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Fig. 1. Schematic visualization of our proposed NILE sampler architecture, showing the data flow for distributing samples from eight 2D subspaces into a
miniature 4Xx4-pixel image at 16 samples per pixel. The model comprises three major parts: (i) an expandable bank of elements, each generating a sequence
of low-dimensional samples, (ii) a high-dimensional low-discrepancy sequence, for which we use SZ [Ahmed et al. 2025], that orchestrates the indexing of
samples, and (iii) a Z-indexing unit that maps the samples to (sub-)pixels in the image plane. The flow in this diagram is top-down, left-to-right: First, sample
indices are fed to the SZ sequence, which bit-reverses and then shuffles them. Each dimension of the SZ sequence is used to index one nested element in a
way that interleaves the samples so that there is uniform coverage of the joint high-dimensional space. A color-coded static indexing scheme is shown for
major and sub-intervals of each element, along with the 16-sample sets it would deliver in non-shuffled order. The stream at the bottom shows the major
interval of each sample component in its corresponding subspace, and the gray shading traces the sampled intervals across 16-sample blocks. The 16-sample
block delivered to each pixel covers all major intervals of each element, while all 256 sub-intervals are covered over the 4x4-pixel block. Further, the samples
delivered to the 4x4-pixel block comprise all 16X 16 combinations of intervals for each pair of elements. Numbers in the pixel area indicate the index of the
composite sample assigned to the subpixel sample there, e.g., composite scene sample #0 is received by the image-plane sample in the top-left subpixel of the
top-right pixel.
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Sampling strategies in computer graphics have long been divided between
local approaches, which optimize sample distributions independently at each
pixel, and global approaches, which use high-dimensional low-discrepancy
sequences to ensure uniformity across all dimensions, including adjacent
pixels. While global samplers are most-commonly used thanks to generally
having better convergence rates, it comes at a cost of very limited user
control over the distribution of samples on subspaces, making it difficult to
handle common aliasing artifacts.

We introduce a novel modular meta-sampler architecture that bridges lo-
cal and global sampling, allowing integrator designers to employ specialized
low-dimensional samplers while still achieving high-dimensional uniformity.
Our approach leverages high-dimensional low-discrepancy sequences to
orchestrate sample generation by a collection of local samplers operating
over power-of-two hierarchical intervals. We demonstrate how existing
local sampling techniques, including stratified, blue noise, and dyadic nets
sampling, can be reformulated to be used with this framework, enabling
hybrid sampling strategies that combine the benefits of both paradigms.

Additional Key Words and Phrases: sampling, quasi-Monte Carlo, low dis-
crepancy sequences, Blue Noise, Sobol sequences, SZ sequences, Rendering
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1 Introduction

Sampling is a fundamental operation in computer graphics (CG),
underlying many applications, ranging from traditional halftoning
to modern machine learning. Sampling is especially essential in
rendering, where pixel values are computed via Monte Carlo in-
tegration of radiance over complex light transport paths. Unlike
Monte Carlo-based simulation in many other fields, where all sam-
ples contribute to an overall aggregate, the pixel-based nature of CG,
along with relatively high dimensions and broad frequency spec-
tra, make sampling particularly challenging, and even very high
sampling rates are insufficient to reach the Nyquist rate of classic
sampling theory, calling for special handling and many heuristics
when devising effective and efficient sampling strategies.

Early research on sampling generally focused on local sampling
techniques that sampled individual per-pixel low-dimensional con-
stituents [Cook et al. 1984; Dippé and Wold 1985; Glassner 1994].
This naturally reflected the nature of light paths, leading most re-
searchers to consider high-dimensional uniformity “at best a sec-
ondary concern” [Pharr and Humphreys 2004, p. 339]. A new oppor-
tunity for effective high-dimensional sampling was introduced by
the crucial work of Griinschlof} et al. [2012], who proposed efficient
algorithms for inverting common low-discrepancy (LD) sequences
and paved the way for the adoption of global sampling strategies,
where a single high-dimensional LD sequence is used to generate
the samples at once for all pixels over all dimensions.

Unfortunately, local and global sampling approaches remain dis-
connected: one must choose one or the other. In practice, global
samplers are now the most widely used, even though it can be scene-
dependent whether a local or global approach will be more effective.
This state of affairs has also reduced interest in new research on
local samplers, even though some local distributions are demonstra-
bly superior in controlled experiments, and handcrafted samplers
for specific geometries (e.g., triangles and disks) have been shown
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to be highly effective in some situations [Pharr 2019]. More broadly,
it forces the light transport integrator to conform to the sampler,
rather than having a sampler that adapts to the integrator and the
problem at hand.

In this paper, we seek to reconcile competing sampling models by
introducing a hybrid, modular meta-sampler architecture—nested
interleaving of low-dimensional elements (NILE)—that bridges local
and global sampling techniques by combining high-dimensional LD
sequences with classic per-subspace distributions within a single
framework, as illustrated in Fig. 1. In contrast to prior attempts that
fuse local distribution properties, such as blue noise (BN), directly
into LD sequences, our approach assembles these components as
distinct modules within a higher-level architecture, allowing each
to retain its identity and fulfill a complementary role. Specifically,
we use explicitly controlled low-dimensional elements to generate
the actual samples, rely on a global LD sequence to interleave them
into high-dimensional samples, and finally apply Z-indexing to
distribute the samples across pixels. This three-stage pipeline is
designed to ensure a fair distribution of the samples across their
source subspaces, the joint high-dimensional space, and the pixels.

Following the necessary technical background and a brief review
of related work in Section 2, we provide an abstract overview of our
proposed model in Section 3, analyzing success factors of established
samplers, distilling design targets, and assembling the model to
combine best practices. The proposed model is modular, allowing
explicit control over local sampling, and in Section 4 we provide
example modules covering a range of classic local distributions. We
then present results and discuss some implications in Section 5, and
conclude with remarks and an outlook for future work in Section 6.

2 Essential Background and Related Work

In this section, we review related work and discuss the essential
technical background needed to understand the current paper.

2.1 Tiling Techniques

Most favorable local sampling distributions are produced by costly
iterative optimization, making them unsuitable for direct use in
rendering [Lagae and Dutré 2008]. To overcome this bottleneck, a
range of lookup-based techniques were proposed, evolving through
four technical generations, from (i) a single periodic tile [Glassner
1994], through (ii) Wang tile sets with matching rules to suppress
repetition artifacts [Cohen et al. 2003; Lagae and Dutré 2006; Wang
1965], to (iii) recursive tiling enabling adaptive sampling [Kopf et al.
2006; Lagae and Dutré 2006; Ostromoukhov 2007; Ostromoukhov
et al. 2004], and ultimately (iv) an abstract grammar for indexing
over a multi-resolution regular grid [Ahmed et al. 2017]. We will
rely mostly on tiling methods to provide local sample distributions,
but combine them with other modules to interleave the samples
across dimensions and distribute them over pixels.

