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Equality (decision)

Group theory
xT-e = X
z-x = e
(z-y)-z = z-(y-2)

e-x=x-e 0K

Using equations. ..

ex =e(ze)=e (@ (@) zer (@) (@)
e (e (@) =(ee) (@) P =es @)

~(eea ) @) ma @ @) ) —ae
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First order

Monosorted
Signature : (F, 1)
e F :setof symbols

e 7 :function F - N,
n : arity of f

Arity 0 : constants
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First order

Signature (F, 1),

X :set of variables + fresh one

T(F,X) : smallest set such that
e e X term

ofo,T(f)Zn, t1...t, terms
then f(ty,...,t,) term

Ground terms : T (F, @)
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First order - subterms

Terms seen as trees ~ positions
... as functions from positions to Fu X

A =root

N’ sequences over N, Concatpandqg:p-q

P <pret ¢ iff Ire N}, p-r=g¢ p prefix of ¢

Subterm of ¢ at position p, t|, = {g e N} | p-q € Pos(t)}
Subterm relation : ¢t >s if 3p # A such that ¢|, = s

tlp(q) =t(p-q)
(proper subterm)

For t|, (p € Pos(t)) and u, Replacement t[u],, defined by :
{q NI [qePos(t) Ap tpret. ¢} U {p-q|qePos(u)}

tlulp(q) = t(q)
tlulp(p-q) = u(q)

if g € Pos(t) Ap fpret. ¢
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First order

Substitution : application X — 7 (F, X)
Usually : identity except on a finite set

Notation postfix : o(z) ~ zo
Extended to terms by unique H, : T(F,X) > T(F, X)

e H,(x)=xif z notin o’s domain

e H,(x)=x0 if x in o’s domain

o Hy(f(s1,---y8m))=f(Hy(81),..., Hy(8m)) if

f(s1,...,8m) e T(F,X)

Notation abuse : substitution ~ extended substitution

Ground substitution if X — T (F, @)
Rk. Term with variables : seen as all its ground instances
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First order

More general ? subsumption : s > t iff 30, so =t
o more general than 7 iff 30, o6 =7

Renaming : equivalence relation akin to a-conversion

o={x1 > Y1, Tn > Yn} y; pairwise distincts

Matching : for s t terms, finding o such that so =t

Unification : for s ¢ terms, finding o such that so = to
« Decidable (15! order, e.g. Robinson)

e If unifiable : unique most general unifier (vanilla)
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A hint of semantics

Monosorted

For (F,7) a signature, F-algebra :
e Support A + &
e Application f4: A" - A

forall fe F,7(f):n T(F,X) F-algebra

For A B F-algebras, homomorphism from A to B :
application h : A - B such that for all f,7(f) =n

Vai, - an€A, h(falar,- a,))=fe(h(ar), -, h(ay,))

A-assignment : homomorphism from 7(F, X) to A

Congruence (equi. relation compatible with A) ~ Quotient
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A hint of semantics

Multisorted
For (S, F,7) a sorted signature, F-algebra :

e Support A+ g foreachseS

e Application f4: Ag, x---x Ag, - As

forall feF,f:s1xx8,—>s T(F,X) F-algebra

For A B F-algebras, homomorphism from A to B :
set of applications hs: A; - Bs such that forall f: sy x---s, > s

Vala"'van € A? hS(fA(ala"'van)) = fB(h‘Sl (al)v"'7h8n(an))

A-assignment : homomorphism from 7(F, X) to A

Congruence (equi. relation compatible with A) ~ Quotient
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Equational reasoning

Equation : pair of terms of same sort, s =¢ set of equations E
Model : A F-algebra, A= Fif Vs=t € E, YA-assignment o, so = to

=p smallest congruence on 7(F, X) such that Vo,Vs =t € E,so = to
Quotient : T(F,X)/ =g ~ F-algebra,and T(F,X)/ =g E

s =t an equation, word problem relatedto s =t: Er’s=t

Equational theory (of E) : {s=t| EE s =t}

To solve it : equational reasoning
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Equational reasoning

Reflexivity
S=S
=t
i Symmetry
t=s
=t t=
s “ Transitivity
S=U
=t
i Replacement

Starting from E, uses of : Refl., Symmetry, Transitivity, Replacement

If derivation : E+~s=t¢
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Equational reasoning

(z-I(z))=e
e=(z-I(x))
e I(I(z)) = (z-I(x)) I(I(x))
e I(I(z)) =a-(I(x) - I(I(x)))

