What if. .. Rewriting modulo

Unorientable equations ? Relation ~ Ru S with R rules, S unorientable

(C) X+y = y+x Apply R in classes modulo =g BL77
Definition
Here both sides renamings of the other : WF lost s R—/S>t

3s’, It ,s=gs At=gt A s =t
Relation ~ Ru S n

with R rules, S unorientable Unpractical (finiteness of classes + complexity) No S-step “above”
R-step, S-extended PS81
Definition
§s——1
S/R
Al ->reR, 3o, 3p, slp=glo A t=s[ro],
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Rewriting modulo — properties Rewriting modulo — properties
A aset, g, >g over A, —ps relation between —g —»p/g (eg. »s/r) | Aaset, »g, »gover A, »ps relation between > —g/g (€g. »s/r)
Definition Definition
e —>p —ps-Church-Rosser modulo — g iff e —ps confluent modulo — g iff
Vr,y, x (?U?)* y = (32,7, x é z % 2 <;—S Y) Vr,y,z, y (R*_S x ? z = (v, y é v % v (R*_S z)

e —ps locally confluent with -z modulo — g iff

* * *
Vo,y,2, y«~— — 2z = (Ju,v, y — v < v «— 2)
RS R RS S RS
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Rewriting modulo — properties

A aset, »g, »g over A, - s relation between - — eg. ~>g/n
R R/S S/R

Definition
e —ps coherent modulo —g iff
* * / * * / *
Va,y,2, y<R—Sa:<? z = (o0, ygv?v <R—Sz)

e —ps locally coherent modulo — g iff

/ * * ,>('
Ve,y,z, y «— x «— z = (Ju,v', y — v «—= v «— 2)

Rewriting modulo — properties

Linking all that. . .

Theorem.

Aaset, g, »g over A, —ps relation between »r —p/g. If WF(«p/5)
then :

©® - 1r —ps-Church-Rosser modulo —¢
® - s confluent + coherent modulo —¢

©® - s locally coherent + locally confluent with -z modulo —g

RS S RS S RS
O forallz, ye A, x «—5 g yiffforall x|, y| -xs normal forms
Tl <—>§ yl
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AC signature Variadic terms, flattening
Focus on AC
feFac .
(©) flz,y) = f(y,2) An easy =pc class witness ?
(AC)  f(f(z,y),2) = [ f(y,2)) Definition
5 ; Set Tvar(F, X) of variadic term :
S/R Al —->reR, 3o, 3p, slp=glo A t=s[ro], o z ¢ X then zTvar(F, X)
s——t .fEf\j:AC, T(f):na tla"'vtneﬂar(f7X)then
AC/R

Al - reR, 3o, 3p, slp=aclo A t=s[ro],

OK for local coherence with C

R: b— b——7
{a+ c} c+cmc—(a+c)+

AC/R
PB for local coherence with AC

oK if Rextended by (a+z)+b—>c+x

(at 1)
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f(tl,...,tn)Eﬂar(F,X)
O fEfAC, tl;"'7tn€7:/ar(f7X)(nZ2) then f(tlw"?tn)eﬂal‘(f?X)J
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Variadic term, flattening

Definition
Flat form z of ¢ :

T =35 ifreX
f(t1,--stn) =f(t1,-.-,tn) if f¢Fac
f(t1,t2)
f(t1,v1, ..., vn)
fug, ..., Um,t2)

f(t1,t2)

f(u:l’"'?um?vl?"'?vn) E:f(ul,---,/U/m),Ezf(vl,---

feFac, ti(A) # fta(A) # f
tl(A) ¥ f,5= f(’l)l, 500 ,’Un)
E= f(ul, e ,um),tQ(A) * f

Now =p¢ only permutation congruence !
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Rewriting on AC-flat
Definition

R —

AC/Rext

* slp =ac lo, t= s[rolp,

* slp=ac f(l1,... . In,2)0, t=s[f(r,z)o]y

l=f(l1,...,ln)

Rk. — Extension needed for [ - r only when
(1) ObViOUS|y l(A) € Fac
® No variable z in [ such that :

© ONE occ. of z, and only at 1.
® eitherr=xz orr = f(z,r") withno z inr’

Example
Noneed:z+0 -z

Need ext. : z+ (-z) > 0,0r 2+ S(y) - s(x +y)

XTURBAINTM22024-2025"UCBL1
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AC-termination

Theorem.
R/AC terminates iff AC/R terminates

Orderings : compatibility

S > t

llac l|lac

S, N t,
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llac llac
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AC-termination

Polynomials

P(X,Y)
P(P(X,Y),Z)

P(Y, X)
P(X,P(Y, 7))

Over commutative ring : aXY +b(X +Y) + ¢ with b2 = b+ ac

In practice : simple/linear polynomials, possibly simple-mixed

er0 [+]1(z,y)
{ Fac={+} [s](=)
z+s(y) - s(x+y) [0]
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rz+1
0
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AC-termination

Path orderings

f(z,y) >rpro 9(z,y) f >prec 9

alas f(v,y,2) <rro f(9(x,y),2)