2.2 Digit-Reversed Indexing

A significant advancement in tiling techniques that underpins our
current model is digit-reversed indexing, originally developed by
Ostromoukhov [2007] for Polyominoes, as illustrated in Fig. 2, yet
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Fig. 2. A particular polyomino, the P-pentomino (left), is subdivided into 16
identical pentominoes (middle). Each resulting pentomino can in turn be
further subdivided into 16 pentominoes (right). The first pentomino selected
after each subdivision (shown in dark blue) forms a well-spaced, nearly
blue-noise pattern. This process can be iteratively repeated until the desired
level of subdivision is achieved.

extends to other self-similar tilings [Ahmed 2019; Wachtel et al.
2014]. The model is defined by four aspects; the terms are ours:

Geometry: The shape of tiles and their integer self-tiling ratio b.
Alphabet: Each distinct tile is given an id that captures its local
neighborhood in a recursive tiling. Polyominoes use geometric
neighborhoods, but the actual process differs across tiling meth-
ods.

Grammar: A tile is recursively subdivided sufficiently to capture
all distinct neighborhoods; then a production rule is extracted for
every distinct tile listing child tile ids.

Ranking: Arankin {0,...,b— 1} is assigned to each child of every
tile. This is the critical user-controlled parameter for this model.

With this definition, the tileset can be optimized as follows. First, a
tile is recursively subdivided deeply enough to capture all distinct
neighborhoods. Each tile is subdivided once more, and the child-
tile ranks of each distinct tile are optimized to match a prescribed
target across all instances in the tiling. The target is usually a blue-
noise distribution, and the resulting optimized pattern is a dithering
mask [Ulichney 1993]. While the optimized mask has only b grades,
it is turned into an infinite-resolution mask via digit-reversed index-
ing: each child tile at any depth has a unique global rank obtained by
recursively concatenating its rank to that of its parent into a base-b
digit-reversed index. For our current paper, this is best viewed as a
positionally encoded fraction.

2.3  ART Grammar

Adaptive Regular Tiles (ART) [Ahmed et al. 2017] replaced the
color-coded and geometrically induced grammar of earlier methods
with an abstract axis-wise grammar derived from the Thue-Morse
word [Lothaire 2002]

T =01101001100101101001011001101001 - - - , (1)
defined as the fixed point of the Thue—Morse production rule

001

F* 1m0 @

An alphabet 3; is identified by the distinct factors (subwords) of T
of a prescribed length [; for example,
S, = {A,B,C,D} : (A, B,C,D) < (01,11, 10, 00) . 3)

Production rules are obtained by applying the Thue-Morse produc-
tion in Eq. (2) to the identification words, and then reading back the
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resulting symbols through a sliding window of [ bits:

A, 01, 0110, (0110, 0110), (A, B),
B, 11,| # | 1010, (1010, 1010), (C,A),

. (4
¢ |7 10| 7 [ 1001, (1001, 1001), |~ | (C, D), @)
D 00 0101 (0101, 0101) (A, 0)

A 2D alphabet and associated grammar are obtained as a Cartesian
product of 1D alphabets.

An abstract tiling is obtained by recursively applying the pro-
duction rules, and can be used to index any tiling with the same
dimension and a binary subdivision rate. More broadly, the produc-
tion tree can be used to index the nodes of any aligned tree. The
essence of this scheme is that it inherits multiple desirable prop-
erties from the underlying Thue—Morse word, including provable
repetition avoidance, low complexity [Lothaire 2002], and a conve-
nient setup for optimization. The most significant advantages for
our current work, however, are the square tile geometry and the
binary production rate, which make ART highly compatible with
dyadic LD sequences.

2.4 The van der Corput Sequence

The (binary) van der Corput [1935] (vdC) construction applies a
transformation ¢, : Ny — [0,1):

(- v30201)2 = Zvi 27 > Zvi 27" = (010205 - )2, (5)
i=1 i=1

which maps a binary-encoded sample index v to a binary-encoded
fraction, ¢,(v), representing the indexed sample. Intuitively, a vdC
sample is obtained by mirroring the bits across the fraction point.
This digit-reversal mapping provably produces well-distributed
sequences of samples, and serves as a building block for high-
dimensional LD sequences.

2.5 Nets and (¢, s)-Sequences

Niederreiter [1987; 1992] established a theoretical framework that
encompasses almost all high-dimensional extensions of the vdC
sequence. In Niederreiter’s notation, a “(t, m, s)-net in base b” is a
set of b™ points in the s-dimensional hypercube such that for all
possible subdivisions into ™! congruent hyperrectangular strata,
each stratum contains exactly b’ points. A “(t, s)-sequence in base
b” is an infinite sequence of points such that, for all values of m,
every consecutive block of ™ points is a (¢, m, s)-net in base b. To
minimize discrepancy, we prefer the base b and “quality parameter”
t to be small. The vdC sequence is a dyadic (i.e., base 2) (0, 1)-
sequence.

2.6 Low-Dimensional Samplers

Early work on sampling in CG generally focused on low-dimensional
sampling techniques. Jittered stratified points were applied by Cook
et al. [1986; 1984] and by Dippé and Wold [1985], soon to be im-
proved by Mitchell’s [1987] use of error diffusion in pursuit of
a blue-noise distribution. Subsequent work included Kollig and
Keller’s [2002] use of (0, 2)-sequences for 2D sampling, multi-jittered
sampling and its descendants [Chiu et al. 1994; Christensen et al.
2018; Helmer et al. 2021; Kensler 2013], and sampling using rank-1
lattices [Dammertz and Keller 2006; Keller 2004]. There has also
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been work on developing direct sampling techniques for domains
other than [0, 1]”, including the unit sphere [Marques et al. 2013], tri-
angles [Basu and Owen 2015], and disks [Christensen 2018; Shirley
and Chiu 1997].

With such samplers, higher-dimensional patterns were gener-
ally generated by padding: randomly pairing lower-dimensional
samples [Cook et al. 1984; Kollig and Keller 2002]. Mitchell inves-
tigated explicitly optimizing 5D samples from 1D and 2D distribu-
tions [Mitchell 1991], and more recently Jarosz et al. introduced
orthogonal array sampling to CG and showed its value for combin-
ing lower-dimensional samplers [Jarosz et al. 2019].

2.7 Sobol’ and SZ Sequences

Sobol’ [1967] introduced a powerful dyadic sequence for sampling
in arbitrary dimensions, obtained by linear shuffling:

where V is a column vector encoding the vdC sequence. Each matrix
in the ordered tuple generates a component (dimension) of the
sample. The matrix-vector multiplication uses arithmetic over the
Galois field GF(2), that is, bitwise AND and XOR for multiplication
and addition, respectively [Bratley and Fox 1988; Sobol’ et al. 2011].
This shuffling is rank-preserving, thanks to the upper-triangular
form of these matrices [Faure and Tezuka 2002], meaning that each
individual dimension is a (0, 1)-sequence. The matrices in Eq. (6)
are constructed from GF(2) polynomials of increasing degree

e=(1,1,23,..), (7)

and this order plays a pivotal role in the success of the Sobol’ se-
quence in rendering, as we will see later. Any subspace is a dyadic
(¢, s)-sequence satisfying

t< Z(ei -1), ®)

summed over the underlying polynomial degrees [Lemieux 2009;
Sobol’ et al. 1992].

