Termination — orderings

What kind of orderings ?

e semantical orderings (interpretations)
e Integers
e Polynomials

e syntactical orderings (precedences extended to terms)
e LPO
¢ MPO
e RPO

e By transformation
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Orderings — semantical
D # @ equipped with >p and >p=>p - <p
p:teT(F,@)=deD

>, and >, :

t1zpt2  iff @(t1) 2p p(t2)

11 > to iff gO(tl) >D gO(tQ)

Well-founded if >p well-founded (converse)
Extension to terms with variables : ¢ : t € T(F,X):=d e (X - D) > D

>, and >, :

ti2pta iff @(t1) 2p x @(t2) (Vp: (X = D), 0(t1)(p) 2p ¢(t2)(p))
t1 >ty iff o(t1) >px p(t2) (Yp: (X = D),e(t1)(p) >p ¢(t2)(p))

Orderings — semantical
D + @ equipped with >p and >p=>p - <p

Extension to terms with variables : ¢ : t € T(F,X):=de (X - D) - D
>, and >, :

ti ot iff  o(t1) 2p x w(t2) (Vp: (X > D), 0(t1)(p) 2p »(t2)(p))
ti>pta it o(t1) >px p(t2) (Vp: (X = D),0(t1)(p) >p ¢(t2)(p))
>p#2, — <,

Stable-strict part, stable on all ground instance  (on all extension of F)

X. URBAIN M2 2024-2025 UCBL1 72

Orderings — semantical

Homomorphic Interpretation ¢
For all f € F of arity n, function [ ], : D" - D,
forall pe X — D,

e(f(t1s-- - ta))(p)

w(x)(p)

L/ 1o (o(t1)(p), - -
p(x)

»o(tn)(p))

Lemma.
>,,>,) Stable
Lemma.
If VfeF,[f], increasing (resp. strictly) in each parameter,
then >, (resp. >,) monotone
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Orderings — semantical

Z,, = {n € Zn > p} with natural ordering

Definition
Polynomial interpretation : homomorphic on Z, such that
VfeF, [f] polynomial function

To go back to Zg : fo(x1,...,2n) = fulz1 + 1, ..
~ building (=9,>7) from (={;, >4).

-»mn+ﬂ)_ﬂy

Rk. — Comparison of polynomials : undecidable (Hilbert 10)
~ techniques not complete, here absolute positivity (. = 0, coef. > 0).
Rk. — Size : polynomial interp. [ f](x1,...,2n) =1+ 21+ + 2y
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Orderings — semantical

Example

z+0 - X 0] =1

r+s(y) - s(z+y) [s]() = ol
[+](z,y) = z+2y

[z+0]=x+2>[z] ==
[r+s(y)]=z+2y+2>[s(z+y)]=x+2y+1
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Orderings — semantical

Rk. — Other reasonable’ rings (integral parts) possible : matrices,
tropical algebras (oo, +, min), arctic. ..
Rk. — Same idea, other functions : exponential

Example
[cte] = 2
—(x v > (-z)n(-
@vy) > (2)A() o)~ eyed
L —@@ay)  ~ (-2)v(-p) ]
[AI(zy) = =y
zA(yvz) - (zAy)v(zAz) o
[-1(z) = 2
(yvz)nzr - (xry)v(zaz)

Orderings — semantical

Rk. — Other reasonable’ rings (integral parts) possible : matrices,
tropical algebras (oo, +, min), arctic. ..
Rk. — Same idea, other functions : ordinals

Example

Dt — 1

D(cte) - 0 %g](x) ZC:
! D(z+y) - D(z)+D(y) [ [cte] - 1
D@xy) = xD@)+@xDu) | a0 v o L
D(z-y) - D(z)-D(y) |
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Orderings — semantical

Rk. — Other reasonable’ rings (integral parts) possible : matrices,
tropical algebras (oo, +, min), arctic. ..

Rk. — Same idea, other functions : exponential, ordinals. . .

Rk. — DP ~ weak monotony ? forget variables !

#0 - #
#+r - =z T+#H - x
20+y0 - (z+y)0 zl+y0 - (z+y)l
20+yl - (z+y)l rl+yl - ((z+y)+#1)0
[#1=0 [0](z) =z +1 [T0](z)=0  non mono

[1(z) =z +1 [+](z,y) =2

non mono [T+](z,y) = non mono
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Orderings — syntactical

Orderings on symbols (precedences) extended to terms

s < t if s consists of subterms smaller (for ordering),

in a structure of symbols smaller (for precedence)

Comparison of subterms ~ lexicographic extension, multiset extension
Ordering pairs extended to lists and multisets of terms

Definition
s>tand|l| =l

Lexicographic extension : s::1 >/® ¢ [’ |
s=tand >

Theorem.
>'ex well-founded if > well-founded
Stable, monotone
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Orderings — syntactical
Definition
Multiset M : application My : E — N such that {e € E|Mg(e) # 0} finite

Notation :

e ec M if ME(e) >1,

e McN ifVe,Mg(e) < Ng(e),

o M'=M~ N def. Mj(e) =max(0, Mg(e) - Ng(e))
Definition

(Zmul, >mul)

O MZmuIM,
e M>"Nnrexe = Mu{e}=""Nu/{e},

e M>"™ Nne>er,...,e>eps0 =
Mu{e}>™NuU{ey,... e},

M>M N Aexe = Mu{el>™Nu{e].
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Orderings — syntactical

Orderings on symbols (precedences) extended to terms

Definition

Precedence : preordering on F.