Not monotonic! ~ normalising systems, new orderings. ..
APOQO [Bachmair & Plaisted]

f minimal in 7 or

Associative Path Cond. : V f € Fac .
3g € Fac s.t. f minimal € F\ {g}

Normalising system D convergent :
Vf>prec g€ Fac [(9(z,y),2) = g(f(z,2), f(y,2))

APO: s> pot<=slp>rrotlp (monotonic, simplifying)

Other systems ~ EAPO, MAPO.. . [Delor & Puel]
Without normalising system ? ~ ACRPO [Rubio]
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AC-termination — DP
Definition

For f(t1,...
AC-dependecy pairs : “classical” DP + DP from f(t1,...,tn,2) = f(r,x)
with fresh z

7tn) % Irs

(when necessary)/

- 0

> (zxy)+x

zx0

x % s(y)

z+0 -
s(z+y)
(z+s(y),z+y)
{zxs(y),zxy)

(zxs(y), (zxy) +z)

rx+s(y) —
(r+s(y)+z,2+y)
(r+s(y)+z,s(x+y)+2)
(rx0xz,0xz2)

(zxs(y) xz,zxy)
(zxs(y) xz,((xxy) +x))

(rxs(y)xz, ((zrxy)+x)x2z)
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Terminaison AC : DP

With flat terms : minimal ?  w = f(uy, -, u,) <t immortal
e u immortal

e u; all mortal

e f defined

o if feFac,u=f(u,u")with f(u") immortal and f(u’ ~ {u;}) mortal

~ ensuring necessary arguments
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AC-termination — DP

Lemma.
t immortal for R (modulo AC) then 3p, p’, C,C’,(s1, s2), 0 S.t.

t—;g Clsio]p % C[C'[s20],]p With soo immortal.

Proof.
¢t immortal, ¢t = C[f(u)], with f(u) immortal and u mortal

e f e FF as usual (exo)
o feFpcthen f(u)=f(u u") with f(u") minimal
(hence step at A)

t=CLf(d,u")], ;fi CLf (v,u")], > C[¢'], with ' immortal
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AC-termination — DP

t=CLf (! u™)], —Rﬂ CLf(v,u")]p 2> C[¢'], with ' immortal

o f(v,u")=lo
o f(v,u'") = f(l,z)o (with = fresh)
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AC-termination — DP

t=CLf(d u")], ;fi CLf(v,u")]p > C[¢'], with ' immortal

o f(v,u")=lo

u” empty ! ~ reduction of f(u')...

f(v) =10 >t = C[f'(w")], with w' = wo (minimal : p’ outside o)

(I, f'(w)) e DP
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AC-termination — DP

t=CLf(d u™)], —Rﬂ CLf(v,u")]p > C[¢'], with ' immortal

® f(v,u") =lo OK
o f(v,u") = f(l,x)o (with z fresh)
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AC-termination — DP

>p *

t=Clf (" u")]p—> Clf(v.u")]y li> C[t'], with ¢’ immortal

o flo,u")=lo
o f(v,u'") = f(l,z)o (with z fresh)

reduction of f(v) hence uv” in xo

fo,u") = f(', fF(0",u")) and f(v) = f(v',0")

~ f@)=lo fQ"u") =T

X. URBAIN M2 2024-2025 UCBL1

OK

158




AC-termination — DP AC-termination — DP

p * » . . Clf(u,u")]p —> C[f(v u'")]p —>C[ "1, with ¢ immortal
t=C[f(u",u")], - C[f(v,u")]p :C[t’]p with ¢ immortal ndd

o f(v,u")=lo OK

o f(v,u")=lo OK e f(v,u") = f(l’x)o' (with z fresh)

o f(v,u") :f(l,x)a (with = fresh) S
B 1 (A0 e VR el RN N {r:fo«')

r=1r immortal f(r'o,v") =C'[f'(w')]y
immortal f(r'o,v") =C'[f'(w')]y f/(w") immortal, etc. —
— o C'z[Jorfxf

e ¢"=[land f = f'

:C[f(u’,u")]p C[f(' 0" u")], —>C’[f(rav su)]p {
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AC-termination — DP AC-termination — DP
C[f(u,u")], % C[f(v,u")], —>C[ "], with ¢ immortal Lemma.
_ If ¢ immortal for R (modulo AC) then Jp,p’,C,C’,(s1, s2), o such that

o fv.u") =15 oK

o f(v,u")= f(l,x)o (with z fresh) oK tiRp» C[slo]p%C[C’[SQJ];]p with so0 immortal.

=C[f(U’,u")]p CLf (0" u")], —>C[f(7"0' v, u")]p { T /

r=f(r") Theorem.
immortal f(r'c,v") = C'[f'(w")] R terminates modulo AC iff >pp, ., r terminates modulo AC.
——

o C'x[]orf=f o mortal ~ f'inr’: (f(1,z), f'(w))
o C'=[]and f=f (f(l,x), f(r,z))
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