The described polynomial-based construction gives Sobol’ se-
quences a preference for earlier over later dimensions in terms
of subspace coverage. The model, however, embodies multiple de-
grees of freedom for constructing variants. For example, Joe and
Kue [2008], using the same original set of primitive polynomials,
optimized the arbitrary initialization bits toward better pairwise 2D
projections. More recently, Ostromoukhov et al. [2024] suggested
a variant using base-3, while Bonneel et al. [2025] proposed a bi-
nary variant with a different choice of polynomials, both aimed at
improving lower-dimensional projections.

Apart from Sobol’, Ahmed et al. [2025] recently introduced a new
family of LD sequences, SZ, that similarly employs a bank of upper-
triangular matrices, but recursively shuffle the matrices themselves
over 22° bands of dimensions, yielding dyadic (0, 1)-sequences over
all dimensions, dyadic (0, 2)-sequences over consecutive pairs, base-
4 (0, 4)-sequences over consecutive quadruples, etc.
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2.8 Global Samplers

A milestone in sampling practice was the introduction of LD se-
quences to rendering by Shirley [1991] and Mitchell [1992]. Subse-
quent work on inversion by Griinschlof et al. [2012] was crucial
in enabling the global sampler model, as it allowed the use of LD
sequences with parallel processing based on screen-space decompo-
sition. In this formulation, samples are drawn from a single high-
dimensional LD sequence shared across all pixels and dimensions:
the first two dimensions parameterize the image plane, while the
remaining sample components are obtained by inverting the sam-
ples associated with each pixel to retrieve indices. This approach
provided the first effective alternative to random coupling of low-
dimensional components, and achieved notable practical success,
particularly with the Sobol’ sequence, despite characteristic pre-
convergence artifacts. Several other works by Keller and colleagues
further contributed to advances in sampling practice [Griinschlof3
and Keller 2009; Keller 1996, 2006].

29 Z Sampler

Georgiev and Fajardo [2016] demonstrated that the desirable blue-
noise characteristics relevant to rendering are associated with the
screen-space distribution of error rather than the spatial distribution
of the input samples themselves, and presented convincing results
that influenced later research [Heitz and Belcour 2019; Heitz et al.
2019]. Along this direction, Ahmed and Wonka [2020] introduced a
sampler, Z, based entirely on an LD sequence, namely the 2D Sobol’
sequence, yet producing blue-noise-like error distributions without
explicit optimization.

3 Core ldeas

In this section, we present our core contribution, starting by ana-
lyzing relevant characteristics of established samplers, which we
distill into the NILE model.

3.1 Demystifying Global Sobol

To appreciate the true power of the global Sobol” sampler, we start
by reviewing its intrinsic distortions in Fig. 3, which shows the
actual samples it would produce for the same miniature 4x4 image
as in Fig. 1, at the same 16 samples per pixel. There we also show
the effective matrices that generate these samples. These matrices
account for the sample reordering due to global sampling. Here, they
would first generate all 16 samples for the first Z-indexed pixel, then
16 for the second pixel, etc. They are never explicitly constructed,
but serve to illustrate the effect of global sampling.

While it is commonly thought that global Sobol” sampling ben-
efits from the Joe and Kuo [2008] tables optimized for pairwise
2D projections, it turns out that the effective matrices are signifi-
cantly reshaped by the inversion process. Intuitively, the samples
associated with each pixel do not come from a contiguous block of
sample points from the original Sobol’ sequence, and hence are not
the ones one would expect from the optimized tables: the pairwise
optimization is lost. The matrices are not even upper-triangular, and
hence individual dimensions are not necessarily (0, 1)-sequences,
as can be clearly seen in the sixth pair, where half the domain has
no samples for each 16-sample block. This gives a clear explanation
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Fig. 3. The 2D samples generated by the classic global Sobol’ sampler for dimension pairs (2,3) through (16, 17), corresponding to those in Fig. 1. Here we
visualize the 2D sample distribution that is provided to each pixel in a small 4x4 image. The matrices shown are the effective matrices accounting for the
assignment of samples to pixels; i.e., the first 16 samples they generate are those that are provided to the first Z-indexed pixel, the next 16 to the second, etc.

Note that, unlike the base Sobol’ matrices, they are no longer upper triangular.

of the checkerboard patterns observed in images rendered using
this sampler when higher dimensions are used for sampling sur-
faces that are indirectly visible at a pixel, for example after multiple
specular reflections.

Yet the global sampler is highly effective in practice; we see that
its success cannot be explained by low discrepancy alone. Thus,
it takes a deeper understanding of the structure of the sequence
to explain this performance, and the key is in Eqgs. (7, 8), where
the first two matrices, responsible for the image plane, contribute
nothing to the t value of joint subspaces. Consequently, the quality
level of the sequence is the same for each pixel’s samples as for the
global sequence. The implication is twofold: (1) each pixel receives
good-quality samples on the joint high-dimensional space, and (2)
all pixels receive the same sample quality, minimizing variance
between different pixels. In short, global sampling takes advantage
of the specific structure of Sobol, not only its discrepancy.

An additional advantage is how error is distributed among pixels:
global sampling ensures that 2X2 blocks of pixels act like a super-
pixel that receives 4x as many well-distributed samples, and so on.
A careful look at the problematic pair of dimensions in Fig. 3 reveals
that the samples are complementary not only over 2x2 pixels, but
also 4x1 and 1x4 blocks, reflecting the dyadic net structure of 2D
Sobol.

To summarize, for the global Sobol’ sampler we have excellent
coverage over pixels, excellent coverage of the high-dimensional
space, and while there are cases of poor coverage over subspaces,
they are ameliorated by screen-space redistribution of error.

3.2 Analyzing the Z Sampler

The Z sampler model is simple: pixels are Z-indexed [Morton 1966],
the induced quad-tree is shuffled independently for each subspace,
and a dyadic (0, 1)- or (0, 2)-sequence of samples is distributed over
the space-filling Z-curve of each 1D or 2D subspace. Thanks to the
modular structure of these sequences, all consecutive 2™ blocks are
respectively dyadic (0, m, 1)- or (0, m, 2)-nets. Hence, analogously to
global Sobol” sampling, (1) each pixel receives good-quality samples
on each subspace, and (2) all pixels receive the same sample quality.
Further, power-of-2 blocks of pixels share complementary samples

and therefore, like global Sobol, hierarchically distribute the sam-
pling error across pixels, though only for square blocks in this case.
Thus, Z sampling trades the uniform high-dimensional coverage of
global Sobol’ for uniform coverage of subspaces, and the comparable
rendering results suggest that this is a fair trade, emphasizing the
importance of both high-dimensional and per-subspace uniform
coverage.

3.3 Nested Interleaving

We now proceed to present our proposed model, which aims to
provide balanced coverage across all three relevant domains: pixels,
low-dimensional subspaces, and the joint high-dimensional space.
In addition, we seek to retain explicit user control over sample
distributions on elementary low-dimensional subspaces. To this
end, we build upon recursive tiling (Sections 2.1-2.3) and the Z
sampler.

Our approach to high-dimensional coverage is simple in principle:
we delegate this responsibility to an existing LD sequence. Specifi-
cally, we associate each element sampler with a single dimension
of the LD sequence and use that dimension to nest the generated
sample stream. The LD sequence then interleaves these streams
in the same manner that it interleaves its native components. In
this way, the LD sequence provides global high-dimensional unifor-
mity while the nested streams retain control over low-dimensional
sample structure.