(@) z=a (y-2)
(2 T@) - TA@) =2 (@) I1(I(x)) z-1(z)=e
o (I@) I(@) =z-e

e-I(I(z))=x-€

r-e=x

e-I(I(x)) ==

@y z=a-(y-2) c 1) ==
(= D I0W) == (e IaW)) e (@ TAW)) =y
G0 10w -

(z-e)=az

z=(x-e)
z-I(I(y)) =(z-e)-I(I(y))
z-I(I(y)) ==y
e-I(I(z))=e-x
e-x=e-I(I(x))

1) ==

[(Birkoff)] if at least a ground term (per sort),

FeEs=t & FEFrs=t < s=pt
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A view on =g, equational step

=g a bit rich ~ smaller relation < g
smallest reflexive pre-congruence that contains £

s<pt:3du=vekFE, osubstitution,
s =sluc], t=s[vo],

Notation s «—4_, , ¢
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(=g : <F)

13

A view on =g, equational step
Group theory, E :

(U) x-e = x
(I) x-I(x) = e
(4  (z-y)-z = z-(y-2)

e «oye(vee) —=Fe(z(I(2)-I(2))))
—he (z-1(2)) I(I(2)) <=F e (e I(I(2)))
i (e-e) - I(I(x)) <=y e I(I(x)) <7 (- I(2)) - I(I(2))
—ha (I(x) - 1(I(x))) <=2 ¢
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Unification problem

Definition

T(F,X) term algebra. Unification problem :
e T,
o |,

® S1=t1A...AN8,=1p,.

Every substitution solution of 7.
No substitution solution of 1.
o solutionof sy =ty A...As, =t,ifforalli=1,...,n, s;oc =t;o.

Set of solutions of P : U(P).
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Unification problem, example

f(x,a) = f(f(b,y),y) Ay=a

Question : is there any o such that
f(z,a)o = f(f(b,y),y)o AND yo =a?

Here yes, though not always the case
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Unification problem, mgu

Theorem.
T(F,X) term algebra, P unification problem.

° U(P) =,

e U(P) # @, main solution (most general) o unique (up to renaming).

o Most General Unifier mgu(P).

Proof : translation to equivalent and easier problem.

Definition
Py, P, unification problems over T'(F, X).
Py and P, equivalents if U(Py) = U(P2).
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Unification problem, mgu

Theorem.
T(F,X) term algebra, P unification problem.

e U(P)=g,
e U(P) # @, main solution (most general) o unique (up to renaming).
o Most General Unifier mgu(P).

Proof : translation to equivalent and easier problem.
Definition
P unification problem sur T'(F, X). P solved form :
o T,
o |,

e x1 =t A... Az = t, Where z; pairwise distincts, outside ¢;.
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Solved forms, solutions

Proposition.
P=x1=t1A... A2y = t, SOlved form, 0 = {x1:=11,. ..
Then U(P) = {fo | o substitution}

s Lp += tn}

Proof : for ¢ solution, o = fo.
e x=1x; < Dom(9) 200 = xi00 = (x;0)0 = tijoc = x;0 = x0.

e x+x; c Dom(9) 0o = (x0)o = xo.

For o : z;00 = (z;0)0 = t;o = t;0c hence fo solution.

Definition

For P equivalent to solved form x1 =t A ... Ay, = Ty,

mgu(P) = {x1:=t1,..., Ty =t}

f(z,a) = f(f(b,y),y) Ay =aequivalentto x = f(b,a) Ay = a,
X. Ureall1Qes(2639 2505 wosif (b, a ),y == a}.
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Transformation rules 1/2

. S§=S
Trivial
T
S81y.-.58n) = f(t1,...,1
Decompose f(s1 n) = f(h n)
S| =11 N...ANSp =1y
S1y---,8n) =g(t1,...,¢ ,
Incompat. J(s1 n) =9(h m) if f#g
1
) r=yAP .
Union Y if z,y € Var(P)
r=yAP{r:=y}
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Rules de transformation 2/2

= P
Replace resn if z e Var(P) \ Var(s) and s ¢ X.
x=sAP{x:=s}
. rT=sAx=1 .
Fusion ifzeX,s t¢ X and|s| <[t

r=8SAs=t

xr1 =11 [l'g]pl N.oo. Xy = tn[xl]pn

1

ifpr-...-pp A

Occur. check
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Rules : properties

Set of rules U defines an algorithm

Theorem.
Transformation correct.
l.e., if Py >y Py then Py, P, equivalent.

Theorem.
-y well-founded.
l.e., no infinite chain Py -y P, -y -+ =y P >y Puy1 =y -+

Theorem.
Transformation complete.
l.e., when U not applicable, then P solved form.
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Rules : termination

Proof : - included into > well-founded.

(11(P),12(P), I3(P)) (21,22,23)lex ([1(Q),12(Q),13(Q))

In fact : It I1
P > Q

Definition

<1,...,%, over non empty Dy,..., D,.

