stati onst int z = K17<0,0,int>::x;Figure 2: A standard-onforming C++ program whih doesnot exeed the limit of 17 reursively nested template instan-tiations, but nevertheless instantiates 517=762,939,453,125templates.This limit does not translate into any reliable time orspae bound on ompiles, though; it is straightforward toonstrut C++ programs whih instantiate k17 templates(i.e. within the reommended limit) for any arbitrarily largek; see Figure 2 for an example with k = 5.Referenes[1℄ ANSI/ISO. Working Paper for Draft Proposed Interna-tional Standard for Information Systems{ ProgrammingLanguage C++. Washington DC, April 1995. Do. No.ANSI X3J16/95-0087 ISO WG21/N0687.[2℄ Lewis, H. R., and Papadimitriou, C. H. Elementsof the theory of omputation. Prentie-Hall, EnglewoodCli�s, New Jersey, 1981.[3℄ Unruh, E. Prime number omputation, 1994. ANSIX3J16-94-0075/ISO WG21-462.
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