More specifically, the vdC sequence in Eq. (5) maps a stream of
indices to an abstract stream

.0,.1,.01,.11,.001, ... )

of binary fractions at progressively increasing resolution. While
these are most commonly interpreted as sample points on the unit
interval, this interpretation is arbitrary. Alternatively, the shuf-
fling mechanism of nets and (¢, s)-sequences leads to a different
interpretation in which they identify multi-resolution intervals.
For example, a dyadic (0, 4, 2)-net is constructed by shuffling a list
(x1xax3%4) 3000 of 16 binary-encoded fractions, and pairing it with

a list (.Y1y2y3y4) gp00» in such a way that for all 4-bit combinations
{-y1x1262%3, Yy1yax1xz, Y1y2ysxi} (10)
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Fig. 4. Interleaving of the first 16 samples of the triangle and disc in Fig. 1(g,
h), indexed by SZ dimensions 6 and 7 that form a dyadic (0, 2)-sequence.
(a) When indices are treated as 1D coordinates, they make a classic multi-
stratified dyadic (0, 4, 2)-net, namely a shuffled 2D Sobol’ sequence. (b) Each
stratification can be abstracted into a Cartesian product of abstract inter-
vals. (c) Corresponding stratifications in the trianglexdisc space can be
viewed through a Cartesian product of indexed intervals. These samples
are assigned to the top-right pixel in Fig. 1, and each other pixel receives a
similar transformed dyadic net in the joint 4D trianglexdisc space.

of leading bits, we have the full set .0000 through .1111. The essence
of these concatenated-bit fractions is that they represent intervals
on the 2D space, i.e., strata in one of the possible stratifications, and
a full power-of-two-sized list gives fully populated strata. This is
the most fundamental conceptual shift behind our vision of nested
interleaving: thinking in terms of intervals instead of points.

To nest our element sample distributions, we thus need to re-
cursively partition each sampled domain into a dyadic tree of our
choice, and to map its intervals to those of the nesting vdC sequence.
As long as we respect this dyadic indexing, the LD sequence will
transparently interleave our samples, with the basic difference that
the unit hypercube spanned by the LD sequence is interpreted now
as a combination space spanning the Cartesian product of our cus-
tomized intervals, as demonstrated in Fig. 4. Section 4 presents a
number of such samplers.

The sample indexing bits used for interleaving may be partitioned
into three parts:

(11)

.01020304d1 e
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For our 4x4-pixel example in Fig. 1, the first 4 bits, according to the
designated samples-per-pixel resolution, select the major interval
containing the sample point. Since all major intervals are visited
once to pick the 16 samples for each pixel, these bits only affect
the order of the samples, but not their locations. These bits can
therefore serve to shuffle the sample indices, in order to decorrelate
local dimensions of different elements. The following bits d;, up
to the designated design resolution, control the actual layout. The
remaining trailing bits j;, up to numerical precision, decide the
sample placement within the sub-intervals, and can therefore serve
as scrambling bits to jitter the sample sets.

3.4 Element Construction

The construction of hierarchically ordered, sequentially indexed
sample distributions differs fundamentally from the construction
of their point-centric counterparts. The distinction is not merely
algorithmic, but reflects a conceptual shift in how sampling is un-
derstood. From this perspective, sampling is no longer viewed as
placing points in a domain, but as assigning to each pixel sample a
structured representation—an image—of the sampled domain itself.

Each pixel sample initially receives a single-pixel image of the
domain, representing it at very low resolution. As samples accu-
mulate over spatial neighborhoods, the reflected domain image is
progressively refined: blocks of pixel samples collectively share
higher-resolution images of the domain. Notably, the assigned do-
main samples themselves remain unchanged: only their associated
domain-image pixels are refined as they are combined with those
of neighboring pixel samples. In this way, the Z-indexed mapping
ensures that each block of pixels receives a faithful, progressively
refined view of the sampled domain.

The same interval-centric perspective extends naturally to higher-
dimensional interleaving. Rather than combining points, the LD
sequence effectively synthesizes voxels of joint spaces from pixels
of individual subspaces, in order to convey an image of the combined
spaces to pixels of the rendered image.

Following this approach, element sampler construction in NILE
is fundamentally concerned with how pixel representations are
defined and progressively refined across sampled subspaces. The
following concepts and requirements will be used to guide element
design, ensuring proper interleaving and uniform coverage of the
combined sample space:

Sequencing: The sampled element must be subdivided to pixel-
countxsamples-per-pixel resolution, i.e., the overall sample count,
and each domain pixel at this resolution must be assigned exactly
once to a pixel sample.

Modularity: We require a modular sequence: a sequence of sample
sets, just like (¢, s)-sequences; this is what is missing from previous
recursive tiling techniques that were optimized to deliver a single
progressive sequence.

Resolution: We use this term to refer to the number of slices the
element designer wants to see and control before handing it to a
recursive mechanism to process further subdivision; save the power-
of-2 constraint, resolution is a free design parameter, though a high
resolution may degrade the quality of the interleaving process. The
geometry of the domain may dictate a minimal resolution, e.g., four



for rectangular and triangular elements, to subdivide into congruent
slices as needed for a good coverage.

Partitioning: Apart from the slicing geometry, usually implied by
the geometry of the domain, the only degree of freedom for the
designer is the indexing order of the slices. We are bound to partition
the set into subsets of the target size that all comply with the design
criteria, as dictated by the modularity target. For example, the 256
slices in Fig. 1(f) are partitioned into 16 sets, each is a (i) non-digital
(if) dyadic (0, 4, 2)-net (iii) exhibiting blue noise properties.
Tiling: It is not only impractical to design for all possible sample
counts, but a bad practice, too. Suppose, for example, that we aim
at distributing 16 samples per pixel: we may choose a resolution
of 256, as in Fig. 1(e, sub-intervals) and partition into 16 subsets,
but then we would need not only to decide on the layout but also
the indexing order of each set. A better plan is to slice into only 16,
and use tiling techniques like ART to coordinate the placement of a
single point per tile. That is, we design over two subdivision levels
of the chosen resolution. The blue noise distribution in Fig. 1(e) is
actually obtained at the native 2x2 resolution of the square, giving
a good example of a conservative use of resolution.

Scrambling and Shuffling: These terms are used in the same sense
as in the quasi-Monte Carlo literature, but the mechanism is differ-
ent (Eq. (11)). Notably, shuffling has a tangible application here to
decorrelate different elements.

Deep Nesting: Given the different roles of the sample indices de-
scribed in Eq. (11), we can claim more freedom by nesting different
elements inside others. For example, the StART element in the fol-
lowing Section 4.1 is optimized for random indexing, and we can
use it to provide the shuffling and scrambling components of the
sample indices.

We conclude this section by explicitly highlighting an implied
design constraint that the indexing order of intervals has to be static.
That is, interval .011, for example, has to be strictly inside interval
.01 and consistently visited after interval .010. This is crucial because
permuting the order of intervals can ruin the orchestrated shuffling
process of the LD sequence.

4 Example Elements

In this section, we present a few practical examples of elements
designed to deliver a range of per-subspace sample distributions
proposed previously while staying compliant with the binary index-
ing condition of the NILE architecture. While all elements share the
same run-time logic outlined in Algorithm 1, they vary primarily
in step 5, namely in how child slices are defined and indexed. No-
tably, this indexing is typically determined recursively and never
materialized explicitly.