Lexicographic composition : disjoint union ~ and < :

(x1,.y2n) = (Y1,---5Yn) fVi=1,...n x>y
(1, xn) < (Y1,--,yn) fFje{l,...;n}Vi=1,...5-1
Ti = Yi N Tj<jYj
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Rules : termination

Proof : —¢ included into > well-founded.

(I1(P),I2(P),I3(P)) (>1,22,23)lex ([1(Q),12(Q),13(Q))
In fact : It I

P Q

Y

Definition
Multiset extension :(reflexive) transitive closure of <! =~! .

mul ™ ~mul U <maul

Mu{z}=l Mu{ylifz~y

Mu{yl,...,yn}<,}nulMu{x} if Vie{l,....,n} yj<x
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Rules : termination

Proof : —¢ included into > well-founded.

(11(P),12(P), I3(P)) (21,22,23)lex ([1(Q),12(Q),13(Q))

Rules : termination

Proof : - included into > well-founded.

(11 (P), I2(P), I3(P)) (21,22,23)lex ([1(Q),12(Q),13(Q))

In fact : It 11 In fact : It 11
P > Q P > Q
Definition Definition
x variable solved if one occurrence in P =z =t A P’ Size of s =t : max(|s], [t])-
I, (P) = number of variables not solved in P. I,(P) = multiset of sizes in P.
> usual ordering on N. >9 multiset extention usual ordering on N.
Union > Union >
Replace >1 Replace >1
Remainder >; Triv., Dec., Incomp., Occ. >; >9
Fusion >1 >
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Rules : termination Rules : completeness
Proof : - included into > well-founded.
(I1(P),I2(P),Is(P)) (>1,22,23)lex ([1(Q), 12(Q),I3(Q)) Proof : P with U not applicable, different from T and 1.
In fact : I1 It
P > Q Neither Decompose nor Incompat. hence P=xzy =t A ... Ay =ty
Definition

I5(P) = number of equations with member € X.
>3 usual ordering on N.

Union >1
Remplace >1

Triv., Dec., Incomp., Occ. >; >9
Fusion > 29 >3
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No Fusion hence z; pairwise distincts.

If (at least) two occurrences of x; in P :
e t; > x; impossible : no Occur. check.
e x; being t; impossible : no Trivial.

e t; >z, # j impossible : no Remplace.
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Rules : completeness

If (at least) two occurrences of x; in P (cont.) :
o ; being t;, j + i hence j" equation : z; = x;.
e t; ¢ X impossible : no Remplace with x;.
e t; € X, appearing outside " equation impossible : no Union.
e t; € X,t; =z}, uniquely in i equation :

szl:tl/\.../\xi_l=ti_1/\:l:;::1;7¢/\aci+1:ti+1/\.../\xn:tn

Corollary.
P unification problem,
° U(P) =g or

e U(P) + @ with mgu unique (up to renaming).
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Examples

F={f,g,a,b}, with f binary, g unary, a and b constants, X = {z,y, z}.

U(f(a,b) = f(a,a)) =@

f(a7b) = f(a,a)

Decompose
. a=aAb=a
Trivial
b=a
Incompat.
L
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Examples

F={f,g,a,b}, with f binary, g unary, a and b constants, X = {z,y, z}.
U(f(z,y) = f(2,2)) ={z:=2y:=z}

f(xay) = f(Z,Z)

T=2ZAY=2

Decompose
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Examples

F={f,g,a,b}, with f binary, g unary, a and b constants, X = {z,y, z}.
U(f(z, f(a,y)) = f(f(b,2),2)) =2

f(xaf(a'ay)) = f(f(b,z),x)

Decompose
. z=[f(b,z)A fa,y) ==
Fusion
x = £(b,2) A fa,y) = £(b,2)
Decompose
x=f(bz)ha=bry==z
Incompat.

1
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Examples

F={f,g,a,b}, with f binary, g unary, a and b constants, X = {z,y, z}.
U(f(f(a,y), f(y,2)) = f(z,2)) ={z:= f(a,a),y = a,z:=a}

f(f(a,y), f(y,2)) = f(z,x)

De‘“’:p‘?se flay) =z A f(y,2) =

usion

5 fla,y) =z A f(y,2) = f(a,y)
ecompose

fla,y)=zAy=anz=y

Replace
P fla,a)=zAy=anz=a
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Examples

F={f,g,a,b}, with f binary, g unary, a and b constants, X = {z,y, z}.
U(f(.f,f(.f,z)) = f(f(yvz)uy) =g

Decompose [z, f(z,2)) = f(f(y.2),y)
r=f(y,2) A f(x,2) =y
1

Occur. check
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