Admissible status function for precedence >p :
application ST : F — {lex, mul} such that

Q@ f=pg = ST(f)=ST(9),
® f=pgand ST(f)=lex=ST(g) then f and g same arity
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Orderings — syntactical

RPO : s >gpo t if and only if
s=xeXandt=xor
s=f(s1,...,8,) With f ¢ F and
e s, >gpo tforani,1<i<nor
o t=g(t1,...,tm) With g ¢ F and

o f>gandforallj,1<j<m,s>gpot;OF
o f~gand
- ST(f) =muland {s1,...,8n}(Zreo)mui{t1, ..., tm} OF

- ST(f) =lexthus n =m and (s1,...,5,)(=rro )iex(t1, - - - , tm ) With for all

7, 1<j<m, s >rpo t;

S>ppo t if s >mpo andt %—RPO S

Stable, monotone, well-founded if precedence well-founded
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Orderings — syntactical

Example
Ack(0, ) - s(z)
Ack(s(x),0) - Ack(z,s(0))

Ack(s(x),s(y)) — Ack(x,Ack(s(2),y))
RPO with Ack >p s and ST(Ack) = lex

Rk. — RPO 2 > (simplification ordering) : benefit with DP ?
~ change the relation!
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Consequences for E

Convergent = strongly normalizing + confluent

Theorem
R convergent, s =g, t iffs [r=t | R

If : OK

Onlyif:s=g, thence s —* u «—"1
Slp<—"8 — u «—"t

R confluent : s | p «—* u, and same for ¢
Now by confluence on « and unique NF. OK
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Consequences for E

Example
r-e = X
x-I(x) = e
(z-y)-z = z-(y-2)
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Consequences for E

Example

x-I(x)
(z-y)-2
z-(I(x)-2)

rz-(I(x)-z) «— (x-I(z)) -2

T
€

z-(y-z)

Vbl

¥

—

e-

~
A~
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Completion

Getting rid of «+ and «— - — in proofs

... additionally of [ - r» when reducible

From E ~ R convergent + VI —r e R, rirr.,and [irr. for R\ {l - r}
(canonical)

X. URBAIN M2 2024-2025 UCBL1

87

Completion

Input : E + > WF, stable + monotonic
e >toorientee Fasnewrules e R
e CP as new equations ¢ £

~ evolution of (E;, R;)
Initial state :

Initial
FEy ; O
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Completion

E =t} R

Orient L ds=t) if s>t
E; Ru{s—t}
E =t}!: R

Orient L5 ift> s
E; Ru{t—s}
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Completion Completion
. . E; R . . . . E =s}; R
Critical Pair if e critical pair of R Trivial bis =}
Eul{e}; R E; R
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Completion Completion
Eu{s=t}: R
Simplity _Lots= if 5— o'
Eu{s'=t}; R R
E; Ru{l—- _
Compose {>r) if r — o’
E; Ru{l->r} R
Eu{s=t}: R
Simplity _Lots= if ¢ — 1/
Eu{s=t'}; R R
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Completion
ifl—1',g—>deR,and
g—d
Colapse E:RU{I-1) o |, = :[qa with p + A with
not renamin
Eu{l'=r); R 7 9
e orl=go and r > do with
o renaming
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Completion

Preservation of equational theories

E; R
Forall ——,

R =FEUER==E'UE},
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Persistence
Execution of completion

(Eo;@) = (El; Rl) oo, (EZ,RZ) = (Ei+1;Ri+1) = o, (En;Rn) = o...

Ew=JE; Re =R
Definition
Equation (resp. rule) e persistent from rank i if e €

N E; (resp. (M R; )

i<j 1< )
Definition
Equation (resp. rule) e persistent if e €

E,=UNE; (resp.Rw =UNR; )
i i<j i i<j
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Success, failure

Definition
Execution of completion
(E();Q) — (El;Rl) — (EZ,RZ) — (E,L'+1;Ri+1) —

successful if £, = @, failure otherwise

o (Ep;Ry) + ...

Definition
Execution fair if CP(R,,) € Fs
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Completeness of completion

Theorem.
Fair and successful execution of completion

Example : groups

Shamelessly stolen from E. Contejean

(EO,@) (o (El,Rl) (o '--(Enan) = (En+17Rn+1)~-- El e = X
Es I(z)-z = e
. . E (z-y)-2z = z-(y-2)
. is equivalent to —— «——
FoUR w Rw
e R, equivalent to E (same theories)
e R, convergent RPO with I > - > ¢,
¢ (semi-)decision proc. for word problem on Ej (dec. if R,, finite)
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Example : groups Example : groups
Orient £, Orient E»
E; e-r = Ey I(x)-z = e
Ey I(z)-z = e By (z-y)-z = z-(y-2)
Es (zx-y)-z = z-(y-2) Ry e-x - x
Ry e-x — T Rs I(x)-x — e
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Example : groups

Orient E5

Ry
Rs
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Example : groups

Crit. Pair R4 and Rg

Crit. peak

e (y-2) (e
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Ry
Rs

Er

I(x)-x
(x-y) =z
e (y-2)

z-(y-2)
Y-z

1
.Z—>y.z

Ry
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Example : groups

Ry
Rs
Rg

Ey

Since
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e-r — X
I(x)-x - e
(z-y)-z - x(y-2)
e (y-2) = y-z

y-z = y-z

A
e (y-z)——y-2
Ry
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Example : groups

... many steps later. ..
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Example : groups

Ry e-r — x
Rs I(x)-x - e
Rg (z-y)-z - x(y-2)
Ru 1) (z2) — =
Rog r-e — x
Rz I(I(z)) - =
Roa I(e) — e
Rog z-(I(x)-2) — =z
Rog z-I(x) - e
Rss I(z-y) - I(y)-I(z)

All critical pairs confl., no other rule applicable
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