4.1 StART

Stratified sets commonly serve the first example of better-than-
random distributions [Cook et al. 1984], so it is instructive to start
by designing an element that provides this distribution, and use it
as an example to demonstrate the design procedure.

A stratified set of n? points in the unit square is obtained by
partitioning the domain into nxn strata (cells), placing a sample
point randomly within each stratum. Obtaining a standalone set
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Algorithm 1: Retrieving a sample from a 2D NILE element

Input: A 2D element domain Q and a binary fractional index
Velo,1)
Output: A sample x € Q

185« Q; // Initialize slice to the whole domain
2 repeat
3 | g [4V]; /! qe{0,1,2,3}

4 V4V —q; // Discard consumed digit
5 S « subslice(S, g); // Replace S by its g-th child
¢ until numeric precision is reached;

7 Choose an arbitrary point x € S;

8 return x;

like this straightforwardly follows from the definition. Our goal is
to build a modular sequence of samples such that, for all values of
m, the first and all subsequent N = 22™ points are stratified.

To imagine how to generate such a sequence, let us first consider
the 1D case. The analogous definition of a modular stratified se-
quence aligns perfectly with the very definition of (0, 1)-sequences
and, along with the static visiting order of intervals constraint, co-
incides precisely with the set of Owen-scrambled vDC sequences
[Owen 1995, 1998]. Analogously, a quad-based modular sequence of
stratified samples precisely coincides with Owen-scrambled base-4
vdC sequence, where digits are interpreted as quadrants. By defi-
nition, every consecutive power-of-4 block of such a sequence is
indistinguishable from a stratified set of that size, and the sequence
constraints only become apparent when considering successive
blocks, which is exactly what we intend.

Thus, building a NILE element to serve stratified samples re-
duces to finding an efficient good-quality algorithm for base-4 Owen
scrambling. This is a free design choice. In our implementation, we
used the recently introduced Q-ART algorithm [Ahmed 2025], and
obtained satisfactory results. It is based on the ART Grammar in
Section 2.3, hence we use Stratification with ART (StART) to name
the resulting element. We conclude this Section by making a his-
torical note that the idea of incremental stratified sampling was
proposed quite early in the work of Dippé and Wold [1985], but
we are unaware of follow-ups, and this may count as successful
realization of an old vision.

4.2 Jittered Grid

Instead of randomly jittering the location of individual sample points
within each cell of a stratified grid, Ramamoorthi et al. [2012] argue
for jittering the grid (JG) as a whole while preserving its regu-
lar structure. Constructing a basic element that serves a modular
sequence of this distribution is surprisingly straightforward: the
Z-order indexing [Morton 1966]

Z = .Y1X1Y2X2Y3X3 " (12)

of quadrants readily provides such an element when applied over
a vdC-indexed stream of samples. Replacing Morton’s Z ordering
with Bayer’s used in ordered dithering further enables diagonal
grids for handling odd powers of 2. Random jittering is implicitly
achieved through the shuffled Z-ordering of pixels, which ensures
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that any displacement of the grid within the sampled domain has
equal probability of being assigned to any pixel.

While the interleaving process can still attain a good coverage
over combinations of intervals, the Morton ordering imposes strong
correlation between individual axes across different subspaces. To
see this, note that Morton indexing is a linear operation that implies
a pair of matrices for the two axes, with the net effect of replacing
the indexing matrix in the LD sequence with a pair of matrices for
independently sampling the two axes of the element. To avoid this,
we nest the plain model above in a StART element that shuffles the
indexing order of strata. Doing so preserves the jittered grid of each
sample set, but union sets over pixel blocks are no longer regular
grids.

4.3 Correlated Multi-Jitter

Chiu et al. [1994] introduced a variant of stratification, multi-jitter,
where the samples are stratified in their 1D projections as well as
the joint 2D space, thus satisfying the so-called N-Rook or Latin-
hypercube property. More recently, Kensler [2013] proposed an
improved variant, correlated multi-jitter (CMJ), where each dimen-
sion’s sample points have the same offset within their cell, as illus-
trated in Fig. 1(d). This approach was further refined and extended
in [Christensen et al. 2018]. Another significant improvement is
due to Jarosz et al. [2019], who extended CM] sampling to higher
dimensions.

Constructing a standalone CM]J distribution of N = n x n = 22™
comes down to choosing two permutations of {0,...,n — 1}, and
reading through these sequences along columns and rows to assign
sample offsets. To create an element that serves a modular sequence
of this distribution, we need to augment each of the permutations
by an orthogonal set of permutations: that is, n non-overlapping
permutations. The binary size of the permuted set readily suggests
an easy solution using XOR scrambling against codesin {0, ..., n—1}.
This, however, will only cover the 1D projections, and to fill the 2D
space we need a Cartesian product {0,...,n—1} x{0,...,n—1} of
scrambling codes.

A geometric intuition of this can be obtained by carefully ex-
amining Fig. 1(d): each set must contain a point in the origin of
the stratum; the 2D-pair of XOR-scramble codes translates that
point uniquely for each complementing set, and all other points are
bitwise-XOR translated by the same offset. Indexing the samples in
the set, the sequencing of translations, and the jittering within the
27™ x 27™ intervals may all be conveniently delegated to StART.

4.4 Blue Noise

With its digit-reversed indexing and binary production rate, the
original ART model [Ahmed et al. 2017] fits readily in our scheme as
an element for providing blue-noise sample distribution. Optimizing
an ART tileset originally follows the same procedure discussed
is Section 2.2. but we introduce a few modifications repurposing
the model to deliver modular sequences for rendering. First, we
replace the ranks by class indices, and optimize to obtain a blue-noise
distribution over each class. At most we can optimize jointly for
pairs of child indices to account for odd-power-of-2 sample counts,
but child indices are not meant to coexist beyond that; instead, each
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index from different tiles would end up together in a sample set.
This follows readily from the vdC indexing. Secondly, especially for
non-adaptive sampling, we do not have to, and actually should not
use the self-similar property of the optimized tileset to index over all
generations. Instead, we use StART to randomly scramble/shuffle the
trailing/indexing bits to improve the spectral quality within/across
subspaces, respectively. Here we are taking advantage of the shared
underlying ART scheme, with an opportunity of reusing the same
tables.

4.5 Triangles and Discs

The idea of implementing stratified sampling as Owen scrambling
extends naturally to different domain geometries. In Fig. 1, for ex-
ample, we use StART sampling with (g) triangles, using Basu—-Owen
indexing [2015], and (h) discs [Christensen 2018; Shirley and Chiu
1997]. The concept also admits different slicing patterns. For ex-
ample, the Basu—Owen subdivision of a triangular domain can be
replaced by the Talbot-Heitz [Pharr 2019] parametrization. Finally,
the subdivision ratios can also be varied, subject to the provision of
an efficient Owen-scrambling algorithm in the corresponding base.

