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Rational Discrete planes

Given a non-zero normal vector a € N°, a standard arithmetical rational discrete plane is defined as follows: P, = {x € Z° |0 < x-a < ||a||; }.

It is represented by a graph G, whose nodes are {0, ..., ||a||; — 1} and whose arcs are suchthat Vi € {1,2,3}, (x-a,x-a+ta;) € G, Iff x,x+ ¢; € P,.
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Definitions
= Leta,b e N°\ {0}, with ged(a) = ged(b) = 1, be such thata —b € N°\ {0} and § be in {—|b||; +1,...,|all; — ||b|:}.
= Let S(G,, b, ) contain the nodes i € {0, ..., ||al|; — 1} such that (A||b||; — ) mod ||a||; < ||b]|; and all the arcs emanating from those nodes.

= S(Ga, b, 0) ~ Gy, if there exists a bijectionf: {0,...,||al|; — 1} — {0,...,||b||; — 1} such that:
Vie{1,2,3}, (h,h+a;) € S5(Ga,b,0) < (f(h).f(h) + bi) € Gp and (h, h — a;) € S(Ga, b,0) < (f(h),f(h) — bi) € Gp,

hi|afl,+9

where f is defined as f(h) := [bIl;

, its inverse being f~1(h) =

Main theorem

Let a € N° \ {0} be such that gcd(a) = 1. If a is not a permutation of one of the vectors (0,0, 1), (0,1,1), (1,1,1) and (1, 1, 2),
then there exist b and o such that

ga — S(gih b7 5) U S(gaa a — b) —0 T 1)7 S(Qaa b? 5) = gb and S(gih a — b7 —0 - 1) = g(a—b)-
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The partionning depends on ||a||, ||b||:, |le||; and an integer § = 0:

if 4h mod 9 <4then e else o < if (5Sh—1) mod 9 <5then e else e ? Q 12 ;, Z 5h91J 0 1 2 3 % T
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The partionning depends on ||a||;, ||b]|1, ||c||; and an integer § = 1: th
f(3h—1) mod 9 <3then e else o < If6h mod 9 <6then e else e T (.) 1 % 3 ?J(Q 1 2 3 4 §>{F

Sketch of the proof

= Existence of b:
There exists at least one vector b € N* \ {0} such that gcd (b) = 1 and |||[b];a — ||a][ib|| _ < 21 i and only if a is not a permutation of
(0,0,1), (0,1,1), (1,1,1) or (1,1,2).
(Based on a variant of the notion of approximation of a rational vector and Minkowski’'s theorem)
= Existence of o:
There exists o € {—|/b||y +1,...,]|a|[; — ||b]|1} such that H||bH1a — HaHleOO < @ & HHlea — HaHleOO < min (|||blly — 1+ 4|, |||al1 — ||b]|1 — J]).
(Simple calculations)
= Criterion for bijection:
S(Ga b, ) ~ Gy if |||[b]l12 — [al|ib| < min (|[[b]ly — 1+ 6], |[lalli = b]: - d]).
(Technical part, see paper)

Remark

There are four undecomposable graphs, which are the building blocks for constructing all the others:
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