4.6 3D Elements

A (0, 2)-sequence is arguably the most natural candidate for nesting.
In its original form, using the identity and Pascal pair of matrices,
(I, P), the 2D Sobol’ (0, 2)-sequence permutes the order intervals are
visited, violating the required static indexing tree condition. Indeed,
nesting in the first dimension of the (I, P) pair itself gives (I, P, P),
the worst we could get. A compliant version, however, is obtained
by multiplying an appropriate matrix to undo this permutation,
bringing the sequence to its finite-row matrix form [Hofer and Pirsic
2011]. Alternatively, the self-similar (0, 2)-sequence [Ahmed et al.
2023], generated by the pair (&, ) of self-similar matrices, read-
ily satisfies the static indexing of intervals thanks to its tile-based
construction. We may consider the upper-triangular factors

(& &) = (13)

for faster evaluation via diagonal factoring [Ahmed 2024]. It so
happens that ¢, is exactly the anti-permuting matrix needed for
Sobol, so both roads lead to the same pair of matrices in Eq. (13) that
generate the same 2D Sobol’ sequence but in an invariant visiting
order of 2D intervals.

We experimented with nesting this sequence in the first dimen-
sion of the original 2D Sobol, and during assessment noted that the
discrepancy plot of the resulting 3D sequence coincides with 3D
Sobol. Further inspection revealed a very interesting result that the
two sequences are actually identical, up to shuffling:

(£ &5 P) = (LP,S)& = (S0, S1,.S2) u s (14)

where Sp, S; and S; are the first three matrices of the Sobol” sequence.
On the practical side, we see this finding as the most precious gem of
nesting: it enables nesting a (1, 3)-sequence in any (0, 2)-sequence
pair of the SZ sequence, providing a neat treatment to the 3D-sample
alignment issue reported in the SZ-Sequences paper [Ahmed et al.
2025]. It is worth mentioning that the (1, 3)-sequence of 3D Sobol’ is
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Fig. 5. (a) Geometric interpretation of flags evaluated from a single point.
Strata are successively paired in each stratification. The construction of
the net forces the two points sharing a pair to occupy diagonally-opposite
quadrants of their shared area, and changing the diagonal is possible without
violating the net structure, hence represents an independent bit parameter.
(b) An abstraction of the Netshuffle parameterization for the whole net in
(a), showing the influence of flags (large digits) in routing the association of
xs to ys. Each column represents a stratification, and the number in each
cell is a concatenation y : x of m significant bits from the two coordinates,
highlighting the relevant bits for indexing the strata. Adapted from [Ahmed
and Wonka 2021, Fig. 4] to highlight the point in (a). (c) The geometric
interpretation of the flags in (b) over the whole set, highlighting the occupied
diagonal per pair per stratification. Flag vectors are read bottom-up in the
flow diagram (b), and left-to-right bottom-up in the plots in (c).

arguably the best available 3D sampling sequence, to our knowledge,

and nesting avails it to any number of 3D subspaces in the scene.

Depending on the context, we refer to this element and associated
sampler using “02”, short for nested (0, 2)-sequence, or “One-Three”,
short for (1, 3)-sequence.

4.7 BlueNets and WhiteNets

Ahmed and Wonka [2021] showed that any dyadic (0, m, 2)-net, up
to its significant m-bit resolution, is uniquely defined by an ordered
set

F= (Fl,Fz,...,Fm) (15)
of m vectors, each comprising 2™~! binary flag bits. Each point
defines m flags

(0317 -+ “Ym) > (Yk ® Xm—ir1)fs, . (16)

one for each vector in Eq. (16), and each flag in the set is defined

“Xm,> 0.Y1Y2 - -

by exactly two points: any violation disqualifies the set as a net.

Fig. 5 illustrates the geometric interpretation of these flags. Briefly,
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for every consecutive pair of strata in each stratification, the two
occupant points must lie in diagonally opposite quadrants, and the
corresponding flag bit encodes which diagonal of quadrants is occu-
pied. This compact parametrization implies an efficient construction
algorithm, Netshuffle, and a handle for optimization via iterative ma-
nipulation of flags, giving rise to blue-noise-optimized nets, which
Ahmed and Wonka termed BlueNets. They also showed that each
net identified by a flag set like in Eq. (16) is associated with a unique
complementary net,

F=(F,F,....,Fp), (17)

obtained by bitwise-complementing all flag vectors, which is the
sole net that can pair with the given one to form a (0, m+1, 2)-net.
Conversely, up to m-bit resolution, there is a unique pair of (0, m, 2)-
nets, if any, to split a (0, m+ 1, 2)-net into, and their flags are all
complements.

Starting with this definition of a complement net, our investiga-
tion reveals that a given net actually implies a whole netset

(Fi, Py, .., ),
(F1, Fa, ..., Fm),
(F1, By, ..., F),
(F, Py, . F), (18)
(Fi,Fy, ..., Fp),

of complements with the following interesting property:

LEMMA 4.1. A netset as defined in Eq. (18) partitions the domain at
m-bit resolution.

Proor. Every point traces a distinct path from x to y, as illus-
trated in Fig. 5, and marks a single flag bit in each flag vector at a
position determined only by the point. If two nets in the set share
a point then they would have at least one shared flag value per
vector, leading to a contradiction that, by definition, they should
have complementing flags in at least one vector. O

This netset formulation provides an easy way to produce a NILE
element by applying an XOR scrambling code to the defining flag
vectors, rather than directly to the points as in the CM]J case, reflect-
ing the complex “multi-multi-jittered” nature of nets. Optimizing
the netset is similar to optimizing an individual net, except that
the optimization criteria need to be applied across all nets in the
set. Alternatively, we can use unoptimized nets, which we refer to
as “WhiteNets”, in the sense of “white noise”. We currently have
WhiteNets in our supplementary code, leaving the actual optimiza-
tion of BlueNets for future work. The demonstration in Fig. 1(e) is
obtained by exhaustive search, which is feasible for 16-point nets
over 228 distinct netsets. Finally, as with CM]J, indexing, sequencing,
and jittering may all be conveniently delegated to StART.

5 Results and Applications

Evaluating the NILE model is inherently challenging, as it is not
a single sampler or a specific algorithm, but rather a blueprint for
constructing customized samplers. To provide a meaningful evalua-
tion, we therefore return to the model’s original objective: enabling
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Fig. 6. Rendering and sample-space comparison of traditional stratified sampling and the NILE-orchestrated StART sampler, showing: (a) a reference rendering
of the Coffee Maker scene, (b) close-up views at low sample rates, (c) close-up views at high sample rates, (d) distribution of domain samples across 2x2-pixel
blocks, (e) spatial and spectral plots of two subspaces and their axis-wise pairings at 64 spp, (f) close-ups of spectral plots of axis-wise pairings at 4K spp,
showing the effect of LD interleaving, (g) generalized L, discrepancy over different dimensions, and (h) RMSE convergence plots. Coffee Maker scene from
Benedikt Bitterli’s Rendering resources [2016], rendered using a maximum path depth of 17.
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0DO.

serving good coverage in the joint high-dimensional space. This
motivates an evaluation plan that examines different aspects of the
sampler and relates them to the expected rendering outcomes.

In what follows, unless otherwise noted, all scenes are rendered
with pbrt-4 on GPU using the default scene settings, and all refer-
ences are rendered with 22°-spp StART. Global Sobol’ uses default
Owen scrambling, while NILE samplers use ART-Owen scrambling— m
that is, 1D StART—for all 1D subspaces. Distribution names such .
as JG, BN, and CM]J refer to NILE-based samplers implementing - - 0-3 Number of Points
these elements. We benchmark against standard pbrt-4 samplers, A R Pl PP AT AT AT

. . . . (@) Sobol (b) SZ-Z (c) 02 (d) RMSE
which serve as a common reference point for comparison with other
sanhlpl-ers, For exar.nple, ortbogonal ar_rays Uarosz et al.. 2019] pursue Fig. 7. RMSE convergence plots comparing miscellaneous NILE-based sam-
a similar goal of interleaving low-dimensional stratified sets into plers to state-of-the-art LD samplers global Sobol’ and Z-indexed SZ. The
high-dimensional ones, but the authors report that “Our results insets use (top) 64 and (bottom) 512 spp.
show that high-dimensional QMC samples like Halton and Sobol’
still provide better convergence compared to our techniques.” In con-
trast, our results show that most NILE-based samplers consistently
outperform Halton.

5.2 Convergence

Next, we test from the other side, comparing NILE-augmented LD
samplers to pure LD counterparts, for which we choose global Sobol’
and Z-indexed SZ. Fig. 7 shows the convergence results we obtained
for the “Head” test scene, which was reported as a failure case in the
SZ paper [Ahmed et al. 2025]. All NILE-based samplers successfully

5.1 Z-Indexing and SZ-Interleaving avoid the artifacts of the underlying SZ sequence, but their conver-
We begin by comparing a NILE-orchestrated distribution with its gence behavior differs depending on the local distribution. We first
independently instantiated counterpart to evaluate the effective- note that both Sobol’ and native SZ experience worse-than-random
ness of Z-indexing and interleaving. We chose our first stratified behavior for some sample rates, even high ones, most likely due to
distribution, StART, and compare its performance to the native strat- strongly-correlated pairs of dimensions. Notably, the O2-NILE sam-
ified sampler of pbrt-4, and benchmark against Independent and pler also experiences such a transient setback, and this is explainable
global Sobol” samplers for the worst and best expected performance. by the linear operation: the net effect of nesting a (0, 2)-sequence
Fig. 6 shows the results we obtained for a selected scene, along with in a (0, 1) stream is replacing a single matrix of the underlying LD
sample-space diagnostics trying to explain these results. sequence with a pair of matrices, leading to a similar vulnerability
Exceeding our expectations, the StART sampler not only im- to inter-axis correlation. The probability drops, though, thanks to
proves upon independent stratified sets, but in this scene even out- (1) better alignment of subspaces with the SZ substructure, and
performs the long-established global Sobol’ sampler. Specifically, (2) better utilization of earlier dimensions offering better subspace
thanks to the modular sequence structure, it is evidently benefit- coverage.
ing from Z-indexing at low sampling rates, as visible in Fig. 6(b) We also tested multiple other common scenes, as shown in Fig. 8.
and self-explained in (d), and leveraging SZ interleaving at high For all tested scenes, we observe that, except for JG, all NILE-based
sampling rates, as seen in (c) and subtly reflected in (e, f). samplers attain the same order of convergence as the underlying SZ
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Fig. 8. Convergence plots for a few common pbrt-4 rendering scenes com-
paring NILE-based samplers to state-of-the-art LD samplers, along with the
Independent sampler as a Monte Carlo baseline.

sequence, with O2 being the best, often outperforming the native
SZ. As the “Head” scene in Fig. 7 demonstrates, however, the other
stochastic elements are better behaved and therefore preferable
for problematic scenes of this type. JG consistently performs worst,
which aligns with its poor discrepancy properties. We note, however,
that this does not necessarily warrant discarding this distribution
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altogether: it may, for example, still be suitable for sampling smooth
integrands or low-variation subspaces.

5.3 Screen-Space Performance

Here we evaluate the screen-space distribution of error, which is
crucial for real-time rendering engines operating at low sampling
rates. For this test, we use the BMW-M6 scene in Fig. 9, sampled
at 4-spp, and compare NILE-based samplers to global Sobol’ and Z-
indexed SZ, and also to the native ZSobol sampler of pbrt-4, which is
especially designed for this purpose. Insets are selected from two rep-
resentative regions: a background area with a presumably smooth
integrand, and a reflection zone exhibiting higher-dimensional light
transport behavior. Overall, NILE-based samplers perform competi-
tively in both: Sobol’ exhibits the classic checkerboard patterns, SZ
is evidently aliased in the reflection zone, while 2D Z is noisy in this
region. Among the NILE variants, O2 is evidently the best performer,
arguably followed by blue noise. The jittered grid performs well
in the background region but suffers significantly in the reflection
zone, supporting our argument in the preceding Section 5.2.

5.4 Sample-Space Distribution Quality

Next, we assess the impact of the modular sequence constraints on
the distribution quality over the low-dimensional sample space. For
this, we compare our modular ART-based blue noise to the native
ART progressive blue-noise distribution, as demonstrated in Fig. 10,
using the original code with recommended parameters from Ahmed
et al. [2017]. The original progressive sequence model attains the
best quality over the first 256-sample block, but the quality degrades
and fluctuates over subsequent blocks, even reaching the stratified
set baseline. This is because the progressive model is not designed to
deliver separate blocks; instead, subsequent samples are optimized
to complement preceding ones in a larger set. While our modularity
constraint does degrade the distribution quality of the first set, it
maintains the same quality over all blocks, and most notably attains
a better overall average quality, as can be noted in the overall average
spectrum. It is also worth noting that our modified sequence reduces
the grid artifacts in the spectrum thanks to the random StART-based
jittering suggested in Section 4.4.

5.5 Axis-Wise Decorrelation

Correlations between dimensions belonging to different subspaces
are arguably a major source of artifacts when sampling with LD se-
quences, accounting for the characteristic checkerboard patterns of
the global Sobol’ sampler and the occasional low-frequency aliasing
observed with Z-indexed SZ sampling. The sequential indexing of
subspaces in NILE-based samplers provides an important byprod-
uct in mitigating this issue through shuffling of intervals. Unlike
axis-wise Owen scrambling, which preserves 2D interval structure,
applying base-4 Owen scrambling to quadrants decorrelates the
sampled domain dimensions from the indexing sequence, effectively
occluding local domain axes from external visibility.

To demonstrate this property we choose the most regular element,
the jittered grid, and benchmark against Sobol’ and SZ sequences,
as illustrated in Fig. 11. A useful property of the regular grid is that
it literally instantiates the sampled-domain-as-image perspective
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(a) Rendered Scene

Fig. 9. Screen-space error distribution comparing (f—i) NILE-based samplers to (b) global Sobol’ and two Z-indexed samplers using (d) 2D Sobol’ and (e)
high-dimensional SZ. We invert the insets on the top for better visibility of the noise patterns. Full-resolution images are available in the supplementary
materials.

Fig. 10. Sample distribution and frequency power spectra (averaged over 100 realizations) of 256 consecutive blocks (showing only first and last eight) of 256
samples, along with the average spectrum over all sets, comparing (top) the original progressive ART blue noise to (bottom) our modular one.

(a) JG (shuffled) (b) JG (Morton) (c) Sobol (d)sz

Fig. 11. Spatial and spectral plots for 3 consecutive 2D subspaces sampled at 1024 spp using jittered-grid NILE (a) with and (b) without shuffling, along with

Owen-scrambled (c) Sobol’ and (d) SZ shown for benchmarking.

on sampling discussed in Section 3.4. The plots in Fig. 11(a) show
that a block of 1024 pixel samples receives a perfect 32x32-pixel
image of each individual subspace, along with a noisy yet still recog-
nizable image of paired dimensions from different subspaces, with
skipped and duplicated pixels. In contrast, without shuffling, some
subspaces form perfect images while others yield highly distorted
ones, reproducing the behavior observed with LD sequences in a
much more severe form.

More generally, we inspect the axis-wise sample-space interaction
between subspaces sampled using similar and different elements,
as demonstrated in Fig. 12 and Fig. 13, respectively. We note that
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pairwise plots of different elements capture features of both paired
elements. For example, a StARTX]JG pair resembles StARTXStART
in one axis and JGXJG in the other.

5.6 Speed and Memory

Being binary-indexed sequences, the space and time complexity
of nested elements is generally the same order as Sobol’ and SZ
sequences, differing only in the constant factors. While the two-
layered processing and additional lookup tables may suggest an
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Fig. 12. Spatial and spectral pairwise plots of 256 points spanning two 2D subspaces sampled using similar elements, indexed by consecutive SZ dimensions,

demonstrating the interaction between similar elements.

Fig. 13. Spatial and spectral pairwise plots of 256 points spanning five 2D
subspaces sampled using different elements, indexed by consecutive SZ
dimensions, demonstrating the interaction between different elements.

extra cost, there are in fact multiple cases where nested sampling ac-
tually reduces the computational and/or memory cost. For example,
we use a 1kB lookup table for StART, equivalent to 8 dimensions
of 32-bit Sobol’ tables at 128 bytes each; the 2-in-1 packing makes
the table sizes break even at 8x2D, and StART wins thereafter. The
O2 NILE variant is tableless and therefore clearly advantageous in
terms of memory. With diagonal factoring [Ahmed 2024], the eval-
uation code is extremely fast, hence O2 also wins in terms of speed,
which is supported by empirical evidence throughout our experi-
ments. Although the recursive traversal of ART trees is slower and
less GPU-friendly than serial matrix processing in Sobol, the 2-in-1
feature makes the difference negligible. Besides such advantages,
there is a subtle one that the computational cost of the underlying

SZ sequence increases substantially after the first 16D, and nesting
helps staying longer within these 16D.

5.7 Bias

A tricky aspect of global samplers like Sobol’ and Halton is that,
when used to render reference images, they tend to favor candi-
dates rendered with the same sampler, as demonstrated in Fig. 14.
This behavior is now easier to understand in the light of our earlier
analysis in Section 3.1. There is a good chance of sharing the same
error on corresponding pixels between the reference and candidate
images, and it may take multiple power-of-2 octaves to break the
correlation. This has caused a long-standing challenge in bench-
marking sampler performance, since generating a reliable reference
may need impractical sample counts. In the other extreme, while
the independent sampler is well-behaved, it unfortunately takes
impractically large sample counts to converge.

A nice property of NILE samplers is that they apparently do not
exhibit such a biased behavior, as illustrated in Fig. 14(e), where
the plots obtained using 16K and 64K spp StART references are
very similar, and neither claims the best place for StART-sampled
images. This behavior is not exclusive to NILE, but is shared by
all Z-indexed samplers. NILE, however, combines fast convergence
with additional robustness by incorporating stochastic elements that
reduce the likelihood of bias originating from the source subspaces.
For this reason, we prefer StART over the faster-converging O2
when generating reference images, as the latter is more susceptible
to aliasing.

5.8 Implementation Complexity

For most distributions, building a NILE-compliant element is admit-
tedly more complex than independently generating the correspond-
ing per-pixel sample set. That said, the NILE framework provides a
platform for making fair comparisons. Indeed, established samplers
like global Sobol, as well as newer ones like Z-indexed SZ, do not
provide the researcher with an obvious handle to integrate their
customized next-generation blue-noise distribution, for example,
leaving them with no option but to build a complete sampler just to
showcase their improvements. The schematic meta-sampler archi-
tecture in Fig. 1 gives an abstract idea about this saving in coding
complexity, where the developer only needs to focus on a specific
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(a) Sobol Reference (b) Halton Reference  (c) Random Reference (d) StART Reference
Fig. 14. Convergence of a rendered scene measured against 16K- and 64K-
spp references rendered using (a) global Sobol, (b) global Halton, (c) Inde-
pendent, and (d) StART samplers. The Sobol’ and Halton samplers exhibit
evidently biased behavior at 4% the assessed sampling rates, favoring images
rendered with the same sampler, and stay biased even at 16x. For ground
truth, Fig. 8(c) shows the convergence plot for the same scene against a
2%0-spp StART reference, and we verified that a Sobol’ reference at that rate
produces almost identical curves.

element. Furthermore, we will make our code freely available to
encourage the adoption of this model.

5.9 Limitations

While NILE-based samplers have passed multiple empirical tests,
the overall model is still heuristic and lacks analytically provable
performance guarantees. Specifically, nested NILE sequences retain
low discrepancy in the hypercube of subspaces when each subspace
is treated as a single dimension, but not when subspaces are ex-
panded into individual axes. Thus, we no longer have a known error
bound such as the Koksma-Hlawka inequality. We believe this is
an important area for future research.

On the practical side, we would like to emphasize that the con-
vergence performance of NILE samplers comes primarily from the
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high-dimensional LD sequence. Hence, one should not expect NILE
samplers to substantially outperform the underlying LD sampler
in settings where full convergence is required. That said, the NILE
framework still affords more user control at negligible cost.

6 Conclusion and Future Work

Our goal in this work was to bridge the long-standing gap in com-
puter graphics between the local per-subspace and global high-
dimensional perspectives on sampling. Our novel NILE meta-sampler
has done so by using high-dimensional LD points to drive the opera-
tion of local samplers, leading to well-distributed high-dimensional
points from low-dimensional components. In addition to reviving
four decades of research on sample distribution over low-dimensional
subspaces, we have also demonstrated that low-dimensional proper-
ties, e.g., blue noise, and high-dimensional coverage are not mutually
exclusive and can be combined in a single sampler. Our results sug-
gest that no specific distribution is always optimal; our modular
sampler architecture enables the rendering engine architect to select
the distribution that best matches their application. Even better, the
model allows mixing-and-matching different elements, making it
possible to fine-tune the sample distribution for a specific subspace
without having to build a whole new sampler.

We hope that our work sparks a revival of interest in custom
low-dimensional samplers and that it leads to greater adoption of
existing ones in practice. We have shown that NILE works well with
SZ as the underlying LD sequence and the Z-sampler used to dis-
tribute samples to pixels—these choices merit further investigation.
It could be worthwhile to develop new LD sequences or sample
distributors with this specific application in mind, for example. Hav-
ing shown a practical use for the interval-interpretation of points
generated by global samplers, we suspect that other applications of
this idea will be found and that high-dimensional LD samplers will
find further applications in computer graphics. Finally, the provision
of traceable indexed samples in our model, as illustrated in Fig. 1,
aligns naturally with modern machine-learning pipelines, opening
new opportunities for learning-aware sampling.
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